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ON SUPERLINEAR p(z)-LAPLACIAN-LIKE PROBLEM
WITHOUT AMBROSETTI AND RABINOWITZ CONDITION

GE BIN

ABSTRACT. This paper deals with the superlinear elliptic problem with-
out Ambrosetti and Rabinowitz type growth condition of the form:

o |VulP() p(z)—2 = i
div ((1 + W)\Vu\ Vu | = Af(z,u), a.e. in Q,
u =0, on 0L,

where Q € R¥ is a bounded domain with smooth boundary 82, A > 0 is
a parameter. The purpose of this paper is to obtain the existence results
of nontrivial solutions for every parameter A. Firstly, by using the moun-
tain pass theorem a nontrivial solution is constructed for almost every
parameter A > 0. Then we consider the continuation of the solutions.
Our results are a generalization of that of Manuela Rodrigues.

1. Introduction

During the last fifteen years, variational problems and partial differential
equations with various types of nonstandard growth conditions have become
increasingly popular. This is partly due to their frequent appearance in ap-
plications such as the modeling of electrorheological fluids [1, 12] and image
processing [2], but these problems are very interesting from a purely mathe-
matical point of view as well.

In this paper, we consider the following nonlinear eigenvalue problems for
p(x)-Laplacian-like operators originated from a capillary phenomena of the
following form:

(P) V14| Vul2e@)

u =0, on 01,

—div ((1 + LMHVUV)(I)_QVU) = Af(z,u), a.e. in £,
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where Q C R" is a bounded domain with smooth boundary 9, A > 0 is a
parameter.

M. Manuela Rodrigues [11] established the existence of nontrivial solution
of problem (P), by assuming the following conditions:

(f1) f: QxR — R satisfies Caratheodory condition and

(2 6)] < er+ ot @71, V(x,t) € Q xR,

where 8 € C1.(Q) and 1 < B(x) < p*(x) for z € Q, p*(x) = Ak if p(x) < N,
p*(x) = o if p(z) > N.
(f2) AM >0, 0 > p™ such that

0 < OF(z,t) < tf(z,t), V[t|>M, z€Q,

where F(x,t) = fot f(x,s)ds.

(f3) f(z,t) = o(|t}P"=1),t — 0 for 2 € Q uniformly and 3~ > p*.

It is well known, condition (f2) is quite important not only to ensure that the
Euler-lagrange functional associated to problem (P) has a mountain pass geom-
etry, but also to guarantee that Palais-Smale sequence of the Euler-Lagrange
functional is bounded. But this condition is very restrictive eliminating many
nonlinearities. We recall that (f2) implies a weaker condition

F(x,t) > c3lt]” —cq, c3,¢4>0, (2,t) €QxRand 8 > pT.

The above condition implies another much weaker condition, which is a conse-
quence of the superlinearity of f at infinity:

(fa) | 1‘im Tt(‘if) = 400, uniformly a.e. x € .
t|—o00

Because the p(x)-Laplacian possesses more complicated nonlinearities than
Laplacian and p-Laplacian, for example, it is inhomogeneous, thus our problem
is much more difficult.

The main result of this paper is the following theorem.

Theorem 1.1 (Main Theorem). Under hypotheses (f1), (f3), (f4) and

(f5) there exists tg > 0, such that t’;ii’f)l s increasing in t > to and decreas-
ing int < —tg, Vo E_Q.

Moreover, f € C(Q x R), then problem (P) has a nontrivial weak solution,
for all A > 0.

Example. Function f(z,t) = (8(z)n(%) + 3)tA® =1 (F(x,t) = t°7®In())

where 3 € C, (Q) satisfies condition (f5), but it does not satisfy (fo) if 26~ >
+ +

pT> BT

Remark 1.2. In fact our result still holds if we consider a weaker condition than
(f5), which is,

(f5) there is C, > 0 such that f(x,t)t — 0F (z,t) < f(x,s)s — O0F (z,s) + Cy
forall0<t<sors<t<O.
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This paper is organized in the following way: in Section 2, we recall some
necessary preliminaries, which will be used in our investigation in Section 3; In
Section 3, we prove the main result of the paper.

