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Underlay Cooperative Cognitive Networks with Imperfect
Nakagami−m Fading Channel Information and Strict
Transmit Power Constraint: Interference Statistics and

Outage Probability Analysis
Khuong Ho-Van, Paschalis C. Sofotasios, and Steven Freear

Abstract: This work investigates two important performance met-
rics of underlay cooperative cognitive radio (CR) networks: In-
terference cumulative distribution function of licensed users and
outage probability of unlicensed users. These metrics are thor-
oughly analyzed in realistic operating conditions such as imperfect
fading channel information and strict transmit power constraint,
which satisfies interference power constraint and maximum trans-
mit power constraint, over Nakagami−m fading channels. Novel
closed-form expressions are derived and subsequently validated ex-
tensively through comparisons with respective results from com-
puter simulations. The proposed expressions are rather long but
straightforward to handle both analytically and numerical ly since
they are expressed in terms of well known built-in functions. In
addition, the offered results provide the following technical in-
sights:i)Channel information imperfection degrades considerably
the performance of both unlicensed network in terms of OP andli-
censed network in terms of interference levels;ii) underlay cooper-
ative CR networks experience the outage saturation phenomenon;
iii) the probability that the interference power constraint is satis-
fied is relatively low and depends significantly on the corresponding
fading severity conditions as well as the channel estimation quality;
iv) there exists a critical performance trade-off between unlicensed
and licensed networks.

Index Terms: Cooperative relaying, imperfect channel information,
interference statistics, multipath fading, underlay CR.

I. INTRODUCTION

The rapid growth of emerging wireless technologies and ser-
vices has led to a critical dilemma regarding efficient exploita-
tion of available spectrum resources. On the one hand, it has
been shown that licensed users under-utilize significantlytheir
traditionally allocated spectrum [1]; on the other hand, most cur-
rent wireless applications compete for rather limited spectrum
resources. Cognitive radio (CR) technology has the potential to
improve substantially spectrum utilization efficiency by allow-
ing unlicensed users to access opportunistically frequency bands

Manuscript received 5 March 2013; approved for publicationby Wong, Kai-
Kit, Division I Editor, August 6, 2013.

This research is funded by Vietnam National Foundation for Science and
Technology Development (NAFOSTED) under grant number 102.04-2012.39.

K. Ho-Van is with the Department of Telecommunications Engi-
neering, HoChiMinh City University of Technology, Vietnam, email:
khuong.hovan@yahoo.ca.

P. C. Sofotasios and S. Freear are with the School of Electronic and Elec-
trical Engineering, University of Leeds, England, UK, email: {p.sofotasios,
s.freear}@leeds.ac.uk.

Digital object identifier 10.1109/JCN.2014.000004

that are allotted to licensed users [2]. A notable technology of
CR systems is theunderlay mode where users intelligently ad-
just their transmit power to ensure that interference at licensed
users remains below an acceptable controllable level [3].

In general, the transmit power of unlicensed users is con-
strained by two critical power measures:i) The maximum in-
terference power that licensed users can tolerate;ii) the maxi-
mum transmit power that unlicensed users are capable to operate
[3]. Constraints on the transmit power of unlicensed users limit
their transmission range. However, this shortage can be effec-
tively remedied with the aid of cooperative relaying techniques
which explore short-distance point-to-point communication for
lower path-loss and combine identical signals from severalin-
dependent channels for space diversity and thus, extendingthe
corresponding coverage [4]. Cooperative relaying systemscon-
sist of relay nodes operating in either the amplify-and-forward
(AF) or the decode-and-forward (DF) protocols.

It is also known that outage probability (OP) constitutes an
important performance metric in the study of the information-
theoretic performance limit [5]. Likewise, channel information
(CI) plays a crucial role in aspects of system design such as
spectrum allocation optimization. Nevertheless, due to the lim-
itation of channel estimation algorithms the availabilityof per-
fect CI is practically impossible. Furthermore, multipathfad-
ing can be adequately characterized by Nakagami−m distribu-
tion, which is a flexible model that also includes as a special
case, form = 1, Rayleigh distribution [6]. As a result, analytic
evaluation of OP under imperfect Nakagami−m fading channel
information is realistic, general, and essential. In this context,
the OP of underlay cooperative/two-hop CR networks was an-
alyzed in [3], [7]−[13]. Specifically, the work in [3] studies the
outage performance of underlayDF two-hop CR networks over
Nakagami-m fading channels while [7]−[10] consider under-
lay DF cooperative CR networks overRayleigh fading chan-
nels. The common ground between [3], [7]−[10] is the assump-
tion of perfect CI and two power constraints. On the contrary,
only few works investigate the effect ofchannel estimation error
on the outage performance of underlay relay CR networks. In
more details, [11] assumes imperfect CI between the licensed
network and the unlicensed network but perfect CI among the
unlicensed network while only the interference power constraint
is considered. The authors in [12] study the CI imperfection
on all channels but also only with the interference power con-
straint. Moreover, [13] presents the asymptotic analysis of coop-
erative CR networks considering both interference power con-
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straint and maximum transmit power constraint but it does not
investigate CI imperfection on all channels simultaneously. In
other words, the imperfect CI between the licensed network and
the unlicensed network but the perfect CI among the unlicensed
network; or the imperfect CI among the unlicensed network but
the perfect CI between the licensed network and the unlicensed
network. Furthermore, [11]−[13] consider only Rayleigh fading
channels.

