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HEREDITARILY HYPERCYCLICITY AND
SUPERCYCLICITY OF WEIGHTED SHIFTS

YU-XIA LIANG AND ZE-HUA ZHOU

ABSTRACT. In this paper we first characterize the hereditarily hyper-
cyclicity of the unilateral (or bilateral) weighted shifts on the spaces
L2(N,K) (or L%(Z,K)) with weight sequence {A,} of positive invert-
ible diagonal operators on a separable complex Hilbert space K. Then we
give the necessary and sufficient conditions for the supercyclicity of those
weighted shifts, which extends some previous results of H. Salas. At last,
we give some conditions for the supercyclicity of three different weighted
shifts.

1. Introduction

Let L(X) denote the space of linear continuous operators on a separable
infinite dimensional Fréchet space X. For n € N the set of all positive integral
numbers, the n-th iterate of T € L(X) denoted by T, is the function obtained
by composing T' with itself n times. A continuous linear operator 7' on a topo-
logical vector space X is called hypercyclic (respectively, supercyclic) provided
there is some f € X such that the orbit Orb(T, f) = {T"f : n =0,1,2,...}
(respectively, the projective orbit {\T"f : A € C,n =0,1,2,...}) is dense in X.
Such a vector f is said to hypercyclic (respectively, supercyclic) for T. For mo-
tivation, examples and background about linear dynamics we refer the readers
to the books [1] by Bayart and Matheron, [6] by Grosse-Erdmann and Man-
guillot, and article by Godefroy and Shapiro [4]. For a subsequence (ny) C N,
we will always refer to an increasing sequence of positive integers.

Definition 1.1. Let T' € L(X) and (my) be a sequence of non-negative inte-
gers. We say that T is hereditarily hypercyclic with respect to (my) provided
that the sequence {T"*"i } ;> is hypercyclic for all subsequences (my;) of (my).
An operator T' will be called hereditarily hypercyclic if it is hereditarily hyper-
cyclic with respect to some sequence (my).
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Remark 1.2. The sequence (my) in Definition 1.1 need not be the entire se-
quence (my) = (k) of positive integers.

The following criterion plays an important role in the proof of the heredi-
tarily hypercyclicity of weighted shifts.

Theorem 1.3 ([6, Theorem 3.12], Hypercyclicity Criterion). Let T be an op-
erator. If there are dense subsets Xo,Yy C X, an increasing sequence (ny)
of positive integers, and maps Sy, : Yo — X, k > 1, such that, for any
x € Xo, y € Yo,

(11) T"k:c — 07 Snky — 05 TnkSnky — y?
k— o0 k— o0 k—o0

then we say that T satisfies the Hypercyclicity Criterion with respect to (ny),
wn particular, T is hypercyclic.

Also, the following Supercyclicity Criterion plays an important role in show-
ing the supercyclicity of T € L(X).

Theorem 1.4 ([1, Definition 1.13], Supercyclicity Criterion). Let T be an
operator on the space X . If there exist a positive integer sequence ny — oo and
two dense sets Xy and Yy such that:
(1) there exists a map S : Yo — X such that TSz = z for all z € Yo, and
(2) if y € Xo and z € Yy, then | T™y||||Sn.2]| = 0 as k — oo, then T is
supercyclic on the space X.

Remark 1.5 ([1, Theorem 1.12]). If T is supercyclic, then the set of supercyclic
vectors of T', SC(T), is a dense G subset of X.

Let Z be the set of all integral numbers. Let K be a separable complex
Hilbert space with an orthonormal basis { f}2,. Define two separable spaces
as follows:

L*(Z,K) :=={x = (...,x_1,[x0],21,...) : z; € K and Z l|l2:]|? < oo},
icZ
L*(N,K) == {z = ([w1],22,...) : 2 € Kand »_ ||z]|* < oo},
€N
Now, let {A,} (n € Z or n € N) be a uniformly bounded sequence of invertible
positive diagonal operators on K. For the unilateral case on L?(N,K), it is

known that the forward unilateral weighted shifts are never hypercyclic. Thus
we need only consider that T is the backward unilateral weighted shift on

L*(N, K).

T([Scl],SCQ, .. ) = ([AliL'Q],AQZL'g, .. ) fOI‘ Xr = (l'j)jEN S LQ(N,K)
Since {4, }52, is uniformly bounded, then ||T’|| = sup,,cy [|An|| < o0. Now, for
n €N,

n—1

T"([x1], 22, ...) = ([y1],y2,...), where y; = H AjtsTntss
s=0
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so that
n—1
(1.2) 17" = sup || [T Ajssll-
J s=0

If {A,;1}52, is also uniformly bounded, then 7! is the forward unilateral

weighted shift on L?(N, K), given by
T ([x1], 29, ...) = ([0], AT Py, AS o, .. ) for @ = (x5) en € LA(N, K).