2. Preliminaries

In this part, we introduce some definitions and results which will be used in
the next section.

Firstly, we introduce some theories of Lebesgue-Sobolev space with variable
exponent. The detailed description can be found in [3, 4, 6, 8, 7, 10].

Write . _ _

Ci()={heC():h(x)>1 forany z € Q},
h~ =minh(z), hT = maxp(x) forany h € C(Q).
zeQ TEQ
Obviously, 1 < h™ < ht < +o0.

Denote by U(2) the set of all measurable real functions defined on 2. Two
functions in U () are considered to be one element of U(2), when they are
equal almost everywhere.

For p € C(9), define

LP@(Q) = {u e U(Q) : /Q () [P@) de < +o0),

with the norm [u|pse) ) = [tlp@) =inf{A >0 [, |u(;) |P@)dz < 1}, and
WhPE(Q) = {u € L@ (Q) : |Vu| € LP@(Q)}

with the norm ||u||W1,p(I>(Q) = |ulp(z) + |Vulp)-

Denote W, ™) (Q) as the closure of C§°(€) in W1#@)(Q).

We remember that the variable exponent Lebesgue spaces are separable and
reflexive Banach spaces. Denote by LQ(E)(Q) the conjugate Lebesgue space of
LP®)(Q) with ﬁ + ﬁ =1, then the Holder type inequality

Jo luv|de < (p% + q%)|u|p(z)|v|q(z), u € LP@)(Q), v e LI (Q)

holds. Furthermore, define mapping p : LP(*)(Q) — R by
plw) = [ Ju() @z,
Q

then the following relations hold
- +
| pz>1= IUIf;(z) < p(u) < |u|g(z)v

+ -
[ lp@) < 1= Julygy < plu) < fulpq,-

Proposition 2.1 ([7]). In Wol’p(z)(Q) the Poincare’s inequality holds, that is,

there exists a positive constant Cy such that

[ulpay < ColVulyay,  Vu € Wo ().
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So |Vulpm) is an equivalent norm in Wol’p(z)(Q). We will use the equivalent
norm in the following discussion and write ||u| = |Vu|py) for simplicity.

Proposition 2.2 ([5]). If ¢ € C+(Q) and q(z) < p*(z) for any x € Q, then
the embedding from WP (Q) to LI*)(Q) is compact and continuous.

Consider the following function:

1
J(U)z/— IVulP@) /1 4 |Vul2@) ) de,u € Wy P (Q).
o p(z)

We denote A= J" : W P"(Q) — (W) P (Q))*, then
<A(’U,),’U> = / (lvu|}7(1)2 +
Q

for all u,v € Wy P (Q).

|vu|2p(ac)72

V1 + |[Vul?r)

) (Vu, Vu)gndz

Proposition 2.3 ([1]). Set X = Wol’p(z)(Q), A is as above, then
(1) A: X = X* is a convez, bounded and strictly monotone operator;
(2) A: X — X* is a mapping of type (S)y, i.c., if un — u in X and

lim sup{A(un,), un, — u) <0, implies u, — u in X;
n—oo

(3) A: X — X* is a homeomorphism.