To the best of our knowledge, the analytic performance evalu-
ation of OP in underlay DF cooperative CR networks under real-
istic conditions such asimperfect Nakagami−m fading channel
information and two power constraints, has not been addressed
in the open literature. Motivated by this, the present work in-
vestigates this topic by deriving an analytic expression for the
OP in such networks. The proposed analysis also includes [3],
[7]−[13] as special cases while the easily computed proposed
expression facilitates the performance evaluation without nec-
essarily requiring exhaustive simulations and possibly system
design optimization. It is also shown that imperfect CI degrades
the system performance considerably while underlay coopera-
tive CR networks experience the outage saturation phenomenon.

Due to channel estimation errors, the interference at li-
censed users can not be always maintained below an accept-
able level. Therefore, thorough investigation of its statistics is
undoubtedly necessary. To this end, the interference cumula-
tive distribution function (CDF) of licensed users was derived
for Rayleigh fading channels in [11], [12], [14]. Capitalizing
on this, the present work investigates the interference CDFfor
Nakagami−m fading channels. Various results illustrate that
the value of the interference CDF at the maximum interference
power is relatively low and significantly dependant upon the
severity of fading and the channel estimator quality. Further-
more, the interference level at licensed users is inverselypro-
portional to the OP of unlicensed users which results to the per-
formance trade-off between licensed and unlicensed networks.

The rest of the paper is organized as follows: Section II revis-
its the considered system model and addresses the interference
statistics of licensed users. The novel OP expression and its re-
lation to previous works are provided in Section III. The validity
and behaviour of the offered results are analyzed in SectionIV
and closing remarks are given in Section V.

II. SYSTEM MODEL AND INTERFERENCE
STATISTICS OF LICENSED USERS

We consider the underlay cooperative CR network in Fig. 1
as in [3], [8]. The unlicensed network performs two-stage co-
operative relaying where the sourceUS communicates with the
destinationUD with the aid of the relayUR. This communica-
tion causes interference to licensed user(s), namelyLx. During
stage1, US transmits its information while in stage2 it remains
idle andUR, operating in the DF protocol, is activated only af-
ter successful decoding ofUS ’s information. Then,UD restores
US ’s information either with maximum ratio combining of both
signals fromUS in stage1 andUR in stage2 if UR is active, or
based on the signal fromUS in the stage1 if UR is idle.

We assume independent frequency-flat Nakagami−m fading
channels with the parameters{m,λ}, which can assist in ob-
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Fig. 1. System model.

taining useful insights on the behaviour and performance of
underlay cooperative CR networks in different fading condi-
tions. The probability density function (pdf) of the magnitude
of the channel coefficient,|bu,q|, between useru and userq can
be expressed as,f|bu,q|(x) = 2Λmx2m−1e−Λx2

/Γ (m), where
u ∈ {US, UR}, q ∈ {UR, UD, Lx}, x > 0, Λ = m/λ with

λ = E
{
|bu,q|2

}
. Furthermore,Γ(.) is the Gamma function [15,

eq. (8.310.1)] andE{.} denotes statistical expectation.
The received signal,au,q, at the userq is modeled asau,q =

bu,qcu + du,q, where1 du,q ∼ CN (0,N0) is the noise at user
q whereascu is the transmitted information symbol. The sym-
bol energy ofcu is denoted asαu = E{|cu|2} and is strictly

set asαu = min
(
IT / |bu,Lx

|2 , Pm
)

in order to satisfy both in-

terference power constraint,αu ≤ IT / |bu,Lx
|2, and maximum

transmit power constraint,αu ≤ Pm, [3]. Here,IT is the max-
imum interference power that licensed users can tolerate while
Pm is the maximum transmit power of unlicensed users.

Based on the linear minimum mean-square error channel es-
timation, the corresponding estimation error model can be ex-
pressed asbu,q = b̂u,q + ξu,q, whereξu,q ∼ CN (0, τ) is the
channel estimation error,b̂u,q is the estimate of theu − q chan-
nel which follows the Nakagami−m distribution with param-
eters{m, ζ} andξu,q is statistically independent of̂bu,q, [16].
Furthermore, the corresponding variances ofξu,q, and b̂u,q are
expressed asτ = λ/(1 + ρθλ) andζ = ρθλ2/(1 + ρθλ), re-
spectively, withρ > 0 accounting for the quality of the esti-
mator andθ = IT /(N0λ) denoting the transmit signal-to-noise
ratio2 (SNR). To this effect, by lettinghu,q = |b̂u,q|2 it follows
that the corresponding pdf is given by [6, eq. (2.21)], namely,

1d ∼ CN (q, p) denotes a circular symmetric complex Gaussian random vari-
able with meanq and variancep.

2According to the channel estimation error model in [16], thetransmit SNR is
the ratio of the transmit power to noise variance,αu/N0. When allocated to pi-
lot symbols, the transmit power must be assumed to be constant, e.g.,αp. Under
the interference power constraint,αp must guarantee the interference power at
the licensed user belowIT , i.e.αp|bu,Lx |

2 ≤ IT . As such, on averageαpλ ≤
IT , by selectingαp = IT /λ, and so,θ = αp/N0 = IT /(N0λ). In general,
the transmit power of pilot symbols should beαp = min(IT /λ, Pm). How-
ever, eitherαp = IT /λ or αp = min(IT /λ, Pm) eventually reflects the
channel estimation error varianceτ . Thus, by changingτ indirectly through
changingρ, we still capture the effect of channel estimation error on the system
performance. Since the channel estimation is outside the scope of our paper, the
setting ofθ = IT /(N0λ) is just an example to illustrate this effect.
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fhu,q
(x) = βmxm−1e−βx/Γ(m), wherex > 0 andβ = m/ζ.