For n € N,

(1.3) T7"([x1], @2, ...) = ([21], 225 - - )5

where z1 =+ =2, =0, 2,4, = HZ:_Ol Aj__:sxj, so that
n—1

(1.4) 177" = Sup ITT A7l
s=0

For the bilateral case on L?(Z,K), we firstly let T be the forward bilateral
operator weighted shift on L?(Z, K). For z = (z;),ez € L*(Z,K),

T( R VS I [.To],ZEh .. ) = ( . .,A_Q,CE_Q, [A_lm_l],AoiEo, .. )

Also, since {A,}72 o is uniformly bounded, then ||T'|| = sup;cz [|4:| < oo.
For n € N,

Tn( sy T—1, [500],.?61,.- ) = ( -5 Y-1, [yO]aylv'- ')7

where
n—1 —1
(1.5) Ynri = [ Ajrss or g5 = [ Ajrsmnjon,
s=0 s=0
so that
n—1
(1.6) 17" = sup || TT Ajesll-
J s=0
If {A 122 is also uniformly bounded, then 71 is the backward bilateral
operator weighted shift on L?(Z, K), given by
(17) T_l(. e L1, [,CC()],.’L'l, .. ) = ( .. ,A:%QE(), [Aalxl], A;1$2 .. )
For n € N,

Tﬁn(.. s L—1, [1‘0],1‘1,. ) = ( cey R—1, [Zo],Zl,. ..),

where

n—1

n—1
— ATl COT 2. = ATL .
Zj—n = j—ntstj O Zj = jsTntio
s=0 s=0
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so that

n—1 j—1
(1.8) 177" = sup| [T A72 il =supll TT AS'-
J s=0 J

s=j—n
Secondly, let T' be the backward bilateral shift on L?(Z, K), then
Tn( sy L1, [ZCO],ZCl, .. ) = ( - Y-1, [yO]ayla .. ')a

where
n—1 n—1
(1.9) vi = [T Ajrsnrs or gjmn = [T Ajmnsszs,
s=0 s=0
so that
n—1 7j—1
(1.10) 177 = sup | [ Ajernsell =sup | T Al
J s=0 J s=j—n
Further,
Tﬁn(' <oy T—1, [:CO]v'rlv o ) = ( sy R—1, [Zo], 21y - - ')7
where
n—1 —1
(1.11) zj = H Aj_ﬁsinacj_n Or Zpyj = H Aj_ﬁsxj,
s=0 s=0
so that
n—1
(1.12) 17" = sup || [T A7l
J s=0

Since each A, is an invertible diagonal operator on X, we have that
[ Anll = St;pl\Anka, [l :SlipnAﬁlka and

1
1.1 sup || A4, =
(1.13) Il = S

In the following, for n > 0 and ¢ € N, denote H,,, = {z = (z;) € L*(N,K) :
z; =0, V i+ n > g} dense subsets of L*(N,K) and G,, = {z = (z;) €
L*(Z,K) : z; =0, ¥V |i+n| > q} dense subsets of L?(Z,K). Moreover, for
z € Kand i€ N, let z(7) := ([t1],v2,...) in L*(N,K), where y; = z and y; = 0
for all j # 4.

This article is organized as follows: we will follow and complement the work
of [7], to determine those weighted shifts that are hereditarily hypercyclic with
respect to a given sequence (ny) C N (Theorem 2.5 and Theorem 2.6) in Section
2. Then we give the necessary and sufficient conditions for the supercyclicity
of those weighted shifts in Section 3, which extends some previous results of H.
Salas [11]. At last, we characterize the supercyclicity of B on the space L?(f)
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and weighted pseudo-shifts on an arbitrary F-space in which the canonical unit
vectors (ey,) form a Schauder basis in Section 4 and Section 5, respectively.

2. Hereditarily hypercyclic on the class of weighted shifts

This part is inspired by the recent paper [7, Theorem 3.1 and Theorem 3.3],
in which the authors gave some characterizations for the bilateral weighted
shift T to be hypercyclic. Now we will show the hereditarily hypercyclicity of
the unilateral and bilateral weighted shifts, respectively.

Proposition 2.1 ([2, Theorem 2.3]). Let T € L(X). The following are equival-
ent:

(1) T satisfies the Hypercyclicity Criterion.

(2) T is hereditarily hypercyclic.

B) TEHT is hypercyclic.

Remark 2.2. From the proof of [2, Theorem 2.3], we notice that T is hereditarily
hypercyclic with respect to (ny) whenever T satisfies (1.1) for (ng).

Theorem 2.3. Let T be a unilateral weighted shift on X = L*(N,K) with
weight sequence {A,}52 1, where {A,} is a uniformly bounded sequence of pos-
itive invertible diagonal operators on K. Then {T™ },>1 is hypercyclic if and
only if for all € > 0 and all ¢ € N, there exists m = m(e, q) € (ng) arbitrarily
large satisfying
m—1
(2.1) T A5kli<e @<i<a.
s=0
Proof. (<) Suppose that (2.1) holds, we use Theorem 1.3 to show the hyper-
cyclicity of {T™*}1>1. For ¢ € N, by (2.1), choose a subsequence (ng,) C (nx)
satisfying
nkqfl
(2.2) I TT A7l < - (1<j<q).
s=0
Let Xo =Yy := Hyo={z = (2;) € LQ(N,IC) : x; =0, Vi+n>q} be dense
subsets of X, and let S : Yy — X be the mapping defined by
S([.Tl] T2, .. ) = ([0] A_ll'l, A_lwg, .. .), ([l‘l] T2, .. ) S Yo.
Notice that TS = Idy, and T" —> 0 pointwise on Xj.
It suffices to show that S”’w % 0 pointwise on Yp. For g € Hg o, then

