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Abstract
This paper deals with the problem of predicting censored data in a half triangle distribution with an unknown
parameter based on progressively Type-II censored samples. We derive maximum likelihood predictors and
some approximate maximum likelihood predictors of censored failure times in a progressively Type-II censoring
scheme. In addition, we construct the shortest-length predictive intervals for censored failure times. Finally,
Monte Carlo simulations are used to assess the validity of the proposed methods.
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1. Introduction

A triangle distribution was applied to kernel function in a non-parametric density estimation. Johnson
(1997) studied triangular distribution as a proxy for beta distribution. Balakrishnan and Nevzorov
(2003) developed some properties for triangular distribution. Kang (2007) derived explicit estimators
for the scale parameter in a half triangle distribution (HTD) based on multiply Type-II censored sam-
ples. Han and Kang (2008) proposed some approximate maximum likelihood estimators (AMLEs)
for the scale parameter in HTD based on progressively Type-II censored samples. Kang et al. (2009)
presented methods to derive explicit estimators for the scale parameter in HTD by the approximation
of the likelihood equation based on Type-I hybrid censored samples.

The cumulative distribution function (cdf) and probability density function (pdf) for random vari-
able X with HTD can be given by

F(x):l—(l —g)z (1.1)
and
f(x):z(l—f), 0O<x<o (1.2)
o o

The prediction problems for unobserved or censored failure times have attracted the attention of
many fields such as medical and engineering sciences. Basak and Balakrishnan (2009) gave a detailed
account of the usefulness to predict censored data from a progressively Type-1I censoring scheme.

! Corresponding author: Professor, Department of Statistics, Yeungnam University, Gyeongsan 712-749, Korea.
E-mail: sbkang@yu.ac.kr

Published online 31 January 2014 / journal homepage: http://csam.or.kr
©2014 The Korean Statistical Society, Korean International Statistical Society. All rights reserved.



94 Jung-In Seo, Suk-Bok Kang

Asgharzadeh and Valiollahi (2010) discussed methods to obtain predictive intervals for censored fail-
ure times for a progressively Type-II censored sample from proportional hazard rate models. Raqab
et al. (2010) derived some predictors for censored failure times in a progressively Type-II censored
sample from Pareto distribution and provided a method to construct the highest conditional density
predictive intervals for censored failure times.

We are interested in predicting censored failure times at each stage of a progressively Type-II
censoring scheme when a progressively Type-II censored sample comes from HTD. Section 2 derives
maximum likelihood predictors (MLPs) and approximate MLPs (AMLPs) for censored failure times,
and discusses some methods to obtain predictive intervals (PIs) for censored failure times. Section 3
assesses the validity of the proposed methods, and Section 4 provides the conclusions

2. Prediction for Censored Failure Times
2.1. Progressively Type-Il censoring scheme

Let us consider the following progressively Type-II censoring scheme. Suppose n randomly selected
units were placed on a life test, only m units are completely observed until the experiment is termi-
nated. At the time of the first failure, R| units among n — 1 surviving units are randomly withdrawn
(or censored) from the life testing experiment. At each time of the next failure, R, units among
n — 2 — Ry surviving units are randomly withdrawn. Finally, at the time of m failure, all the re-

maining R,, = n—m — Ry —--- — R, units are censored. Here, the Ry, ..., R,, are fixed. Note that
the case m = n, in which case R; = --- = R,, = 0, corresponds to the complete sample situation,
while the case Ry = --- = R,—; = 0, R, = n — m corresponds to the conventional Type-II censored

scheme. Inferences for a continuous probability distribution based on progressively Type-II censored
samples were discussed by several authors. Balakrishnan ef al. (2003) suggested point and interval
estimation methods for Gaussian distribution based on progressively Type-II censored samples. Kang
et al. (2008) obtained AMLEs of the scale parameter in a half logistic distribution based on progres-
sively Type-II censored samples. Kang and Seo (2011) derived the AMLESs of the scale parameter
and the reliability function in a exponentiated half logistic distribution based on progressively Type-II
censored samples.
Let

Xl:m:n < XZ:m:n <-0 < Xm:m:n (21)

denote a progressively Type-II censored sample from the HTD with censoring scheme (R, ..., R;;). In
addition, let Y., denotes the j’h order statistic out of R; removed units at stage k, for j = 1,2,...,R;
and k = 1,2,...,m. Note that Xy, X2:m:n5 - - - » Ximen are only observed and Y.g, is unobserved
(censored). We develop prediction methods for the censored failure time Y.z, in the following sub-
sections.

