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E AL FHo R oot Byl offgtr HiAIRE SHIEAAE A™SA Boste A4
T A& BRoFa ok IR oem, O SRE olg T2 AT AAe
AL A (continnum) S 7] &= FL3 BE

AA L AXE 2AA HAE 1EY 19601

Il Gl ZAF=S2] 0.99--- <10 Wel ol22] 3k Robinsone HEFe] A%
L5l HIEES Of AMZ5 K| (standard  real number)¥  olYT}  FIkA
B5H=T}? (infinitesimal)2} infinite number®)E XE 5= H'1

¥ A5 A A (nonstandard real number system =

& zA4 AA: hyperreal number system)ES %

HEAARZ Fod BE AF AAdNAE ob3HITHVak, 2011). ©]213F Robinson®] M7
TRHEZE EASA et A EE AT o o eerstassel AFAAGNA AR Tk
2] F3AE X3ske § AAE FEHe=E AT} Leibnize] ALA Slgnel go Taka

Br1538 A7l o)e) TSt Medvedev

(1999)9] =918 FH o2 nEZE shaste 9

=30°] e oR AU AYERE U (Medvedev,

6) A F=<F + 0,1, <>0A, AA5 nE NS 1+1+-+19 SAA s Fo 92 27},

- 1 _ _
B2E 9 HF nol ke o] < ;?—.-_‘ o zE F3A(infinitesimal), A3 B4 nol st |zl <nolW
xE finite number, =5 A5 noll A |zl > nolW xE infinite numbere} TTh(Keisler, 1994, p.209)
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- 497 -



1998).

2041 7]
Y] A, Be FIA GAEL HE A
sho] DA T
Y A, %

RS

(Medvedev,1998).
o] JYOR ¥

Medvedev(1998) =
Fa A8t BT A&E
of & 1A AT GAate] HdE Aol
L3ttka AHska o

HAT o8 Fus AFAEC|K. Katz, M.
Katz, 2008; 2010a; 2010b; Ely, 2010; Norton,
Baldwin, 2012) HI3%E3]48ke] #ellA 0.99-
<1o]gt= FAE ATAE FhF oz AUsA
A ¢ dve Ao FE3ta Uk K
Katz 2} M. Katz(2010b)&= EF AFEA 099
=192 & d2A Jou, 0.99---=10 the+ T4

Eo e B2 A5 Bol ol A5 F

(ordered field)e] WaolM, FFE AFAA 9t
ol el HlEE AFAA dA EAAolth A
o] AWz AHoJg wi9r] Aol FAHEL 099
=15 A3lE=E, o)gt S FElget A,
T Aot HRE A A ApolE 1AE
715 olHTHK. Katz, M. Katz, 2008). K. Katz
9} M. Katz2010b)= A=+ o7} BAE7] o]

A, TSNS AL F e o F
ol A= 0.99:+-9] AL AR olfufsty 0.99--
150 FehanE 28 HEE AR 4T
T ASS Asta ok wetA A AA ol
Ae F3art 24517 gSdx Bty &
AE JANAE FI3AS 2381 099--<1
QA AAY JhedEs =gz z¥
AT

TS

TR HEE A ideR 2AE 5 e
A2e] olgle FAsAL It Samho]
Fa e B A hdde mesdy, A
Ao} Aaed= ks A Ao R Fred
Bk ohde} BFE dH B HEveHe

ofof & 37H”'(mlsconcept10n)°] 0]—‘H_ H]E% i)
J(nonstandard conception)©] 2t R UTE FAE
o] F3ka Jidol ded QU] ofz), A
EFMEY gEAGSE VR R 8o
H & delgk= Blyd] 142, &+

il

JHU

fu
1
[t
o My
o

=
iz B>
4 X
_O'L
=
8 4o

ftlo
ob
rlr
H
AN
>
S
=
oL
o
=
4>
2

Bl
>,
o
>
k
fo
IJE_IQL‘OE
>
i
Nl ]

52
Wi

ox
o
i

A1l AA A= 099
48 4 o, AlES 4
3t 099---=13 e AFRE AR GVISHA

oL rr
fo o X
N il
fo X mx X
ok
ol
o
ki
¥o =

o
_L?l_j
Oz
il
rO rlo

[}
i
_Yi
il

Hh Ely2010)= A= olH & S0l s
1 olfrE H5IA XFelE ETeta 724
2l St

?_
Aoz old AREL Zastt HuH
o2 A7l @ el glrks A
slck,

- 498 -



194171 Mgt 4bssl o]F, Wierstrass 2]
complete Archimedean ordered field= UAEHAE
FeHor A AHer
F FLEE F AAR AFH oSk Medvedey,
1998; Blaszczyk, Katz, Sherry, 2013). Z1&4} H]
EF A5eAAY BHOZ Wierstrass 2] 2= A A
T AAZAS AAE st e,
olell thal Pumam- TR o] Wkl Sl

TkeF epsilon-delta =52 WASHA] E3FATiehH,
I oA FERE FEs & 5 e Aot
&, "HE50] Wierstrass WA 02 A3l
FJTHH, Robinson®] H+ LA FIAE X
el 2AF AA 1R H2H o], ®F
siHste] Hoah TSl FRE-BE gE
HHeR Agskd 4 Ae ZoltkPutam,

1975: pp.529-530).