For imperfect CI, the useru modifies its transmit power ac-

cording to [14, eq. (2)],α′
u = min

(
IT /|b̂u,Lx

|2, Pm
)

, which

yields the interference power at the licensed userLx asZ =
α′
u|bu,Lx

|2 = min(IT /|b̂u,Lx
|2, Pm)|bu,Lx

|2. Since|b̂u,Lx
|2 6=

|bu,Lx
|2, the corresponding interference power can not be al-

ways guaranteed belowIT , which can be proven detrimental to
the operation of licensed users. Therefore, the question that nat-
urally arises is:What is the percentage of the interference power
constraint met under imperfect channel information? To this
end [11], [12], [14] provided the interference CDF, which isde-
fined as the percentage that the interference at licensed users is
below a certain level, for Rayleigh fading channels. Our present
work generalizes this concept by considering Nakagami−m
fading, which is more realistic and includes [11], [12], [14] as a
special case form = 1.

Subsequently, we setW1 =
√
X = |bu,Lx

| andW2 =
√
Y =

|b̂u,Lx
|. However, before deriving the CDF ofZ, it is essential

to determine the joint pdf ofX andY .
Lemma 1: Given the Nakagami−m distributions ofW1 =

|bu,Lx
| andW2 = |b̂u,Lx

| with parameters(m,λ) and(m, ζ),
respectively, the joint pdf ofX andY is expressed as,

fX,Y (x, y) =
(xy)m/2e

− η2x+η1y

η1η2(1−ϕ) Im−1

(
2
√
ϕxy√

η1η2(1−ϕ)

)

√
xy Γ (m) (1− ϕ)ϕ(m−1)/2(η1η2)

(m+1)/2
(1)

whereIm(.) is the modified Bessel function of the first kind and
mth order;η1 = E

{
W 2

1

}
/m = λ/m; η2 = E

{
W 2

2

}
/m =

ζ/m; ϕ = ζΓ (m+ 2)/(mΓ (m)λ) +mτ/λ−m.
Proof: The joint pdf ofW1 andW2 is [17, eq. (1)],

fW1,W2 (x, y) =
4(xy)

m
e
−η2x2+η1y2

η1η2(1−ϕ) Im−1

(
2
√
ϕxy√

η1η2(1−ϕ)

)

Γ (m) η1η2 (1− ϕ) (η1η2ϕ)
(m−1)/2

(2)

whereϕ denotes the correlation coefficient which emerges by
its definition, i.e.,ϕ = cov

(
W 2

1 ,W
2
2

)
/
√
var {W 2

1 } var {W 2
2 },

[17]. By utilizing [18, eq. (2-1-149)] it immediately follows that,
var
{
W 2

1

}
= λ2/m andvar

{
W 2

2

}
= ζ2/m. To this effect, the

covariance ofW 2
1 andW 2

2 is straightforwardly computed with
the aid of the standard identity,cov(W 2

1 ,W
2
2 ) = E{W 2

1W
2
2 } −

E{W 2
1 }E{W 2

2 }, which after long but basic algebraic manipula-
tions yields,cov(W 2

1 ,W
2
2 ) = Γ(m+2)/Γ(m)ζ2/m2+τζ−λζ.

By substitutingvar
{
W 2

1

}
, var

{
W 2

2

}
andcov(W 2

1 ,W
2
2 ) into

the definition ofϕ yields ϕ = ζΓ (m+ 2)/(mΓ (m)λ) +
mτ/λ − m. Subsequently, by settingW1 =

√
X andW2 =√

Y , the joint pdf ofX and Y is readily deduced from that
of W1 andW2 in [19, eq. (6-115)], namely,fX,Y (x, y) =
|J (x, y)| fW1,W2

(√
x,

√
y
)
, where the JacobianJ (x, y) is

1/
(
4
√
xy
)
, [19, eq. (6-114)]. Thus, substituting (2) yields (1),

which completes the proof. 2

The CDF ofZ is Pr {Z < z} = 1 − Pr {min (IT /Y, Pm)
X > z} = 1 − Pr {X > z1, X/Y > z2} = 1 −
∫∞
z1

∫ x
z2
0 fX,Y (x, y) dydx wherePr {X} denotes the probabil-

ity of the eventX while z1 = z/Pm andz2 = z/IT . To this

effect and with the aid of (1) and settingt =
√
y, it follows that,

Pr {Z < z} = 1−A1

∞∫

z1

√
x/z2∫

0

tmIm−1

(
2
√
ϕxt√

η1η2(1−ϕ)

)

x
1−m

2 e
x

η1(1−ϕ) e
t2

η2(1−ϕ)

dtdx

(3)
whereA1 = 2(η1η2ϕ)

(1−m)/2
/[Γ (m) (1− ϕ) η1η2]. Notably,

the inner integral can be expressed in terms of the Marcum
Q−function,Qm(a, b) in [6, eq. (4.60)]. Therefore, by setting
y = t

√
2/[(1− ϕ) η2] one obtains,

Pr {Z < z} = 1−
∫ ∞

z1

xm−1

τ1e
x
η1

dx

︸ ︷︷ ︸
T1

+

∫ ∞

z1

Qm(
√
τ2x,

√
τ3x)

x1−mτ1e
x
η1

dx

︸ ︷︷ ︸
T2

(4)
whereτ1 = ηm1 Γ(m), τ2 = 2ϕ/[η1(1 − ϕ)], τ3 = 2/[η2z2(1 −
ϕ)]. Evidently, deriving an exact closed-form expression for
Pr {Z < z} is subject to analytical solution of the integralsT1
andT2. Firstly, it is observed thatT1 has the same algebraic rep-
resentation as the upper incomplete gamma function,Γ (a;x),
[15, eq. (8.350.2)]. Thus, by performing the necessary change
of variables one obtainsT1 = Γ (m; z1/η1)/Γ (m).