3. Existence theorems

Now we introduce the energy functional ¢ : WO1 P(@) (Q) — R associated with
problem (P), defined by

1
o p()

[ F(z,u)dz,u e Wy (9),
Q
which is due to [11].
From the hypotheses on f, it is standard to check that

o €CH (Wol’p(z)(Q), R)) and its Gateaux derivative is

2p(z)—2
w0 = [ <|Vu|p<f>2 " L) (Va, Vo)gnda

V14 | Vuf?@)

- )\/ f(z,vw)vdz,u,v € Wol’p(z)(ﬂ).
Q

Lemma 3.1. (a) Under the condition (f4), the functional oy is unbounded
from below.
(b) Under the conditions (f1) and (f3), u =0 is a strict local minimum for

©X-
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Proof. (a) From (f4), it is follows, for all M > 0 there exists Cps > 0, such
that

(3.1) Fa,t) > Mt" —Cy Vo € Q,t > 0.
Take ¢ € C5°(Q2) \ {0} with ¢(x) > 0. For ¢ > 1, from (3.1) we have

or(td) = /Qp(x) <|Vt¢|p +4/1+ |Vtp|2r®) | dx /\/Q F(x,t¢)dx
pt p(x) 2p(x) pt pt
<t /Q<|Vq§| +4/1+4 |Vo|?P >dm MMt /Q|¢| dx

+ ACy Q]

gtf/ <|V¢|p<x>+\/1+|v¢|2p(w>> dm—AMtP*/ 6P da
+)\Cg3M|Q| !

_ gt U <|v¢|p<f> + W) d:cf/\M/ |¢|P*d4
+)\C;|Q|, i

where || denotes the Lebesgue measure of Q. If M is large, then
Jim 5 (tg) = —oc.

This proves (a).
(b) From (f3), for any € > 0, there exists 6 = §(¢) > 0, such that

Fa,t) <eltlP’, Vte(=6,0),z€Q.

On the other hard, by (f1) and the mean value theorem, there exists ¢5 > 0
such that,
F(x,t) < es|t|*™@  forae. z € Qand [t| > 6.

Therefore, it is follows that
F(x,t) < z€|t|p+ +¢es|t|?®  forae. z € Qandallt € R.
For u € W, P(Q) and ||lul| < 1, we have

1
oa(u) = / @ (|Vu|p \/1+|Vu|2p(””)) dr — \ /F x,u)dr
> — /|Vu|p dx—/\{—:/ |u|P dx—/\cE)/ |u|P@)
ZEHUHP —2eC8 ull”" — esCy [lull?

here we use the continuity(in fact, compactness) embedding Wy (Q) into
LP@)(Q) (recall that 1 < B(x) < p*(z)) and Poincare’s inequality. Then

2 + - -
(3.2) PA(@) 2 (o = AeC Ml = AesCf |ull®
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For given A > 0, we choose € = £(\) > 0, such that ¢ < ACP1+ —. Then from
o P

(3.2) and Poincare’s inequality we have
1 + -
(3.3) oa(z) = Fllﬂllp — colfull”®

for some ¢ > 0 and all u € Wo "™ (Q).
Since pT < 7, if we choose p = p(A\) > 0 small, from (3.3), we see that
{oa(u) : ||u|| = p} > d(N\) > 0. So far, we complete the proof. O

Fix 0 < Ao < po. Now we can see that geometry on ¢, works uniformly on
+
[Xo, po]. By choosing & > 0 such that p% — poeClh > p%, we obtain that

1 - z
oa(u) > p—+||u||f —erllull®, Vu e Wy P(Q), 0< A < po, e > 0.

That is, there exist p > 0 and r > 0, such that
(3.4) pa(u) =7, ull = p, VA < po.
By choosing e € Wol’p(l)(ﬂ), such that ¢y, (e) < 0, we infer that

exle) <0 (¢) <0, Ao <A< po.
) o

Also we have

(3.5) “‘“A(“) < %;EU)’ Yu e Wi (Q), p< A

Define

T =: {v:[0,1] = Wy "")(Q) | v is continuous and y(0) = 0 and (1) = e}

d for \g < X < pg, let ¢y =: inf t)).
and for Ao < A < juo, let cx =: inf max, exa(y(t))

We recall that the map ¢ : [Ao, o] = R4, given by ¢(A\) = ¢y, is bounded
from below by c,, > 0.