2.2. Point prediction

This subsection derives the predictors of censored failure times based on an observed progressively
Type-II censored sample from HTD with censoring scheme (Ry,...,R,,). In addition, we propose
some approximate methods to obtain explicit estimators of the scale parameter because the derived
predictors depend on the scale parameter.

By the Markov property of progressively Type-II censored order statistics, the conditional density
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function of ¥ = Yir given Ximn = Xtmn> Xoimn = X2imins + + > Xizmin = Xmemen 18 given by

R ! .
T O X)) = Wf(y)[F(y) F(Xemn) ™!
X [1 = FO®1 = Fema) ™™, ¥ 2 Xtmens (2.2)

which is the conditional density function of Y, given Xy, = Xg:mn. Then, the predictive likelihood
function of Y is given by

=C l:l_[ f(xi:m:n) [1 - F(xi:m:n)]Ri leXk;,,,;n (ylxk:m:n)s (23)
i=1
where C=n(n-1-R)n—-2-R —Ry)---(n—-m+1—-R; —---—Ry_1).
From (1.1), (1.2), and (2.3), the log-predictive likelihood function of Y is written as
log L o« —(m + 1)log o + [1 + 2(R; — j)] log(l - —) +2(j-1 —Rk)log(l - ka")
—y/o 2 -
+(j-Dlog|1 - [—=217 +Z(2Ri+1)log(l—ﬂ). (2.4)
1 = Xtpn/ o p o
From (2.4), the predictive likelihood equation for Y is given by
P 14 2R - j) —
_long _ k J _2(]_ 1) (I =Xpmn /0) >
ay o 1-y/o 1 _( 1-y/o )
1=Xpn /O
=0. 2.5

By solving the equation (2.5), the MLP of Y is obtained as

?:0- 1_(1_Xk:m:n) 2(Rk_])+1 ’
7 2R, -1

which depends on the scale parameter o as well as the observed sample Xj.,,.,. Now we estimate the
parameter o~ and then plug it in.
From (2.4), the predictive equation for o is given by

(2.6)

(9 l m:n
O togr =~ Lt =14 2R = =210 o= 1 = RSl T
do o 1- y/O' I = Ximn/ O
( ST )2 Xkcmen [ y/cf Ximen | O
. 1=Xpmen [0 k:m:n m:n
—2(i—-1 - 2R; + 1
(J )1_(i)2 (1_xk:m:n/o- ) Z( ) tmn/o-
1=Xpmn /0
- 0. 2.7)

Here, by replacing y with the MLP ¥ in (2.7), the predictive likelihood equation (2.7) is written as

kan/o- xlmn/o-
+1+ 2R; +1
" kan/a- Z( )l_xzmn/a—:|

=0. (2.8)

(910 L——l
oo gL = o
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From (2.8), once the predictive maximum likelihood estimator (PMLE) & is obtained, the MLP of Y

is given by
N Xk:m:n 2(Rk - ]) +1
=0|1- (1 - — ) .
o 2Rk -1

However, the equation (2.8) does not admit an explicit solution for . Hence, we propose approximate
PMLEs (APMLE?S) of ¢ as

(2.9)

A
01 = 5 (2.10)
and
—C+ \JC?=4(m+ 1D
0y = 2.11
72 2m+ 1) ’ 1D
where

A= Xie:m:n Z(ZR +1) Xizm:n

Grmen — Qizm:n
2
B:m+1_(1 kan Z(Q,R-l—l) Vq’m")
Gk:m:n Gizmin
C= - 2(1 _ rimrn) Xkezmn — Zm:(le + 1)1 _ 2(1 _ qi:m:n) Xim:ns
Gk:m:n =1 qizm:n

Himn Z(2R +1) Limin

kan i1 qtmn

Note that the APMLEs &; (i = 1,2) are explicit estimators, and they always positive since A >
0, B> 0, and D < 0. Refer to Appendix for detailed proofs of the APMLEs.
By replacing o with & (i = 1,2) in (2.6), AMLPs of Y are given by

o o~ Xk:m:n Z(Rk - ]) +1

7, =&, [1 (1 > ) A T } (2.12)
o o~ Xk:m:n [2(Rk - .]) +1
YQ—O‘Z[I (1 5’2 ) 2Rk—1 .