In what follows, we derive an analytic expression forT2.
Theorem 1: The following representations is valid forT2,

T2 ≃
g∑

l=0

m+l−1∑

i=0

Γ (g + l) g1−2la2lb2iΓ (m+ l + i;A2z1)

Γ(m)c−ml!i!2l+i (g − l)!Am+l+i
2

(5)

whereA2 = c +
(
a2 + b2

)
/2, a =

√
2ϕ/[(1− ϕ) η1], b =√

2/[(1− ϕ) η2z2] andc = 1/η1.
Proof: TheT2 term can be expressed w.r.ta, b, c yielding,

T2 = cm

Γ(m)

∫∞
z1
xm−1e−cxQm (a

√
x, b

√
x) dx. A simple repre-

sentation forQm(a, b) was reported in [20, eq. (6)]. Performing
the necessary change of variables and substituting in (4) yields,

T2 ≃
g∑

l=0

∞∫

z1

cmΓ(g + l)a2lxm+l−1Γ
(
m+ l; b

2x
2

)
dx

l!2lΓ(m) (g − l)!g2l−1Γ (m+ l) e

(

c+a2

2

)

x
. (6)

By subsequently applying [15, eq. (8.352.2)] and performing the
necessary change of variabless, it follows that,

T2 ≃
g∑

l=0

m+l−1∑

i=0

cmΓ(g + l)g1−2la2lb2i

Γ(m)l!i!2l+i (g − l)!

∞∫

z1

xm+l+i

xeA2x
dx. (7)

The above integral can be expressed in terms of theΓ(a;x) func-
tion. Therefore (5) is deduced, which completes the proof.2

It is evident that the probability that the interference power
constraint is satisfied is expressed asPr {Z < IT }.

III. OUTAGE PROBABILITY ANALYSIS

By recalling that au,q = bu,qcu + du,q and bu,q =

b̂u,q + ξu,q, it follows straightforwardly thatau,q = b̂u,qcu +
(ξu,qcu + du,q). To this effect, the received SNR can be ex-
pressed asψu,q = |b̂u,q|2E

{
|cu|2

}
/E{|ξu,qcu + du,q|2} =
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α′
u|b̂u,q|2/(α′

uτ +N0). By performing the necessary variable
change yieldsψu,q = min (IT /hu,Lx

, Pm)hu,q/[min(IT /hu,Lx
,

Pm)τ +N0]. Given also the transmission rate of the unlicensed
networkD and according to the foundations of communica-
tion theory, the receiver is in outage if the inequalitiesD ≥
1
2 log2 (1 + ψ) or ψ ≤ k hold, wherek = 22D − 1 whereasψ
is the received SNR and the1/2 factor exhibits the two-stage
nature in cooperative relaying. In the present relaying protocol,
UD is in outage either when bothUR andUD are in outage i.e.,
ψUS ,UR

< k, ψUS ,UD
< k, or when onlyUD is in outage

i.e.,ψUS ,UR
≥ k andψUS ,UD

+ ψUR,UD
< k. Thus, the OP of

underlay cooperative CR networks can be expressed as,

Pout = Pr {ψUS ,UD
< k, ψUS ,UR

< k}︸ ︷︷ ︸
R1

+ Pr {ψUS ,UD
+ ψUR,UD

< k, ψUS ,UR
≥ k}︸ ︷︷ ︸

R2

.
(8)

By recalling the general form forψUS ,UD
andψUS ,UR

, theR1

term in (8) can be expressed as follows,

R1 = Pr

{
A3hUS ,UD

A3τ +N0
< k,

A3hUS ,UR

A3τ +N0
< k

}

=

∞∫

0

Pr

{
hUS ,UD

<
k (A4τ +N0)

A4

}

× Pr

{
hUS ,UR

<
k (A4τ +N0)

A4

}
fhUS,Lx

(x) dx

(9)

whereA3 = min (IT /hUS ,Lx
, Pm) andA4 = min (IT /x, Pm).

Sincehu,q is Nakagami−m distributed, it follows that:
• PreliminaryA: Pr {hu,q < x} = γ (m;βx)/Γ (m).
• PreliminaryB: Pr {hu,q > x} = Γ (m;βx)/Γ (m).
whereγ (a;x) is the lower incomplete gamma function [15, eq.
(8.350.1)]. With the aid of preliminaryA one obtains,

R1 =

∫ ∞

µ

fhUS,Lx
(x) dx

Γ2(m)γ−2(m; kA5)︸ ︷︷ ︸
R11

+

∫ µ

0

fhUS,Lx
(x) dx

Γ2(m)γ−2(m; kA6)︸ ︷︷ ︸
R12

(10)
whereA5 = β(τ + vx), A6 = β(τ + χ), χ = N0/Pm,
v = N0/IT andµ = χ/v. Evidently, deriving a closed-form
expression forR1 is subject to evaluation ofR11 andR12.