In fact, (3.5) implies the monotonicity of 5, while the estimate (3.4) implies
cy>r>0.

Now, we are in the position to check the left semi-continuity of 5. Fix
i € [Ao, po] and € > 0. Then fix v € T such that

ep
< < —.
c(p) < e ou(v(t) < ce(p) + 3

Let Ry = tren[goi | [ F(z,7(t))dz|. Then, for A > & such that § < ﬁ + 500
we have ,
er(7(8)) = (ea(v(1)) = 0u(v(1))) + @u (v (1))
< ou0) + (=) [ Fla®)ds
Q

< RolA—pl+cu+ %,Vt e [0,1].
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That is, cx < ¢, + £, if |p — Al < gk Hence, if > A, it follows that

Lemma 3.2 ([9]). There exists K > 0, such that
+_
iy, (w) = AW 10 (g < KL+ ull® ) = Al YA, >0,

Proof. For 3 € Cy(Q), define 8'(x) such that
we have

x)
(@, )P @ = | (2, 8)|FOT < dy + doft|@, V2 €Q, t R

for some constants di,ds > 0, and then

5 T F = LYr € Q- By (fi),

|ﬂLwW@mzsmm«Hh/thu$
Q Q

Therefore, for any u € Wol’p(m)(Q), we have
/U@ﬁﬁ@ws@+@MWi
Q

where d3 and d4 are positive constants.
Thus, for all v € W™ (Q) with |[v] < 1, we have

[l (), v) — (G (), )] < (A — ) / f(z, uyvda.
Thus,

() = (o)l < A=l [ [Fw)olds
< 20N = pllf (@, u |ﬂ’(m)|v|ﬁ(x)
< 200X — p|(ds + dal|ul|®") e Hvll
So there exists constant K > 0 such that

+_
lp(w) = A @ 0 gy < K@+ Jull® = AL VAL>0.

Remark 3.3. We recall that the map b : [Ao, o] — Ry, given by b(A) = 3, is
monotone decreasing. Thus, b(\) and ¢()) are differentiable at almost all value
A e ()\0, ,LL())

The proof of the next lemma is done by adapting some arguments employed
in the proof of Lemma 3.3 in [13] and Lemma 2.5 in [14].

Lemma 3.4. Suppose the map ¢ : [Ao,po] — Ry, given by c¢(A) = cy, is
differentiable in p, then there exists a sequence {u,} C Wol’p(l)(ﬂ) such that

Ou(tn) =, @, (un) = 0, and ||un||p0 <C asn — oo,
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where p° = pT if |ju,| < 1,p° = p~ if |lu,|| > 1, and C = pTe, + pHu(2 —
(w) + 1.

Proof. Assume, by contradiction, that the lemma was false. Then ||<pit (un)]|« >
26 for all w € N2 = {u € WyP () : lul|?” <, |pu(u) —cu| < 5}

Let ¢g be such that
(3.6)
1

Pulu —/ —(vup<$>+\/1+ Vu%(w))dx

() - p(@) [Vl [Vl
1
< |pu(u +/—<vu1’<w>+ 1+ vu%(r))d:c
oy (u)] ‘Qp(x) [Vul V14Vl

/QF(:C,u(:E))d:E

1 1

<= [c# +04+— [ (2|VulP® + l)dz]
M p Q

<3 [ T Y ||P°>]

S — |C — u
u | =

< Ccsg, Yu € N(';L

Set V: Nj — W, " () to be a locally Lipschtz pseudo-gradient vector field,
[V <1 and

(9, (u), V(u)) < =0,Yu € Nj  (see [10]).

Now, fix {\,} a sequence in (Ao, o) such that u < A\pp1 < A, and A,
converges to u, |A, — u| < min{%, g}, and |c, — ey, | < %.
For each n, let v, € T be such that

(3.7) Jnax, Ou(1n (1) < e+ (A — ).