However, we do not consider this case since the predictors ¥ and ¥; (i = 1, 2) are the same as Xy,
for j=1.

and

2.13)

2.3. Predictive interval

In this subsection, we construct two types of Pls for censored failure times based on an observed
progressively Type-II censored sample from a HTD with censoring scheme (Ry,...,R,,): one is the
equal-tails PI (ETPI) the other is the shortest-length PI (SLPI).
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From (1.1) and (1.2), the conditional density of Y|X; = x; given in (2.2) is written as

. )
Ry 1-y/o VI 1—y/o V&P
fY\Xk;m;,,(y|xk:in:n) = - 'k Y 1 _( y/ ) ( y/ )
(]_ 1)(Rk_.]) 1 _xk:m:n/o- 1 _-xk:m:n/o—
2(1-y/o) 2.14)
o _xk:m:n/o—)z. .
Let
1-Y/o |
Then, the density function of U is
(m—-——JEL——m&ﬁa—mfl O<u<l (2.16)
S0 = G- DR - ! ’ ’ :

which is the pdf of the Beta distribution with parameters (R;— j+1, j), and denote by Beta (R;—j+1, j).
For 0 < @ < 1, assuming that the scale parameter o is known, a 100(1 — @)% PI for Y based on U can
be constructed as

1—a=P[Bi(a) <U < Br(a)]

:PL;@—(l—x“”)¢5€5)<y<o(1—(y—”””)¢Eﬁﬁﬂ. 2.17)

(o (o

We can choose (@) and S>(«) to obtain a 100(1 — @)% ETPI for Y based on U. But it is not the
shortest possible PI. Hence, we propose the following 100(1 — @)% PI for Y based on U:

e o (T 'y

o (o

Here b, and b, satisfy the equations

o A
b\ (1=by )
2 = 2.1
B = e

and

b
l—-a= f gw)du
by

= G(by) = G(by), (2.20)

where G(+) is the cdf of the Beta (R, —j+1, j) and it has the form of the incomplete beta function. Since
the Beta (R, — j + 1, j) is unimodal for R; > j and j > 1, we consider the cases of j =2,...,R; — 1.
Note that the proposed interval is a 100(1 — @)% SLPI for Y based on U, which is derived using
the ideas of Juola (1993). Refer to Appendix for detailed proofs of the SLPI for ¥ based on U.
If o is unknown, the PMLE & and APMLEs & (i = 1,2) can be used as an alternative.
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Table 1: Means and variances of maximum likelihood predictors (MLPs) and approximate MLPs (AMLPs)