Theorem 2: The following expression is valid forR11,

R11 =
Γ (m;βµ)

Γ (m)
−
m−1∑

i=0

i∑

p=0

(
i

p

)
2kivpΓ(p+m;βµA7)

Γ(m)eβτki!(τβ)p−iAp+m7

+
m−1∑

i=0

m−1∑

j=0

i∑

p=0

j∑

s=0

(
i

p

)(
j

s

)
(τβ)i+j−p−ski+jΓ(A9;βµA8)

i!j!Γ(m)AA9
8 e2kβτv−p−s

(11)

where(nk ) = n!
k!(n−k)! , A7 = 1 + kv, A8 = 1 + 2kv, and

A9 = p+ s+m.
Proof: By applying [15, eq. (8.352.1)] one obtains,

R11 =
βm

Γ (m)

∞∫

µ

(
1−

m−1∑

i=0

[βk (τ + vx)]
i

i!eβk(τ+vx)

)2

xm−1

eβx
dx. (12)

To this effect and with the aid of the following two preliminaries:
• PreliminaryC [15, eq. (1.111)]: The binomial expansion

(a+ b)
n

,
∑n

i=0

(
n
i

)
aibn−i which holds fora, b ∈ R,

n ∈ N.
• PreliminaryD:

∫∞
x

ta

ebt
dt =

∫∞
bx

yae−y

ba+1 dy = Γ(a+1;bx)
ba+1 .

the proof of Theorem2 can be completed. 2

Likewise, theR12 integral is solved in the next Theorem.
Theorem 3: The following expression holds forR12,

R12 = γ2 (m;βk (τ + χ)) γ (m;βµ)/Γ3 (m) . (13)
Proof: The proof follows by applying preliminaryA. 2

A. Derivation of R2

With the aid ofψUS ,UR
, ψUS ,UD

, andψUR,UD
one obtains,

R2 = Pr

{
A3hUS ,UD

A3τ +N0
+ ψUR,UD

< k,
A3hUS ,UR

A3τ +N0
≥ k

}

=

∫ k

0

∫ ∞

0

Pr
{
hUS ,UD

< (k−y)A10

A4

}
fhUS,Lx

(x)
[
Pr
{
hUS ,UR

≥ kA10

A4

}
fψUR,UD

(y)
]−1 dxdy

(14)

wherefψUR,UD
(y) is the pdf ofψUR,UD

andA10 = A4τ +N0.
Theorem 4: The pdf ofψUR,UD

can be expressed as,

fψUR,UD
(y) =

γ (m;βµ)Am6 y
m−1e−A6y

Γ2 (m)

+

m−1∑

a=0

a∑

b=0

(
a

b

)
vb+1yaΓ(b+m;βµA11)

Γ(m)a!(τβ)b−aeyβτAb+m11

×
(
τβ

v
− a

vy
+
(µβA11)

b+me−β(µ+χy)

A11Γ(b +m;βµA11)
+
b+m

A11

)

(15)

whereA11 = 1 + vy.
Proof: The proof is provided in Appendix1. 2

Capitalizing on the solution of Theorem4 and utilizing prelimi-
nariesA andB, theR2 integral can be expressed as,

R2 =

∫ k

0

∫ ∞

µ

γ (m; (k − y)A5) fhUS,Lx
(x)

Γ2 (m) [Γ(m; kA5)fψUR,UD
(y)]−1

dxdy

+

∫ k

0

∫ ∞

µ

γ (m; (k − y)A6) fhUS,Lx
(x)

Γ2 (m) [Γ(m; kA6)fψUR,UD
(y)]−1

dxdy

(16)

and equivalently,

R2 =

k∫

0

∞∫

µ

γ (m; (k − y)A5) fhUS,Lx
(x)

Γ2 (m) Γ−1 (m; kA5)
dx

︸ ︷︷ ︸
R21i

fψUR,UD
(y)dy

︸ ︷︷ ︸
R21

+

k∫

0

Γ (m; kA6) γ (m; (k − y)A6)

Γ3 (m) γ−1 (m;βµ)
fψUR,UD

(y)dy

︸ ︷︷ ︸
R22

.

(17)
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Deriving (17) is subject to solvingR21 andR22. However, prior
derivation of some essential analytic results is necessary.

Lemma 2: The following closed-form solutions are valid,

fa,i,o,l,d;k,β,v,µ
212a

=

∫ k

0

ya(k − y)iA−o
12 Γ (o;βµA12)

(1 + vy)dΓ−1 (l;β (1 + vy)µ)
dy

=
Γ (o) Γ (l)

e2βµA7

o−1∑

w=0

l−1∑

u=0

(βµ)
w+u

B (i+ 1, a+ 1)

w!u!Ao−w8 k−i−a−1

× F1 (a+ 1, o− w, d − u, i+ a+ 2; kv/A8,−kv)

(18)

and

f c,i,o,j;k,β,v,µ,χ
212b

=

∫ k

0

yc(k − y)
i
Γ (o;βA12µ)

Ao12(1 + vy)
j
eβχy

dy

=
o−1∑

l=0

A13

F1

(
c+ 1, o− l, j, i+ c+ 2; kvA8

,−kv
)

l!(βµ)−lk−(i+c+1)Ao−l8 Γ−1(o)eβµA8

(19)

where A12 = 1 + (2k − y)v, A13 = B (i + 1, c+ 1)
while B(·, ·) and F1(·, ·, ·, ·; ·, ·) denote the Beta function
[15, eq. (8.380.1)] and Appell hypergeometric function [15,
eq. (9.180.1)], respectively.