Consider the open set
An ={t €[0,1] s ox, (v () > ex, — (An — p)}-

By the definition of ¢y, we know that A,, is nonempty.
If v € v, (A,), then from (3.7), we have,

/QF(SC,'U)d:C — SO#(U))\’”_SD;” (U) S Cinf_C:\/: + 9 — *CI(M) + 2 + On(1>,

where we have used ¢, — cx,, = (¢/(1) + 0n (1)) (1t — An).
Since

/Q Zﬁ <|Vu|p(x) + \/W) dx = ¢, (v) + ‘LL/Q F(z,v)dz
and
/ 1 (|Vu|p(l) +4/1+ |Vu|2p(w)) dx > i/ |Vu|p(ﬂv)d;,j > LHU”PO’
o p(x) pt Ja pt
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we obtain for v € v,(4,),

1017 < €+ (n = 1) + (= (1) + 2 + 0n (1)
=pre,+pTp2 = () +pT (A — 1) + pon(1)
<C

for n large.

It is easy to see that inequality (3.7) is satisfied for v € 7,(A,). Thus
Y (An) € NY, since,

Cxn — ()\n - M) < @An(v)’ (PM(U) < Cu + ()\n - M)-

(3-8) P2, () = u ()] = (An = ) /Q F(a,v)de| < cg|An — pl,

for n large
cu— 0 < pu(v) <cu+9, Yo e v(Ay).
So,

(5, (u), V(u)) < —g for all u € N}

Now consider a Lipschitz continuous cut-off function n such that 0 < n <
Lin(z) =0, ¢ Njyn(z) =1, = € NY.
Let ¢ be the flow generated by nV, that is
o0d(u,r
OOUT) o oun, V(6w 7)), on Ry,
From the uniqueness result of ODE we have:
If u ¢ N, then ¢(u,r) = u,Vr > 0;
If u e N, then ¢(u,r) € N§',Vr > 0.
= (i) If u € Wy (), then (¢} (¢(u,r)), 2201y <,
= (ii) If ¢(z,r) € N¥,Vr € [0, r¢], then
2

)

o, (P(u, 7)) < o, (w) — 570

Since e ¢ N§', we have ¢(e,r) = e and ¢(0,r) = 0, for all »r > 0, and then
o(y,r) € T, for all real r and v € T.

This implies that h,(t) = ¢(vn(t),1) is a continuous path in 7 such that
o, (hn(t)) < a, (Y (1)), and then for its maximum point s,, € [0, 1], we should
have s, € A,,, and

N s

cn = on(1) = ex, < mmax ox, (hn(t)) = @x, (hn(sn)) < Pa(am(sn)) =

On the other hand, from (3.7) and (3.8), we have
PA(1n(5n)) < @u(yn(sn)) + ealdn — pl < e+ (14 c3)|An — pil,
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which is a contradiction. O

The next theorem follows directly from Lemma 3.4.
Theorem 3.5. For almost all A > 0, ¢y is a critical value for py.

Proof. From Lemma 3.4, {u,},>1 is bounded and so we may assume that
u, — u(weak convergence) in Wol’p(m)(ﬂ) and u,, — u in L#@)(Q).

As above from the choice of {uy, }n>1 C Wol’p(m) (Q), we have [, f(x, un)(un—
u)dx — 0, that is

(A(up),tp —u) = 0= up = uin Wol’p(m)(Q).
So, @u(u) = cu, ), (u) = 0. That is u is a critical point of ¢,,. O

Theorem 3.6. For almost all A > 0, problem (P) has a nontrivial weak solu-
tion.