S™ag € Hy,. By (1.4) and (2. 2)

nkqfl
Sk < su A~ <— — 0.
5ol < sup | TT 474 ol < Zlal, =2

Thus {T"* }1>1 is hypercyclic.
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(=) Suppose that {T™ }1>1 is hypercyclic. Let € > 0 and ¢ € N be given.
Choose & > 0 such that 15 5 < €. For arbitrary fixed nonnegative integer i,
consider the vector 3 9_, fi(j) € L*(N, K). Since the set of hypercyclic vectors
for {T™* }r>1 is dense in X, there exist a hypercyclic vector z = ([x1], x2,...)
and a positive integer ny > ¢ satisfying

(2.3) lx — Zfl )| <8 and || T™*x — Zfl )| < 6.
Jj=1
Denote ™z = ([y1],y2,...), where y; = H?ial AjisTp,+j. Then from the
first inequality in (2.3),
(2.4) (i) |zl <6 for all j > q;
(i) ||lz; — fill <6 foralll <j<g,

since each x; € K, there exist scalars a,(cj) such that z; = Y7, ag)fk. So

Yj = Z?io ) an ! Ajts fi- _
Now for j > ¢, (2.4)(i) gives |a,(cj)| < §forall k. For 1 < j < g, (2.4)(ii)
gives
(4) ;.
< 4, k # i
(2.5) |O"(?)| 7
lo’| >1-0, k=1i.
For 1 < j < g, from the second inequality in (2.3), |ly; — fi|| < J gives
laf ™ TG Agyf = il <6, 1=
log O TIG Ages il <6, 1A
By the first inequality in (2.6) we obtain that

(2.6)

ng—1
(2.7) o™ T Ajsstill > 1 =56,

s=0
Since the hypothesis ny > ¢ implies ny +j > g for 1 < j < g, it follows that
|o¢l(J+n’“)| < 0. Thus

nEg— 1
(5 )
H H AJ+&f1H > (1 < J < Q)'
Then
nrg—1 5
inf || T A+sfz|>— 1<j<a.
s=0

And by (1.13),
nkfl

B 1 5
sup || [T 450 fill =
4 s=0

. nkfl < 17
Hz.lfHHs:o Ajisfill

3 (1<j<aq).
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From which it follows that
ng— 1

_ 0 .
I TT A5l <75 <cl=i=<a.
s=0
This completes the proof. (I

The following theorem is a slight modification of [7, Theorem 3.1].

Theorem 2.4. Let T be a forward bilateral operator weighted shift on L*(Z,K)
with weight sequence {Ap}S2 __, where {A,} is a uniformly bounded sequence
of positive invertible diagonal operators on K. Let (my) C N. The the following
are equivalent:

(a) {T™* }i>1 is hypercyclic.

(b) For all e > 0 and q € N, there exists m = m(e,q) € (my) arbitrarily
large so that for all |j| < ¢

() T Ajesll < e,
(i) I TT2, Al < e

(¢c) T satisfies Hypercyclicity Criterion for some subsequence (ny) of (my).

(2.8)

Case I: Backward unilateral weighted shift. For this case we will mainly
use Theorem 2.3.

Theorem 2.5. Let T be a backward unilateral weighted shift on L*(N, K) with
weight sequence {A,}22 1, where {A,} is a uniformly bounded sequence of pos-
itive invertible diagonal operators on K. Let (ny) C N. Then the following are
equivalent:

(1) T is hereditarily hypercyclic with respect to (ny).

(2) For all e > 0 and q € N, there exists kg € N satisfying: for all k > ko
and all 1 < j <gq,

ni—1

(2.9) I 1T 450 <
s=0

Proof. (2)= (1). This is obvious from Theorem 2.3.
(1)= (2). For a given € > 0 and ¢ € N, denote the set

nkfl
A= {me (ng) = || H AJ_J:SH <€ foralllgqu}.

s=0

If {ny} \ A is infinite, then there exists a subsequence (nx;) C (ny) that does
not satisfy (2.9). Hence by Theorem 2.3, {77 };>1 is not hypercyclic, it is a
contradiction. This completes the proof. (Il

Case II: Bilateral case. For this case we will mainly employ Theorem 2.4.
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Theorem 2.6. Let T be a forward bilateral operator weighted shift on L*(Z,K)
with weight sequence {Ap}S2 _ ., where {A,} is a uniformly bounded sequence
of positive invertible diagonal operators on K and {A,;'} is also a uniformly
bounded sequence. We denote M := max{sup, ;|| Anll, sup,cz |4, ||} Let
also (nx) C N. Then the following are equivalent:

(1) T is hereditarily hypercyclic with respect to (ng).

(2) For all e > 0 and q € N, there exists kg € N satisfying: for all k > ko
and all |j] < g,

(2.10) { (1) ITIEE Al <e,

(i) ITTE, A7 <«
(3) For all j € Z,

jHne—1
(2.11) Jim | 1210 Aql =0,
and

JHng
(2.12) Jim || 1;[1 Azl =o0.