Proof: The proof is completed by expanding (18) and (19)
according to [15, eq. (8.352.2)] and using [15, eq. (3.211)]. 2

Lemma 3: The following closed-form expressions are valid,

fk,a,v221a =

∫ k

0

ya

1 + vy
dy

=
(−1)aln(A7)

va+1
+

a∑

q=1

(
a

q

)
(−1)q+a(Aq7 − 1)

va+1q

(20)

and

fa,b,c;k,v,µ,β,χ221b =

∫ k

0

yaΓ(b;βµ(1 + vy))

(1 + vy)ce−βχy
dy (21)

=

{∑b−1
q=0

∑a
l=0

(
a
l

) Γ(b)(βµ)q ln(A7)
(−1)a+lq!va+1eβµ , A14 = −1

∑b−1
q=0

∑a
l=0

(
a
l

) (−1)a−lΓ(b)(Aq+l−c+1
7 −1)

q!va+1(q+l−c+1)(βµ)−qeβµ , A14 6= −1

whereA14 = q + l− c.
Proof: Settingt = 1+ vy yieldsfk,a,v221a = v−a−1

∫ A7

1
(t−

1)a/tdt while using preliminaryC and basic integration yields
(20). Likewise, by applying [15, eq. (8.352.2)] one obtains,

fa,b,c;k,v,µ,β,χ221b =
Γ (b)

eβµ

b−1∑

q=0

(βµ)
q

q!va+1

∫ 1+kv

1

(t− 1)
a

tc−q
dt (22)

which straightforwardly yields (21) and completes the proof. 2

As already mentioned, the derived results are important in the
derivation of analytic expressions forR21 andR22.

Theorem 5: Given the derived functionsfa,i,o,l,d;k,β,v,µ
212a

,
f c,i,o,j;k,β,v,µ,χ
212b

in Lemma2 andFψUR,UD
(y) in (28) of Ap-

pendix1, the following closed-form expression is valid,

R21 =

m−1∑

j=0

j∑

p=0

(
j

p

)
kjvpΓ(p+m;βµA7)R211

j!(τβ)p−jΓ(m)eβτkAp+m7

+

m−1∑

i=0

m−1∑

j=0

i∑

p=0

j∑

s=0

(
i

p

)(
j

s

)
kj(τβ)i+j−p−sR212

i!j!v−p−sΓ(m)e2βτk

(23)

whereR211 = FψUR,UD
(k) and

R212 =
γ (m;βµ) fm−1,i,p+s+m,0;k,β,v,µ,χ

212b

(τ + χ)
−m

Γ2 (m)βp+s

+

m−1∑

a=0

a∑

b=0

(
a

b

){
µb+mτafa,i,p+s+m,1;k,β,v,µ,χ212b

a!v−b−1τbΓ(m)βp+s−aeβµ

+
vbfa,i,p+s+m,b+m,b+m;k,β,v,µ

212a

a!Γ(m)τb−a−1βp+s+m+b−a−1

− vbfa−1,i,p+s+m,b+m,b+m;k,β,v,µ
212a

Γ(m)Γ(a)τb−aβp+s+m+b−a

+
(b +m)fa,i,p+s+m,b+m,b+m+1;k,β,v,µ

212a

a!Γ(m)βp+s+m+b−av−b−1τb−a

}
.

(24)

Proof: The proof is provided in Appendix 2. 2

Likewise, a novel analytic expression forR22 is derived below.
Theorem 6: Given fk,a,v221a and fa,b,c;k,v,µ,β,χ221b in Lemma 3,

the following exact closed form representation is valid forR22,

R22 = FψUR,UD
(k)−

m−1∑

i=0

i∑

p=0

(−1)pβi(τ + χ)iR221

p!(i− p)!kp−ieβk(τ+χ)
(25)

where

R221 =

m−1∑

a=0

a∑

b=0

(
a

b

)
vb+1(τβ)a+1

a!Γ(m)τbβb

{
fa+p,b+m,b+m;k,v,µ,β,χ
221b

v

−f
a+p−1,b+m,b+m;k,v,µ,β,χ
221b

a−1vτβ
+
µb+mfk,a+p,v221a

τβ1−b−meβµ
(26)

+
fa+p,b+m,b+m+1;k,v,µ,β,χ
221b

τβ(b +m)−1

}
+
γ (m;βµ)Am6 k

m+p

(m+ p) Γ2 (m)
.

Proof: The proof is provided in Appendix 3. 2

B. Special Case

The validity of the derived expressions is demonstrated
through comparisons with results from computer simulations
and with expressions [3], [7]−[13]. Particularly for the case of
perfect Rayleigh channel information, it is shown that (10)and
(17) coincide with [8, eq. (6)] and [8, eq. (15)], respectively.

Corollary 1: For the case of perfect Rayleigh fading channel
information, (10) coincides with [8, eq. (6)].

Proof: By settingm = 1 andτ = 0, theR11 andR12

terms are simplified as,R11 = Γ (1;βµ)− 2Γ (1;A7βµ)/A7 +
Γ (1;A8βµ)/A8 = e−βµ − 2e−βµA7/A7 + e−βµA8/A8 and

R12 = γ2 (1;βχk) γ (1;βµ) =
(
1− e−βχk

)2 (
1− e−βµ

)
.

Thus, by substituting accordingly in (10) one obtains,R1 =

e−βµA8/A8+
(
1− e−βχk

)2 (
1− e−βµ

)
−2e−βµA7/A7+e

−βµ.
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Fig. 2. Outage probability versus IT /N0.

To this effect, performing the necessary change of variablesR1

coincides [8, eq. (6)], completing the proof. 2

Corollary 2: Given perfect Rayleigh fading channel infor-
mation, (17) coincides with [8, eq. (15)].

Proof: The proof follows immediately with the aid of the
contributions in Corollary1, Lemma2, and Lemma3. 2

IV. NUMERICAL RESULTS

This section presents various results that validate the derived
expressions and demonstrate the performance behavior of un-
derlay cooperative CR networks over imperfect Nakagami−m
fading. Specifically, Fig.2 illustrates simulated and numerical
results for various imperfect channel information scenarios3,
ρ = {0.1, 0.5,∞}, required transmission rate ofD = 1
bps/Hz, fading powerλ = 1, severity of fadingm = {1, 2, 3},
Pm/N0 = 15 dB, IT /N0 ∈ [0, 48] dB. It is observed that analy-
sis and simulation are in excellent agreement which validates
with clarity the accuracy of the offered expression. It is also
shown that the channel estimation error affects considerably the
corresponding OP. Furthermore, the outage performance is,as
expected, enhanced with respect to decrease of fading severity.