n m Scheme k j Y Y ¥
Mean  Variance Mean  Variance Mean  Variance
15 10 (4%0, 3, 3%0, 2, 0) 5 2 03287  0.0082 0.3199  0.0076 0.3256  0.0075
3 05544  0.0191 0.5330  0.0158 0.5469  0.0159
9 2 05957 0.0224 0.5767  0.0187 0.5897  0.0189
10 (0, 3, 60, 2, 0) 2 2 02466  0.0043 0.2380  0.0038 0.2433  0.0038
3 05109 0.0151 0.4897  0.0121 0.5029  0.0122
9 2 0.6086  0.0222 0.5888  0.0183 0.6020  0.0185
20 15 (3%0, 2, 4x0, 3, 6+0) 4 2 04373  0.0067 0.4197  0.0054 0.4291 0.0054
9 2 04092 0.0076 0.3996  0.0070 0.4048  0.0069
3 06116 0.0129 0.5879  0.0101 0.6009  0.0101
10 (5, 2%0, 5, 6x0) 1 2 0.1227 0.0012 0.1161 0.0010 0.1200  0.0010
3 02367 0.0032 0.2227  0.0024 0.2309  0.0024
4 03771 0.0077 0.3537  0.0053 0.3674  0.0054
5 05809 0.0181 0.5441 0.0120 0.5657  0.0123
4 2 02136 0.0044 0.2069  0.0042 0.2109  0.0041
3 03126 0.0067 0.2983  0.0056 0.3068  0.0056
4 04344 0.0110 0.4107  0.0083 0.4248  0.0083
5 06114  0.0206 0.5740  0.0140 0.5963  0.0143
10 (2«0, 3,0,2,0,2,2%0,3) 3 2 02602 0.0048 0.2559  0.0048 0.2586  0.0048
3 05304 0.0172 0.5198  0.0167 0.5264  0.0170
5 2 04588 0.0135 0.4504  0.0132 0.4556  0.0134
7 2 05041 0.0162 0.4952  0.0158 0.5007  0.0161
10 2 05196 0.0172 0.5135  0.0167 0.5172  0.0170
3 0.6636  0.0269 0.6487  0.0256 0.6577  0.0264
30 20 (3%0, 5, 30, 5, 12x0) 4 2 0.1677 0.0013 0.1636  0.0012 0.1655  0.0012
3 0.2840 0.0022 0.2752  0.0019 0.2794  0.0019
4 04270  0.0042 0.4124  0.0033 0.4194  0.0032
5 0.6348  0.0086 0.6118  0.0064 0.6228  0.0064
8 2 02470  0.0029 0.2429  0.0028 0.2449  0.0028
3 03507 0.0038 0.3418  0.0034 0.3461 0.0034
4 04782  0.0056 0.4634  0.0046 0.4705  0.0045
5 0.6633  0.0097 0.6401 0.0073 0.6513  0.0072
20 (2%0, 10, 17%0) 3 2 0.0968  0.0008 0.0950  0.0008 0.0958  0.0008
3 0.1468  0.0010 0.1430  0.0009 0.1447  0.0009
4 0.2002 0.0013 0.1943  0.0011 0.1971 0.0011
5 02579 0.0017 0.2498  0.0014 0.2536  0.0014
6 03212 0.0023 0.3106  0.0019 0.3155  0.0019
7 03920 0.0033 0.3786  0.0025 0.3848  0.0025
8 04738  0.0046 0.4573  0.0034 0.4650  0.0034
9 05745  0.0066 0.5541 0.00438 0.5636  0.0048
10 0.7208  0.0103 0.6947  0.0073 0.7068  0.0073
15 (5, 60, 10, 7x0) 1 2 0.1202  0.0007 0.1153  0.0006 0.1180  0.0006
3 0.2404  0.0022 0.2299  0.0017 0.2356  0.0017
4 0.3882 0.0054 0.3708  0.0040 0.3803  0.0040
5 06029 0.0127 0.5755  0.0095 0.5905  0.0094
8 2 02063 0.0032 0.2040  0.0032 0.2053  0.0032
3 02478  0.0037 0.2431 0.0036 0.2457  0.0035
4 0.2921 0.0043 0.2849  0.0041 0.2889  0.0040
5 03400 0.0052 0.3300  0.0048 0.3356  0.0047
6 03925 0.0064 0.3794  0.0056 0.3867  0.0055
7 04512  0.0079 0.4348  0.0067 0.4440  0.0066
8 0.5191 0.0101 0.4987  0.0082 0.5101 0.0081
9 0.6027 0.0132 0.5775 0.0103 0.5916  0.0102
10 0.7241 0.0187 0.6918  0.0140 0.7098  0.0140

Continue
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Continue
. Y Y Y
" " Scheme k I Mean Variance Mean Variance Mean Variance
30 15 (10, 6%0, 5, 7x0) 1 2 0.0640 0.0004 0.0617 0.0003 0.0629 0.0003
3 0.1146 0.0006 0.1100 0.0005 0.1124 0.0005
4 0.1687 0.0011 0.1615 0.0009 0.1653 0.0009
5 0.2271 0.0018 0.2172 0.0014 0.2225 0.0014
6 0.2912 0.0029 0.2783 0.0022 0.2852 0.0022
7 0.3629 0.0044 0.3466 0.0032 0.3553 0.0032
8 0.4458 0.0065 0.4256 0.0048 0.4363 0.0048
9 0.5477 0.0097 0.5228 0.0071 0.5361 0.0071
10 0.6959 0.0157 0.6639 0.0113 0.6809 0.0114
8 2 0.2903 0.0050 0.2852 0.0049 0.2880 0.00438
3 0.3832 0.0064 0.3723 0.0059 0.3782 0.0058
4 0.4975 0.0091 0.4794 0.0076 0.4893 0.0075
5 0.6634 0.0148 0.6350 0.0112 0.6505 0.0111

3. Simulation Study

To compare the performance of the proposed estimators, we simulate their mean squared errors
(MSE?s) and biases through Monte Carlo simulations. By using the algorithm presented in Balakrish-
nan and Sandhu (1995), we generate progressively Type-II censored samples from a standard HTD for
various censoring schemes used by Han and Kang (2008). For each scheme, we compute the PMLE &
and APMLEs & (i = 1, 2) at each stage. Here, the PMLE ¢ is obtained by using the Newton-Raphson
method whose convergence depends on the choice of the initial value, which can be solved using the
APMLEs G (i = 1,2) as starting values for the iterations. Based on the estimators, we obtain means
of the MLP ¥ and AMLPs ¥; (i = 1,2) and their variances over 10,000 simulations. In addition, we
compute average lengths of the ETPI and SLPI for Y based on U over 10,000 simulations. Table 1
and Table 2 provide the results. In this study, we focus on the problem of predicting censored data
in the situation where the sample is progressively Type-II censored; therefore, we do not report the
results for the PMLE 6 and APMLEs & (i = 1, 2).