Proof. (1)= (2). Given ¢ > 0 and ¢ € N, let the set

. nE—1
A:=<m e (ng): (1> | Hffo Xéj;rs” = for all [j| <q,.
(i) [[TIZ, A7l <
If (nx) \ A is infinite, then there exists a subsequence (nx;) C (nx) \ A that
does not satisfy (2.10). Hence by Theorem 2.4, {T"*i},>1 is not hypercyclic,
which is a contradiction.
(2)=-(1). This follows from Theorem 2.4.
(2)=(3). Fix j € Z. On the one hand, if j > 1, then by (2.10)(i) and (ii),
J+ne—1
I TT Al < 1A0Ar. - Aj-allllAjAja - Ajiny—a ]| < Me
s=0

and

J+nk ‘

I TT Azl < 1AZIAZS  ATJIAZ) AT o ATy |l € M
s=1
On the other hand, if j < 0, we have that
jH+ne—1 ‘
I TT A < 1A AZA o Ao Ajy | < M
s=0

and

Jtnk

[ 1 e P Y e AgPATT AT | < Me
s=1

—j-1 —j—m
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From the above four inequality it follows (3).
(3)= (2). For e > 0 and g € N, let

0= maX{HAal...A;_llH, Ay .. A_j|l, M. 1<j<gq}.

From (2.11) and (2.12), choose kg such that for all |j| < g and k > ko, we have
that

]+"k IA < £
( ) HH ATl < §
Hence, for k > ko, by (2.13) it follows that

g1 140 Ajrn—1lll A5 - A7 j>0,
1T Al < ||A0A1 - Aﬂnk 1k j=0,
=0 A Aj41 .- Al Ao - Ajpny—1ll, 5 <0,
s0=¢  j>0,
< 5 J=0,
ds=¢ <O
At the same time
n A AlAT AL <0,
ITT 420 < AT AL j=0,
||A;—1'-' 01||||A71--~A;_1m||7 Jj>0,
s =¢ j>0,
<9q 5 J=0,
o5 =¢, Jj<O.
This completes the proof. ([

Now for a backward bilateral operator weighted shift on L?(Z, K), a similar
result can be stated as follows:

Theorem 2.7. Let T be a backward bilateral operator weighted shift on L*(Z,
K) with weight sequence {An}Se_ o, where {An} is a uniformly bounded se-
quence of positive invertible diagonal operators on K and {A,;'} is also a uni-
formly bounded sequence. We denote M := max{sup, ¢z, || 4nl, sup,cz || 4, }-
Let also (ng) C N. Then the following are equivalent:

(1) T is hereditarily hypercyclic with respect to (ng).

(2) For all € > 0 and q € N, there exists ko € N satisfying: for all k > ko
and all |j] < g,

{ (1) Tt Al < e
(i) ITI2%, Aj—sl < c.
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(3) For allj € Z,
jHng—1 Jtng
. —1 _ . _
klingo I g A7 =0 and kl;rrgo|\ E A_g||=0.

Remark 2.8. If T is bilateral weighted shift on L?(Z, K) with weight sequence
{A,}52 _ ., then T is invertible if and only if there exists M > 0 such that
|A Y| < M for all n € Z. Thus the operator T' defined in Theorem 2.6 (or
Theorem 2.7) is invertible.

3. Supercyclic weighted shift

In [11] Salas provided a characterization for supercyclic bilateral weighted
shifts acting on IP(Z) with p > 1 or ¢(Z) with positive weight sequence {wy, },
in terms of their weight sequences as follows:

Proposition 3.1 ([11, Theorem 3.1]). Let T be a bilateral backward weighted
shift, acting on IP(Z) with p > 1 or co(Z) with positive weight sequence {wy,};
i.e., Te, = wpen—1 for n € Z. The operator T is supercyclic if and only if

. _ 'wk
lim inf max M il A < qp =0
n—oo Hh+1§k§h+n

for all g € N.

The characterization of Salas turns out to be a particular case of Theorem
3.3 when dim I = 1.

Theorem 3.2. Let T be a forward bilateral operator weighted shift on X =
L?*(Z,K) with weight sequence {An}5° _ ., where {A,} is a uniformly bounded
sequence of positive invertible diagonal operators on K. Then T is supercyclic
if and only if for every g € N,

Jj+n—1 h—1
. im i “Le 4 < =0.
e mitma] [ Al IT 40700 bl <ar =0
= —h—n

Proof. Suppose T is supercyclic. Let € > 0, ¢ € N be given; choose § > 0
such that % < €. For arbitrary fixed non-negative integer 4, consider the
vector ngq fi(j) € L3(Z,K). By Remark 1.5, there exists a supercyclic vector
x=(...,z_1,[xo],21,...) such that

lz = > fi(d)ll < 6.
l71<q
Then it follows that

{|%|<5 for all |5 > g;

3.2
2 lzj — fil| <6 for all |j] <gq.
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Since x € L?(Z,K), there exists scalars a,(cj) such that z; = >"77 a,(cj)fk. From
(32),

o\ <5, 1j] > ¢ and for all k;
(3.3) |o¢,(€j)| <6, l7] < g and for k # i;

|o¢,(€j)| >1-906, [|j|<qandfor k=1i.
On the other hand, since COrb(T, x) is dense in L?(Z, K), there exist a positive
integer n > 2¢q and 0 # « € C such that
(3.4) laT"x — > [l <6,
l71<q

where Tz = (..., y-1, [yo], y1, - -.). Then,

{ oyl <6, if[j +n| > g

||ayj+n — fil <90, if [j+n[<q

From the hypothesis n > 2¢, we have that j + n > ¢ for all |j| < ¢ and hence
it follows that

laynll < for all | < q.