Proof. As cy is left continuous, from Lemma 3.4, for each p > 0, we can fix
sequences {u,} C Wol’p(x)(ﬂ), and {\,} C R, such that

An = [, Cx, — Cy aS N — 00.
PArn (un) =C),> Sﬁl/\n (un) =0.
We claim that {u,} is bounded. Suppose that this is not true. Then we can

assume that ||u,| = 400, as n = +00. Set w, = e =1
We may assume that

w, — w weakly in Wol’p(m)(ﬂ);

w, — w in LP®)(Q);

w, — win Lﬁ(z)(Q); (by 1 < B(z) < p*(z))
wp () = w(z) a.e. on

and |wy, (z)| < h(z) a.e. on Q, for n > 1 and h € LP(*)(Q).
Let Qo = {z € Q: w(z) #0}. If z € Qp, then

Fla, up (@) Jun(@)|P _ F(z, un())
nooo fun ()P lun|PT nmee fun(z) [P

+

wa ()7 = +o0 (by (f1))-

Applying the Fatou’s lemma, we have
F(z,un(x)) + 1

lim [wn ()P < ——.
n=oo Jo  fun ()Pt " 1
We conclude that 2y has zero measure and w = 0 a.e. in (.
Let oy, (thun) = max @, (tuy), we have
t€[0,1]

o, (trn) < o, (tnn)
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and ¢\ (tpun) = 0, hence (¢} (tnun),tnun) = 0, that is

J

Next, we show that

[0 Vit |72

do = )\n/ totn f(z, thuy)de.
V14 [tn Vu, |22 Q

[t Vi [P +

1 |tn Vi, |?P(®)

1
p(z) 2 V1+ [t Vuy,|[2PE)
2p(=z)
< L1 /1+ |Vun|2p(ac) _ LL
p(z) 2 /1 + |V, |20®)

In order to prove this, we define the following functional f : [0,1] — oo

1+ [t Vi, |?P(®) —
(3.9)

atP
VIt atr —
0 =pvisatr = pe

where p, p1, p2, a are positive constants with p; > 2ps and p > 1. Obviously,
f'(t) > 0,vt € [0,1]. Thus we deduce that f(t,) < f(1), that is

at? a
— < pV14a—pr——.
Vitag P AT
Finally, we notice that by taking in (3.10) p; = ﬁ, p2 = 2},% and a =
|V, |?P®), we deduce that (3.9) holds true.
Therefore, from (f5) and (3.9), we have

1

1
= — b Vi, [P da + / 14 [t, Vu,|2P@) da
[, [ ~ 3 oy JVLH It Vin|

1
+ )\n/Q [%ﬁtnunf(x, tnuy) — F(z, tnun)} dx

1 [tn Vi, |?P(®)

2t o 1t |t vun|2p<w
1
— YV, |P® dx + / \/ 1+ |Vu, [?P@)dx
/sz [p(x) 2p+] (Veen [Veen

1
+ )\n/Q [%ﬁtnunf(x, tnun) — F(z, tnun)} dx
1 VP

" 2pt Jo 1+ |V, 2@
1
< — Vg, dl‘ + / 1+ |Vu, 2p(2) dg
A [pcc) 2p+] Vel JVLF Vel

1 C.
- _F
—l—)\n/Q [2p+unf(x,un) (x,un) + 2p+} dx

(3.10) p1V 14 ath —po

o, (tun) < o, (thun) —

IN
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1 |V, |2P(®)
——— | Y=z
2pt Jo /1 + [Vu,|?@

AnCi
w0
p

= ckn +

all ¢ € [0, 1].
1
On the other hard, for all R > 1, set Ry = (§R)»—,

1
ox, (Riwy) = / — (|R1an|P<I> + \/1 + |R1an|2p(w)) dz
o p()

— /\n/ F(z, Ryw,)dx
Q

2

0

v

R,er Hwano —An /Q F(z, Ryw,)dx

2R — )\n/ F(z, Rywy,)dx
Q

> R,
ApCl

which contradicts @, (Riwy,) < ¢, + 2257=[9], for n large.

Now we have a bounded sequence {z,} such that

Ou(®n) = ¢u and @ (z,) =0, n— oo.

The proof is done. O

(1]
2]

[9]
(10]

(11]
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