Table 1 shows that the variances of the AMLPs ¥; (i = 1,2) are smaller than the MLP ¥. In
addition, variances of all predictors increase as j increases in the each scheme. From the Table 2, we
see that average lengths of PIs based on the APMLEs & (i = 1, 2) are shorter than the PIs based on the
PMLE &, especially in the APMLE . In addition, the average length of PIs increase as j increases
in each scheme. As expected, the SLPI has a shorter average length than the ETPI for R, > j and
j>1.

4. Concluding Remarks

This paper discusses predictors and PIs for progressively Type-II censored failure times from a HTD.
The predictors and PIs depend on a scale parameter whose PMLE cannot be solved explicitly. We
propose two types of APMLEs as an alternative to PMLE. In addition, we derive the ETPIs and
SLPIs for the censored failure times and compare them using Monte Carlo simulations. Based on the
simulation results, we suggest predictive methods based on the APMLEs when the scale parameter is
unknown and recommend the use of SLPI when R; > jand j > 1.
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Table 2: Average length of 95% predictive intervals (PIs) for censored failure times based on U

. By using & By using ¢ By using 6
nem Scheme k7 —Emprsoer ETPI _ SLPI ETPT  SLPI
510 (@+0, 3, 3+0, 2, 0) 5 2 04445 03315 04194 03128 04357 0.3249

3 05168 y 0.4877 y 0.5066 y

9 2 03277 - 0.2916 - 03163 -
10 (0.3, 6+0, 2, 0) 2 2 05204 03881 04957 0.3697 05110 03811

3 0.6050 - 0.5764 - 0.5941 §

9 2 03085 - 0.2708 N 0.2959 N

20 15 (3+0, 2, 4+0, 3, 6+0) & 2 06405 - 0.6070 N 0.6248 N
9 2 03985 02972 03709 0.2766 03860 0.2879

3 04634 y 0.4313 y 0.4488 y
10 (5, 2+0, 5, 6+0) T 2 03682 02239 03438 0.2090 03581 02177

3 04518 03752 04219 03503 04394 03649

4 05152 04924 04811  0.4598 0.5011  0.4789

5 0.5441 - 0.5081 - 0.5292 -

4 2 03196 0.1943 02949 0.1793 03096 0.1882

303922 03257 0.3619  0.3005 0.3799  0.3155

4 04472 04274 04126  0.3944 04333 04141

5 04723 - 0.4358 - 0.4575 -

10 (2+0,3,0,2,0,2,2:0,3) 3 2 05320 03968 05196 0.3875 05273 0.3933

3 06186 y 0.6042 - 0.6132 -

5 2 0.6080 - 0.5920 - 0.6020 -
7 2 05345 N 05175 N 0.5280 N
10 2 02836 02115 02662 0.1985 02768 0.2064

3 03298 y 0.3095 y 0.3218 y
30 20 (3+0, 5, 3%0, 5, 12%0) & 2 03753 02282 03601 0.2189 03674 02234

3 04606 0.3824 04419 0.3669 04508 03743

4 05252 0.5019 0.5039  0.4816 05141  0.4913

5 05547 - 0.5322 - 0.5429 -

8§ 2 03344 02033 03191 0.1940 03265 0.1985

3 04104 03408 03915 03251 0.4006  0.3326

4 04680 0.4472 04465  0.4267 04568  0.4366

5 04942 y 0.4715 y 0.4824 y

20 (2+0, 10, 17+0) 3 2 02111 0.1101 02028 0.1058 02066 0.1078

302611 0.1857 0.2509  0.1785 0.2556  0.1818

4 03028 0.2447 02910  0.2351 02965  0.2396

503391 0.2949 03259  0.2834 03320 0.2887

6 03713 03397 0.3568  0.3265 03635 03326

7 03998  0.3808 0.3843  0.3659 03915  0.3728

8 04245 04188 04079  0.4025 04156  0.4100

9 04427 04329 04255  0.4252 04335  0.4310

10 0.4399 y 0.4228 y 0.4307 .