In the same context, Fig. 2 demonstrates some rather inter-
esting results: 1) For low-to-moderate values ofIT , the corre-
sponding OP is inversely proportional toIT . This is based on the
fact thatIT controls the transmit power of unlicensed users, and
hence the higher theIT , the higher the transmit power which
ultimately reduces the OP; 2) an outage saturation occurs in
the largeIT regime; 3) the error floor level appears to be in-
dependent of the channel estimation quality i.e.,ρ. The perfor-
mance saturation is due to the fact that the transmit power ofun-

licensed users ismin
(
IT /|b̂u,Lx

|2, Pm
)

. Consequently, asIT

exceeds a certain threshold,min
(
IT /|b̂u,Lx

|2, Pm
)
≃ Pm de-

termines fully the corresponding transmit power, independent of

3The larger theρ, the better the quality of the channel estimator. The perfect
channel information corresponds toρ = ∞, and therefore,τ = 0 andζ = λ.
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Fig. 3. Outage probability versus Pm/N0.

the channel estimation quality,|̂bu,Lx
|2 or ρ, resulting in identi-

cal OP for any subsequent increase ofIT andρ.
Fig. 3 depicts the OP versusPm/N0 for IT /N0 = 15 dB,

D = 1 bps/Hz,λ = 1, andρ = {0.2, 0.6,∞},m = {1, 2, 3}. It
is seen that analytical results are in excellent agreement with
the simulated results, which verifies the validity of (8). Inad-
dition, the performance trend for varyingPm/N0 is similar to
that for changingIT /N0 (Fig. 2). In other words, the OP de-
creases with the increase inPm/N0 and quickly reaches the er-
ror floor at large values ofPm/N0. This behavior can be ex-
plained in the similar manner as Fig. 2. Nevertheless, the error
floor level in Fig. 3 differs from that in Fig. 2 in that the for-
mer depends onρ while the latter is independent of it. This
phenomenon is explained as follows: For large values ofPm,

min
(
IT /|b̂u,Lx

|2, Pm
)
≃ IT /|b̂u,Lx

|2 completely controls the

transmit power of unlicensed users. Consequently, the saturation
level is dependent upon|̂bu,Lx

|2 and hence, the better quality of
the channel estimator, i.e., largerρ, reduces this level. Moreover,
the results in Fig. 3 are reasonable since the outage performance
is dramatically enhanced asρ andm increase.

Fig. 4 depicts the interference statistics of licensed users ver-
sus the the channel estimation quality forλ = 1, IT /N0 = 10
dB, Pm/N0 = 15 dB andm = {1, 2, 3}. It is clearly ob-
served that the analytical results are in good agreement with
the corresponding simulated results which justifies the accu-
racy of (5). Also, the probability that the interference power
constraint is satisfied i.e.,Pr {Z < IT } is relatively small e.g.,
Pr {Z < IT } < 0.6. This indicates that channel estimation er-
rors can detrimentally affect the performance of licensed net-
works. Moreover, the results are reasonable as under imperfect
channel estimation condition,Pr {Z < IT } increases with re-
spect to the better quality of the channel estimator i.e., larger
ρ. Also, this probability is significantly reduced in moderate fad-
ing conditions which indicates explicitly that the less severe the
fading conditions, the more damage unlicensed networks cause
to licensed networks. In contrast, as seen in Figs. 2 and 3, the
performance of unlicensed networks is considerably improved



16 JOURNAL OF COMMUNICATIONS AND NETWORKS, VOL. 16, NO. 1, FEBRUARY 2014

0 2 4 6 8 10

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

ρ

P
r{

Z
 <

 I T
}

 

 

Analysis − m=1
Simulation − m=1
Analysis − m=2
Simulation − m=2
Analysis − m=3
Simulation − m=3

Fig. 4. Pr {Z < IT } versus ρ.

with respect to better fading conditions. Hence, for systemde-
sign under practical conditions, such as imperfect channelinfor-
mation, it is important to account for the performance trade-off
between licensed and unlicensed networks.

V. CONCLUSION

The present work was devoted to the analytic evaluation of
the OP of unlicensed users in underlay cooperative CR net-
works with imperfect Nakagami−m fading channel information
and both interference power constraint and maximum transmit
power constraint. A novel analytic expression was derived and
validated by computer simulations. This expression was subse-
quently employed in generating several results which revealed
that channel estimation error dramatically deteriorates the sys-
tem performance while the outage saturation phenomenon ap-
pears under certain conditions. Furthermore, it was shown that
the channel estimation quality determines the saturation level
asIT is a constant but not for fixedPm. It was also shown that
due to channel estimation error the interference at licensed users
can not be guaranteed below an acceptable level at all times and
based on this the corresponding statistics was investigated both
analytically and through simulation. Various results illustrated
that the probability that the interference is below the maximum
interference power is relatively low and significantly dependent
upon the severity of fading conditions as well as the channeles-
timation quality. Finally, it was shown that the interference at
licensed users is inversely proportional to the OP of unlicensed
users, which constitutes the performance trade-off between li-
censed and unlicensed networks that should be considered in
future system designs.