By (1.5),
n—1 0o ) n—1
Yjtn = H Aj-i—sxj = Zag) H Aj-l—sfk-
5=0 k=0 =0
That is,
n—1
ladlaf I TT Ajsstfill < 8 forall k and || <g.
s=0

In particular, if k£ = i, it follows that

n—1

g .
jalll TT Ajsefill < 3= for all |j] <.
s=0
Thus
Jj+n—1 n—1 5
I Adl = sup | [T Ajssfill < ——= for all |j| <q.
[T A=l T et < 5

Again from (1.5) it follows that

n—1 [eS) n—1
2 : (3—n)
Y; = H Aj—i—s—nxj—n = ay H Aj-i—s—nfk-
5=0 k=0 5=0

Then from (3.4) we obtain that

(35) ) lloo? ™ T2 Assanfi— fill <6 for k=i
(i) [laal ™ [1"Z0 Ajrsnful <6 for k #i.
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Since n > 2¢, it follows that |j — n| > ¢ for all |j| < ¢. Hence from (3.3) we
obtain that |a,(€]7")| < 4 for all k. In particular,

(3.6) Y™™ <6 for all |j| < q.

Hence from (3.5)(i) we obtain that

(3.7) oo™ H Ajpenfill >1 =06 for all || <q.
s=0
Thus combining (3.6) and (3.7) it follows that

j—1
1)
jolll TT Acfill > 7= forall il < q.

k=j—n

Since the above inequality holds for arbitrary 4, it follows that

= 1-4
inf[| T Axfill > for all |j] < g,

. |ee|d

k=j—n

and so
j—1
_ 1 || 6 )
Sup” Akl z” < for all |j| <gq.
i k_];[n fHHk —in Acfill 1-94

Therefore

= a8

-1 .

(3.8) HkH AL H<m for all |j| < q.

—j—n

Consequently, combining (3) with (3.8),

T ; 5 labb _ .
H Al H A ||< =81 1_s <€ for all |hl,|j] < q.

s=h—n

That is, ( .1) holds.

Conversely, suppose (3.1) holds, we use Theorem 1.4 to prove the sufficiency.
Let ¢ € N and Xo = Yy := Gy be dense subsets of L?(Z,K). For any
g, h € G, it follows that T"h € G4, _, and T "g € Gy . Define the mapping
S:Yy— X by

S( ey L1, [.To],.’L'l, .. ) = ( N A:%ZE(), [AO_I,CEl], Al_l,iEQ, .. .),

and let S,, = S"*. It is obvious that
(3.9) TS = Idy,.
Moreover, by (1.6) and (1.8), we get that

Jj+n—1

IT"gll < max { | [T Axll, il <ap lgll,
k=j
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h—1
[[Snhll SmaX{II IT 40 nl Sq} [1]]-

k=h—n
Thus it follows that

Jj+n—1 h—1
IT7gll[1Suh)l < max < | T Axlll TT Ac'll: 15 < g Rl <q g llglllnl-
k=j k=h—n

By (3.1) there exist a sequence (n) such that

J+ng—1 h—1
Jim max{| IT Asi TT AU < a6l < adlellly] = o,
s=j s=h—ny

and consequently
(3.10) i [ 77 (@) ]S, ()] = 0-
—00
From (3.9) and (3.10) we obtain the sufficiency. The proof is complete. O

Now for a backward bilateral operator weighted shift on L2(Z, K), a similar
result can be stated as follows:

Theorem 3.3. Let T be a backward bilateral operator weighted shift on L*(Z,
K) with weight sequence {An}52 _ . where {A,} is a uniformly bounded se-
quence of positive invertible diagonal operator on K. Then T is supercyclic if
and only if for every q € N,

j—n h+n—1
timinfmax{| [T Al T[] 4:'0: lil.1hl <} =o0.
k k=h

=j—1

4. Supercyclicity of B on LP(3)

For a sequence of positive numbers {8(n)}52 _ _ with f(0) =1and 1 <p <

n=—oo
00, the space of formal Laurent series consists of the sequences f = {f(n)}32_
such that

oo

AP =115 =D 1/ )PB0)? < oo.
We will use the notation f(z) = > >7 f(n)z" whether or not the series

converges for any z. These are called formal Laurent series. As we all know,
they are called formal power series and are denoted by H?(f), when n ranges
on NU {0}.

Now, let LP(8) denotes a reflexive Banach space with the norm |.||s. Let
fe(n) = 0x(n). So fi(z) = z* and the {fi}rez is a basis for LP(8) such that
/x|l = B(k). The operator B on LP(f) is defined by

Bfj = fj-1, jELZL.



376 YU-XIA LIANG AND ZE-HUA ZHOU

Clearly, B is bounded if and only if the sequence {3(k)/B(k + 1)}« is bounded.
The hereditarily hypercyclicity of B on LP(8) with respect to the entire sequence
is characterized in [12, Theorem 2.7].