15 (3, 6+0, 10, 7+0) T 2 03879 02358 03607 0.2248 03797 0.2308

304760  0.3952 04537 03767 04659  0.3868

4 05427 05187 0.5174  0.4944 0.5313  0.5077

5 05732 . 0.5464 . 0.5610 §

§ 2 01751 00913 0.1650 _ 0.0860 0.1706 _ 0.0890

302166 0.1541 02041  0.1452 02111  0.1502

4 02513 0.2030 0.2367 0.1912 02448  0.1978

5 02814 0.2447 02651  0.2305 02742 02384

6 03081 02819 0.2902  0.2655 03002 0.2747

7 03318 03159 03125  0.2976 03233 03079

8 03522 03475 03318 03273 03432 0.3386

9 03673 03658 0.3460  0.3440 03579  0.3462

10 03650 . 0.3439 . 0.3557 .

Continue
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Continue
. By using & By using ¢ By using 7
neem Scheme koo ETPI SLPI ETPI SLPIT ETPI SLPI
30 15 (10,6%0,5,7%0) 1 2 02137 0.1115 02037 0.1062 02090 _ 0.1090
3 02644 0.1881 02520  0.1792 02586  0.1839
4 03067 02478 02923 02361 02999  0.2423
5 03434 0.2986 03273 0.2846 03359 02921
6 03760  0.3440 03583  0.3278 03677  0.3365
704049  0.3856 03859  0.3675 03960  0.3771
8 04298 04241 04096  0.4042 04204  0.4148
9 04483  0.4386 04272 0.4271 04384 04285
10 0.4455 - 0.4246 - 0.4357 .
8§ 2 02998 0.1823 02810 0.1709 02913 0.1771
303679  0.3055 0.3448  0.2863 03574  0.2968
4 04195  0.4009 03932 0.3758 04076  0.3895
5 04430 . 0.4153 y 0.4304 .

Appendix A: The APMLEs of o
Let Z = X/o. Then the equation (2.8) is written as

1 m: Zi:m:n
o logl=——|m+ 1+ = = > @R+ O 7

o 1 = Zmn P im:n

=0. (A.1)

Han and Kang (2008) approximated the following terms by using Taylor series:

2
Zimn (1 - ti:m:n) 1

~ — + Zi'm'n A2
1 _Zi:m:n Gizm:n Gizm:n o ( )
and
1 1-2(1- Vi:m:x 1
e ), Zisn: (A3)
1 - Zi:m:n Gi:m:n qi:m:n
where

m .
i -1 1—[ Jt Tm—it1 o+ Ty
imn — LT

jEm—i+] j+ 1 trn—iv1 t ot Iy

Gizm:n = 1- Pi:m:ns i= 1, Lo, m.

Then, by using (A.2) and (A.3), two approximate predictive likelihood equations for o are obtained
as

2 2
9 rogL~ —Lmr1- (1= Vi) . Zin— Y (2R+1) (1= i) LI
oo o Gk:m:n Gk:m:n et Gizm:n Qizm:n

=0 (A4)
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and

0

1
—logL~ ——|m+1+
oo o

—Zm:(ZRi+1)[l_ (
i=1

=0.

1=2(1 = Vi)

Jung-In Seo, Suk-Bok Kang

1 2
Zk:m:n + _Zk

The proof is completed by solving the equations (A.4) and (A.S5).

Appendix B: The SLPI for Y based on U

Let 81(@) = b and B1(@) = b, in (2.17). Then, the length of the PI is

l:o-(l

We minimize the length (B.1) subject to

Gk:m:n k:m:n mn
2(1- VQi:m:n) . + 1 22 ]
Gizm:n o iim:n pzmin
(A.5)
Xie:m:n
- 2 (o = ). B.1)
b)
l—azf g(w)du
by
= G(by) - G(by), (B.2)

where G(:) is the cdf of the Beta (R, — j + 1, j) and it has the form of the incomplete beta function.

Now
. 1 1
A _@__) (B3)
db, 2 o Vb, dbi by
and
dby  g(by)
— = ) (B.4)
dby  g(by)
giving
dl (o ( Xi:m:n 1 g(bl) 1 )
—=—1- - . (B.5)
dbl 2 g \/b_2 g(bz) \/b_l
Therefore, the 100(1 — @)% PI for Y based on U has the shortest length when
Ri—j+3 1— j-1
b = by (B.6)
by 1-5b;

and the proof is complete.
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