Ho

Sierpinska(1987), #13K(1998: pp.145-147),
& (2008: pp.44-47) 0.99--=15F FE3}=
o] S Eo] StuFdoA FHHOE AN

3= ZHo] ofd TE =glo o&3}] 0.99---

o

=19S F83la S Byt ok A7
t JulmArEe] 099--=10] i Fwete]
FAA A IS da UEAE FRlsheE
4l 0997} 180 Fthe F4& dhtsi
FomA], o] FHAHA ERvs HnAHE0
0.99-=1< F8&3= ‘O olFE 43t

0997 13 Ze2rtrete A& 5 AAel
Tt EAT F deTrde 2
YR AU LA 1-099--2] 2}o]Z Fihagta
Azbata dlom, ojgjg Fiihe FAE
A71el 099---=10]gk1 AH3IPct I, wFE
Age] A2 FLsA 1-0.99

a7} old ooleba B oulmAse s ¥
e OJHE HEoe FRAE fadA 2
A4 kel Yol Aol 5 YUrhe T
Folgsts T Held. Ay Ade] olEs)

w=18 AR &L Ao
2 83 e AR @, o9k 2ol
0.99:+-=12 Zd_ﬂv o8 FHolge 14

?Oﬂ ﬂ]d =4 Ada FaskA] ¢tk 8
AEo] nIA AR Aol oEslY
099--=19% HrolEo]Zo](HHils], 1998, =3t
& <38, 2008; Ely, 2010), E’_/\}
& B2F *a‘T iﬂﬂl“M T o7 A #
A FAAlERE SR =Iube]  oEshA
0.99---=10] Folglx W1 e AY F= ok

AR WAFES] 0.99---<19] koA
H wHA AL, st A e et A4
HA Zg A stagdtelA vigld A2 FE
ad2 A= AR Buchholtz](2013)2] o
HlF5uwALe] waA| 2o ok A Ao
AE, 13 099-ARelell= B A7t EAR
T f5s dFE e o3ty AFsEle T

Z

099-=12h= AMLS ust o) 344
&

<N
=T

N}
By
K
30
)
o
i
rﬂt
Ky
B
=5
o
&
K
i)

- 499 -



[0

099-=10] op7|8h= w5ekA EAle} Bl

i)

pel,
g Eeh} w2 AFAA PR

3k
ool HEE ASRAAY EAE BHE F
=
=

S0l A7IEHE 0997k 101 ofuife] o]
E% Stastexe] 0.99-=10] thet B2
Ar F2 culmAbge] A A 22 A
A Ag3mtozs dgd & fle AEde
HolFa ek dulaAufolAs oldd &
AolE Aoz dumabge] st

el

Y
%
Mo
BN
%
>

O
o
!
i)
ttlo
4l
s
et
RN
X0
rr

gt} 7iE, o dobrt 0.99--=1
E %Al 7k=A ARl thdk =29 =izt
H71E 7]zt

A3, vy, W), o133}, 49, &
o11). FuSAAT} QT A=
Ak

uH8K1998). =8HA 53k Jide] oldfel &7
AT AEea BhALES =

8 52008). FrElast &g @A mALe
A=) e ol tigh QA4 AL o
sled i &ta A AR =

238, H971(1999). 8 T2 BHAA &
345 st 8l 1(2), pp. 605-615.

Ball, D. L. (1988). Unlearning to teach mathematics.
For the Learning of Mathematics, &1), 40 - 48.

Blaszczyk, P., Katz, M., Sherry, D.(2013). Ten
misconceptions from the history of analysis
and their debunking. Foundations of Science,
181), pp. 43-74.

Buchholtz, N., Leung, F. K., Ding, L., Kaiser, G.,

Park, K., & Schwarz, B. (2013). Future
mathematics teachers’ professional knowledge
of elementary mathematics from an advanced
standpoint. ZDM, 45(1), 107-120.

Burn, B.(1990). Filling Holes in the Real Line.
The Mathematical Gazette, 74469), pp. 228-232.

Burroughs, E. A, & Yopp, D. (2010). Prospective
elementary mathematics teachers’ conceptions
of decimals with single repeating digits.
Investigations in Mathematics Learning, (1),
23—42.