Theorem 4.1. Suppose the operator B is bounded on X = LP(f3). Then B is
supercyclic on X if and only if

(1) lim nf max {B(k = m)BG +m) |3, k] < g} = 0
for all g € N.

Proof. (=) Suppose B is supercyclic on X. For ¢ € N, consider the nonzero
vector g = h =}, fj- Denote ap = min{B(k) : |k| < ¢}. By Remark 1.5,
there exist a vector z = 3, #(j)f; € LP(B), an arbitrary large positive integer
n > 2q and 0 # a € C such that

|l — gl <€ and |[aB"z — h| <e.

That is,
1Y 26— Y fill <eand ) &G)fin— Y fil <e
J l71<q J l71<q
From which it follows that
ng- . ~f e € .
(42) 12(7) = 1B() <e=|2()] > 1 - o for |j] <q.
(4.3) 1Z(7)B8(j) <& for || >q.
(4.4) lai(j +n) — 1B() < € = |ad(j +n)| > 1 — ai; for |j] < q.
0
(4.5) laz(j +n)|B(j) <€ for [j]>q.
For |k|, |j] < g, by relations (4.2) and (4.5), it follows that
€ € € Qg€
k—n) < — = — < = ;
Bk = n) gk —n+n)  adk)] all-=<) ala—e)

and by relations (4.3) and (4.4), it follows that

B +n) < fo73 Qe

€
— < = .
t(Gi+n) 1-5 ao—e

Consequently, for all |k, |j] < ¢, n > 2¢, we have that

ade?

(0 — €)>
Since € is an arbitrary positive element, thus (4.1) follows.

(«<=) Suppose (4.1) holds. So there exists a sequence {n,} such that
(46) Tim max{8(k —n, )80 +n) il Ikl < g} = 0.

Theorem 1.4 will be used to show the supercyclicity of B on X. For m € N,
let Xo =Yy :=span{f; : [j| < m} be the dense sets of X. Define S : Yy — X

Bk —=n)B(j +n) <
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as Sfj fj+1. It is obvious that BSz = z for all z € Y. On the other hand, if
=2 j1<m U0 fj € Xo and z =37, ., 2(h) fn € Yo, we obtain that

1B ylI1S™ =l =1 D~ GG fi—nlll Y 2(A) fatn, |

7] <m [h|<m

Do OPBG =) | | Y EWIPB(h + )

l7]<m [h|[<m
. ( —ny)P (h+nT)p
= | > laIrsG) > M) PB(hP =
P h)P
e CBGP Tt B(h)
Bl —ny)? B(h+n,)”
< swp (PLe ) s (FEEEE il
ljl<m B(5) |h|<m B(h)p
B — )P B(h + n,)P
< sup <7 sup (20 )z
[Fl<m Qo [h|<m CYO
From the above inequality and (4.6), it follows that
11_}1111 I1B™ y||IS™" 2]| =0 for y € Yy, z € Zp.
This completes the proof. (I

5. Supercyclicity of weighted pseudo-shift on F-spaces

F-spaces.  F-spaces are kinds of completely metrisable topological vector
spaces. It will be convenient to assume that the topology of an F-space is
induced by an F-norm, which is always possible. We refer the readers to
Chapter 2 in the book [6] by Grosse-Erdmann and Manguillot.

A sequence space is a (linear) subspace of the space w = w(N) = KN of all
scalar sequences. We also consider bilateral sequence spaces, that is, subspaces
of w(Z) = KZ. In this section, we allow arbitrary countably infinite sets I as
index sets. Then a sequence space over I is a subspace of the space w(I) = K’
of all scalar families (z;);cr. The space w(I) is endowed with its natural product
topology. By e;(i € I) we denote the canonical unit vectors e; = (6, k)ker-

A topological sequence space X over [ is a sequence space over [ that is
endowed with a linear topology in such a way that the inclusion mapping
X < w(I) is continuous or, equivalently, that every coordinate functional f; :
X = K, (zr)ker — zi(i € I), is continuous.

The family (e;);er of unit vectors is called an M-basis in a topological se-
quence space X over [ if span{e; : i € I} is a dense subspace of X. We shall
call (e;)icr an OP-basis if it is an M-basis and if the family of coordinate pro-
jections © — x;e; (i € I) on X is equicontinuous. Now suppose that X is an
F-sequence space. Then if (e, )nen is a basis in X it is also an OP-basis, and
the converse is true under the stronger assumption that the sequence of partial
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sum operators © — »_;_, zpey (n € N) is equicontinuous. We refer the readers
to [5, p. 50] for an example.

Definition 5.1. Let X and Y be topological sequence spaces over I and J,
respectively. Then a continuous linear operator 7' : X — Y is called a weighted
pseudo-shift if there is a sequence (b;) e of nonzero scalars and injective map-
ping ¢ : J — I such that

T(zi)ier = (bjzp(j))jes
for (x;) € X. We then write T' = T}, ,, and (b;) e is called the weight sequence.

We note that if X and Y are F-sequence spaces, by a standard argument
using the closed graph theorem, the continuity of 7' is automatic once it is
known that 7" maps each sequence from X into Y. As we all know, a bilateral
weighted backward or forward shift T with some sequence (ay,)necz of nonzero
scalars is defined by

T(zn)nez = (@nt+1Tn41)nez
or

T(xn)nGZ = (anflxnfl)nGZa
respectively. The sequence (a,)nez is called the weight sequence.