Appendix 1

The CDF ofψUR,UD
is FψUR,UD

(y) = Pr {ψUR,UD
< y} =

Pr{hUR,UD
< y(A15τ + N0)/A15} =

∫∞
0

Pr{hUR,UD
<

y(A4τ +N0)/A4}fhUR,Lx
(x)dx with A15 = min(IT /hUR,Lx

,

Pm), which can be rewritten as,FψUR,UD
(y) =

∫∞
µ γ (m; yA5)

fhUR,Lx
(x) /Γ(m)dx +

∫ µ
0
γ (m; yA6)fhUR,Lx

(x) /Γ(m)dx.
By substitutingfhu,q

(x) and utilizing [15, eq. (8.352.1)] yields

FψUR,UD
(y) =

∫ ∞

µ

(
1−

m−1∑

i=0

(yA5)
i

i!eyA5

)
βmxm−1

Γ (m) eβx
dx

+ γ (m; yA6) γ (m;βµ)/Γ2 (m) .

(27)

With the aid of preliminariesC andD it follows that,

FψUR,UD
(y) =

Γ (m;βµ)

Γ (m)
+
γ (m; yA6) γ (m;βµ)

Γ2 (m)

−
m−1∑

i=0

i∑

p=0

(
i

p

)
vpyiτ iβiΓ (p+m;βA11µ)

i!Γ(m)τpβpAp+m11 eβτy

(28)

Taking the derivative of (28) with respect toy, (15) is deduced
thus, completing the proof of Theorem4.

Appendix 2

Utilizing once morefhu,q
(x) and [15, eq. (8.352.1)] and [15,

eq. (8.352.2)], the inner integral of the first term in (17) can be
expressed as follows,

R21i =

∫ ∞

µ

[
1−

m−1∑

i=0

(k − y)
i
Ai5

i!e(k−y)A5

]
m−1∑

j=0

kjβmAj5x
m−1

j!Γ(m)ekA5+βx
dx

=

m−1∑

j=0

j∑

p=0

(
j

p

)
kjvpτ jβjΓ (p+m;βA7µ)

j!Γ(m)Ap+m7 τpβpeβτk

−
m−1∑

i=0

m−1∑

j=0

i∑

p=0

j∑

s=0

(
i

p

)(
j

s

)
eβτ(y−2k)(τβ)i+j(k − y)iA16

i!j!Γ(m)(τβ)p+sk−jv−p−s

(29)

whereA16 = Γ(A9;βµA12)/A
A9
12 . By substituting (29) into the

first term of (17) one obtains,

R21 =

m−1∑

j=0

j∑

p=0

kjvpτ jβjA17

j!Γ(m)τpβpeβτk

k∫

0

fψUR,UD
(y) dy

︸ ︷︷ ︸
R211

−
m−1∑

i=0

m−1∑

j=0

i∑

p=0

j∑

s=0

(
i

p

)(
j

s

) k∫

0

A18fψUR,UD
(y)

i!j!(k − y)−i
dy

︸ ︷︷ ︸
R212

(30)

where A17 = Γ(p + m;βµA7)/A
p+m
7 and A18 =

A16k
jvp+s(τβ)i+j−p−seβτ(y−2k)/Γ(m). By recalling that

R211 = FψUR,UD
(k), substituting (15) in R212, per-

forming some basic algebraic manipulations and utilizing
fa,i,o,l,d;k,β,v,µ
212a

and f c,i,o,j;k,β,v,µ,χ
212b

in Lemma2, (24) is de-
duced and therefore, completing the proof of Theorem5.
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Appendix 3

By applying [15, eq. (8.352.1)] in (17), one obtains,

R22 =

∫ k

0

(
1−

m−1∑

i=0

(k − y)iAi6
i!e(k−y)A6

)
fψUR,UD

(y) dy

= A19 −
m−1∑

i=0

i∑

p=0

(
i

p

)
(−1)

p
Ai6k

i

i!ekA6kp

k∫

0

fψUR,UD
(y)

y−pe−yA6
dy

︸ ︷︷ ︸
R221

(31)

whereA19 = FψUR,UD
(y). By subsequently inserting (15) in

R221, it immediately follows that,

R221 =

m−1∑

a=0

a∑

b=0

(
a

b

)
vb(τβ)a+1

τbβba!Γ(m)

∫ k

0

Γ (b +m;βµA11)

y−a−pe−βχyAb+m11

dy

︸ ︷︷ ︸
fa+p,b+m,b+m;k,v,µ,β,χ

221b

−
m−1∑

a=1

a∑

b=0

(
a

b

)
vb(τβ)a−b

Γ(a)Γ(m)

∫ k

0

Γ (b +m;βµA11) e
βχy

y1−a−pAb+m11

dy

︸ ︷︷ ︸
fa+p−1,b+m,b+m;k,v,µ,β,χ

221b

+

m−1∑

a=0

a∑

b=0

(
a

b

)
vbτaβa+mµb+m

v−1a!Γ(m)τbeβµ

∫ k

0

ya+p

A11
dy

︸ ︷︷ ︸
fk,a+p,v
221a

+

∫ k

0

A20A
m
6 dy

y1−m−p

+

m−1∑

a=0

a∑

b=0

(
a

b

)
vb(b+m)τaβa

a!Γ(m)v−1τbβb

∫ k

0

Γ (b +m;βµA11) dy

y−a−pAb+m+1
11 e−βχy︸ ︷︷ ︸

fa+p,b+m,b+m+1;k,v,µ,β,χ

221b

(32)

whereA20 = γ(m;βµ)/Γ2(m). To this effect and since∫ k
0
ym+p−1dy = km+p/(m+p)whilefk,a,v221a andfa,b,c;k,v,µ,β,χ221b

are given in closed form in Lemma3, substituting (32) in (31)
completes the proof of Theorem6.
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