Chappell, T.(2013). Plato on Knowledge in the
Theaetetus, 7The Stanford Encyclopedia of
Philosophy(Winter 2013 Edition), Edward N.
Zalta (ed.).
http://plato.stanford.edu/archives/win2013/entries/
plato-theaetetus/

Choi, Y., Do, J. (2005). Equality involved in
0.999... and (-8)Y4. For the Learning of
Mathematics, 2X3), pp.13 - 15,36.

Dubinsky, E., Weller, K., McDonald, M., Brown,
A. (2005). Some historical issues and paradoxes
regarding the concept of infinity: an APOS
analysis: Educational Studies in
Mathematics, 602), pp. 253 - 266

Eisenmann, P. (2008). Why is it not true that
0999... < 1?7, The Teaching of Mathematics,

11(1), pp. 35 - 40.

part 2.

Ely, R. (2010). Nonstandard student conceptions
about infinitesimals. Journal for Research in
Mathematics Education, 41(2), pp. 117 - 146.

Katz, K., Katz, M.(2008). A strict non-standard
inequality.999...<1. arXiv preprint arXiv:0811.0164.

Katz, K., Katz, M. (2010a). Zooming in on

infinitesimal 1—.9. in a post-triumvirate era.

Educational Studies in Mathematics, 74(3), pp.

- 500 -



259 - 273.

Katz, K., Katz, M. (2010b).When is 0.999--‘less
than 1?. The Montana Mathematics Enthusiast,
701), pp.3 - 30.

Katz, M., Sherry, D.(2012). Leibniz’s laws of
continuity and homogeneity. Notices of the
American Mathematical Society, 3911), pp.
1550-1558.

Keisler, H. J.(1994). The hyperreal line. In Real
numbers, generalizations of the reals, and theories
of continua, ed. by P. Erlich, Dordrecht:
Kluwer Academic Publishers, pp. 207-237.

Krauss, S., Baumert, J., Blum, W.(2008). Secondary
mathematics  teachers’ pedagogical content
knowledge and content knowledge: validation
of the COACTIV constructs, ZDM Mathematics
Education, 40, pp. 873 - 892

Medvedev, F. A.(2008). Nonstandard analysis and
the history of classical analysis, 7he American
Mathematical Monthly, 10X7), pp. 659-664.

Monaghan,  J.(1988)
Mathematical Gazette, 72, pp. 276-281.

Norton, A., Baldwin, M.(2012) Does 0.999... really

Real mathematics, 7The

equal 1?. Mathematics Educator, 21(2), pp.
58-67.

Richman, F. (1999). Is 0.999... = 1?. Mathematics
Magazne, 725), pp. 396 - 400.

Sierpifiska, A. (1987). Humanities students and
epistemological obstacles related to limits.
Educational Studies in Mathematics, 184), pp.
371 - 396.

Tall, D. O., Schwarzenberger, R. L. E. (1978).
Conflicts in the learning of real numbers and
limits. Mathematics Teaching, 82, pp. 44 - 49.

Vakil, N. (2011). Real analysis through modern
Infinitesimals. New York: Cambridge University
Press.

Weller, K., Amon, I, & Dubinsky, E. (2009).
Preservice teachers’ understanding of the
relation between a fraction or integer and its
decimal expansion. Canadian Journal of Science,
Mathematics and Technology Education, A1),
5—28.

Yopp, D. A., Burroughs, E. A., & Lindaman, B.
J. (2011). Why it is important for in-service
elementary mathematics teachers to understand
the equality .999-:-=1. Journal of Mathematical

Behavior, 30, 304—318.

- 501 -



How Do Pre-Service Teachers Disprove 0.99---¢(1?

This paper analyzed pre-service teachers’
justification of 0.99---=1 from their disproof of
0.99--<1. Some pre-service teachers thought of the
difference  between 099+ and 1 as an
infinitesimal. On the contrary, the others claimed
that the difference between 0.99-- and 1 was zero
as the standard real, but were content with their
intuitive justifications. The pre-service teachers’

limitation revealed in the process of disproving

* Key Words : 0.99:--=1, Content

knowledge(. A 4)), Real

Lee, Jihyun (Incheon National University)

0.99-::<1 can be closely related to the orthodox
view: the standard real number system is the only
absolutely true number system. The existence of
nonstandard real number system in which 0.99---
is less than 1, shows that the plain question of
whether or not 0.99:-: equals 1, cannot be
properly answered by common explanations of

textbooks or teachers’ intuitive justification.

]

1>
iy

number  system(EF A AD,

Infinitesimal(F-$F4x), Nonstandard real number system(H] 3 A=A A)).
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