The unilateral weighted backward and forward shifts are defined analogously
on topological sequence spaces over N, where we set ag = rg = 0. Thus from
the definition, we have that every unilateral or bilateral weighted backward
shift is a weighted pseudo-shift with b, = an4+1 and p(n) = n + 1, and every
bilateral weighted forward shift is a weighted pseudo-shift with b, = a,,—1 and
©(n) = n — 1. In contrast, unilateral weighed forward shifts are never pseudo-
shifts due to their definition in the first component.

In order to describe the action of a pseudo-shift on the sequences e;(i € I)
we need to consider the inverse ¢ = ¢! : o(J) — J of the mapping ¢ : J — I.
In addition we set by;y = 0 and ey = 0 if 7 € I\ ¢(J), that is, if (i) is
“undefined”. With the above definitions we have, for all i € I,

Ty,pei = by(i)eq(i)-

Definition 5.2. A sequence (p,)nen, of mappings ¢, : J — I is called a
run-away sequence if for each pair of finite subsets Iy C I and Jy C J, there
exists an ng € Ny such that, for every n > ng, @, (Jo) NIy = 0.

Let T' = Ty, : X — X be a weighted pseudo-shift. In this section, we
characterize the supercyclicity of T, which is a generalization of [5]. We first
note that each T™(n € Ny) is a weighted pseudo-shift. That is,

T"(xi)ier = (bn,iTy, (i))iel,
where

on(i) == ¢"(i) = (powo---0p)(i) (n-fold),
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n—1
bn,i = bzbcp(z) .. .b¢n,71(i) = H blpu(l’).
v=0
Moreover, we add that byn ;) = 0 and eyn(;y = 0 whenever " (¢) is “undefined”.

Theorem 5.3. Let X be an F-sequence space over I in which (e;)ier is an
OP-basis. Let T = Ty, : X — X be a weighted pseudo-shift. If (n) is a
run-away sequence, then the following assertions are equivalent:
(a) T has a dense set of supercyclic vectors;
(b) there exists an increasing sequence (ny) of positive integers such that,
for every i, jel,
-1

neg—1 ng

(5.1) ( 11 bwm) Em (5) H (H bww)) Eypm (i)
v=0 v=1

m X as k — oo.

Proof. (b)=-(a). Suppose (b) holds. We set Xy = Yy = span{e;, i € I}, which
are dense sets of X, since (e;);cs is an OP-basis, and we define linear mappings
Sn Yo — X be

— 0,

n—1 -1
Snej = (H bwv(j)> €pn(4) (7’L € Ny, j € I).
v=0
Since

T"; = (H bwv<i>> eyn(i) (n € No, i €1),
v=1

and T"Spe; = ¢; for n € Ny, j € I. Moreover, by (5.1) it follows that

N
’ (H bwvu)) Eqmk (i)
v=1

o0

nkfl 1
Jimn 77 ¢, S = lim (Hobwm) ens
=0.

By Theorem 1.4, T satisfies the Supercyclicity Criterion. By remark 1.5 it
follows (a).

(a)= (b). Assume (a) holds. It suffices to show that for every pair of finite
subsets Iy and Jy of I, for any € > 0 and every N € N there exists an n > N

such that
n—1 -1 n

(5.2) <H blpu(j)> €on(5) | <H bwu(i)> Cqpm (4)
v=0 v=1

for i € Iy and j € Jy where || - || denotes the F-norm in X. To see this we
fix enumerations (ig) of I, and set Iy = {i1,...,ix} and Jx = {j1,.-.,Jk}s
where i, jm € I for m = 1,...,k. Next we define inductively an increasing
sequence (ny) of positive integers by letting ny be a number n satisfying (5.2)

<€ in X,
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for Iy = Iy, Jo = Ji, € = 1/k and N = ng_1, where we set ng = 0. It is clear
that the sequence (ny) satisfies (5.2), so that condition (b) holds.

We therefore have to prove (5.2) under the assumption of (a). Let € > 0,
finite subsets Iy C I, Jo C J, and N € N be given. By the equicontinuity of
the coordinate projections in X, for any x € X, there is some § > 0 such that

(5.3) lxiei|| < e€/2 fori eI, if |jz| <.
From (a), there exists x € X, 0 # o € C and N € Ny, n > N, with
(5.4) o= eill <& and aT"z — Y e;]| < 0.

icly jeJdo

By continuous inclusion of X into w([I), we can in addition obtain that

(5.5) sup lax; — 1] <1/2 and sup ly; — 1] <1/2,

ielo j€do
where y := T"x. Since (¢,,) is a run-away sequence we can assume that
(5.6) on(Jo) NIy = 0.
By (5.3), the first inequality in (5.4) implies that
|lziei|| <e/2 if i €I\ L.
hence by (5.6) we have that
(5.7) 24, () epn( |l < €/2 for j e Jo.
By the second inequality in (5.5) we have, for j € Jy,

n—1
(H bw(j)) Ton(p) — 1 £1/2,
v=0
hence z,, ;) # 0 and
1
(5.8) — -1/ <1.
(Hv:o w(j)) Ton(j)

Now, (5.7) and (5.8) imply that, for j € J,

(Ifno) 1
by eo. (Nl = T (1)€on (i
H v (4) en(d) n_1 n(3)Cen(d)
v=0 (H’U:O bso“(j)) Lon ()
1

S ||1"Pn(.7)e‘10n(.7)|| + n—1 - 1 :C‘Pn(j)e@an(j)
(HUZO bw”(j)) Lo, (5)

(5.9 <2z, (Hew.nll <e

where we have used properties of F-norms. Deduce from (5.6) and the definition
of the v, that

(5.10) U (Io Nn(J)) N Jo = 0.
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By (5.3), the second inequality in (5.4) implies that

n—1
a <H bw(j)) T (§)€i
v=0

Hence by (5.10) it follows that

o <H bww)) Ti€y,, (i)

v=1

<e/2if jeI\Jo.

(5.11) < €/2 for i€ Ip;

note that ey, ;) = 0if i € I'\ ¢,(J). By the first inequality in (5.5) we have
that

(5.12) lax;| > 1/2 for i€ Iy,
in particular z; # 0. Now, (5.11) and (5.12) imply that

n 1 n
<H bwvu)) o = || 3oz 22 <H bwv(n) i€y (i)
v=1 o v=1
2 (H bwva)) i€y, (i)

v=1

< <e€

for all 4 € Iy, where we have used properties of F-norms. This completes the
proof. O

Remark 5.4. (1) The condition that (p,) be a run-away sequence is clearly not
necessary for the supercyclicity.

(2) As the proof shows, for the implication (b)=-(a) it suffices that (e;);er
is a M-basis in X, while for the implication (a)= (b) we need only assume the
equicontinuity of the coordinate projections in X.

Theorem 5.5. Let X be an F-sequence space over I in which (e;)icr is an OP-
basis. Let T =Ty, : X — X be a weighted pseudo-shift. Then the following
assertions are equivalent:

(a) T has a dense set of supercyclic vectors;

(b) (i) the mapping ¢ : I — I has no periodic points;

(ii) there exists an increasing sequence (ny) of positive integers such that,
for every i,j € I,

nkfl -1 nk
( 1T bw(j)) i (j) H (H bwv(n) ey (i)
v=0 v=1

m X as k — oo.

— 0,

Proof. First assume that ¢ has a periodic point, that is, ™ (i) = i for some
i € I and N € N. Then for every « # 0, the entry of oT™x at the position i is
n—1
a(H Bo)Cn with B, = by and (n = Tn ().
v=0
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It is obvious that both (8,), and ((,)n are periodic sequences we see that for
no z € X can these entries form a dense set in K as n varies. Since X contains
e; and is continuously included in K’ this shows that {aT"z : n € Np} can not
be dense in X for any element z, hence that T is not supercyclic.

Thus if ¢ has no periodic points, then for every finite subset Iy of I and any
i € I there is an ng € N with ¢"(i) € I'\ Iy for n > ng. This shows that (¢")
is a run-away sequence. Thus we can apply Theorem 5.3 to obtain the present
theorem. O

Acknowledgements. The authors would like to thank the referee for useful
comments and suggestions which improved the presentation of this paper.

References

[1] F. Bayart and E. Matheron, Dynamics of Linear Operators, Camberidge University
Press, 2009.
(2] J. Bes, Hereditarily hypercyclic operators, J. Funct. Anal. 167 (1999), no. 1, 94-112.
[3] R. Y. Chen and Z. H. Zhou, Hypercyclicity of weighted composition operators on the
unit ball of CN, J. Korean Math. Soc. 48 (2011), no. 5, 969-984.
[4] G. Godefroy and J. H. Shapiro, Operators with dense, invariant, cyclic vector manifolds.
J. Funct. Anal. 98 (1991), no. 2, 229-269.
5] K. G. Grosse-Erdmann, Hypercyclic and chaotic weighted shifts, Studia Math. 139
(2000), no. 1, 47-68.
6] K. G. Grosse-Erdmann and A. P. Manguillot, Linear Chaos, Springer, New York, 2011.
[7] M. Hazarika and S. C. Arora, Hypercyclic operator weighted shifts, Bull. Korean Math.
Soc. 41 (2004), no. 4, 589-598.
[8] C. Kitai, Invariant closed sets for linear operators, Phd thesis, Univ. of Toronto, 1982.
[9] S. Rolewicz, On orbits of elements, Studia Math. 32 (1969), 17-22.
[10] H. N. Salas, Hypercyclic weighted shifts, Trans. Amer. Math. Soc. 347 (1995), no. 3,
993-1004.
[11] , Supercyclicity and weighted shifts, Studia Math. 135 (1999), no. 1, 55-74.
[12] B. Yousefi and A. Farrokhinia, On the hereditarily hypercyclic operators, J. Korean
Math. Soc. 43 (2006), no. 6, 1219-1229.

Yu-XiA LiANG

DEPARTMENT OF MATHEMATICS
TIANJIN UNIVERSIT

TiaNJIN 300072, P. R. CHINA

E-mail address: 1iangyx1986@126.com

Ze-HuA ZHOU

DEPARTMENT OF MATHEMATICS

TIANJIN UNIVERSIT

TIANJIN 300072, P. R. CHINA

E-mail address: zehuazhoumath@aliyun.com;zhzhou@tju.edu.cn



