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ON THE EXTENDED HAAGERUP TENSOR PRODUCT IN
OPERATOR SPACES

TAKASHI ITOH AND MASARU NAGISA

ABSTRACT. We describe the Haagerup tensor product £*° ®;, £°° and the
extended Haagerup tensor product £*° ®.p £°° in terms of Schur product
maps, and show that £%° ®j £°NB(£2) (resp. £ ®; £>°NB(£?)) coincides
with co ®p, co NB(£2) (resp. co @ep co NB(£2)). For C*-algebras A, B, it is
shown that A®; B = A®,, B if and only if A or B is finite-dimensional.

1. Introduction

For Hilbert spaces H and K, we let B(H, K) and K(#, K) denote the bounded
operators and the compact operators of H to L. An operator space X on H
is a subspace of B(H) = B(H,H) which is endowed with norms to each n x m
matrices M, ,,(X) over X as a subspace of M, ,,,(B(H)) = B(H™, H™). We
allow to use the notation My _;(B(H)) = B(H/,H!) for arbitrary index sets I
and J. Let X and Y be operator spaces. The Haagerup tensor product of X
and Y is the completion of the algebraic tensor product X ® Y by the norm

Julln = mnf{[[[as, ..., an][[I'P1, . balll lu = a; @b € X @Y,
=1
neN, q; €X, b €Y},

and is denoted by X ®; Y [4]. We also recall the extended Haagerup tensor
product X ®cp Y. An element u of X ®.p Y is represented by the following

formal sum:
u = Z a; @ bi,
il
where a = [a;]icr € My, 1(X), b ="*[b;]icr € M7 1(Y) (in other words,

lall = 1Y asaf[|? < oo, [IBll = || b7bill* < o0

i€l iel
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for a; € X and b; € Y). We appreciate this formal sum as the bilinear form on
X* x Y™ as follows:

u(f.9) =) fla)g(bi) for fe X" geY™.

il
For this element u € X ®.p Y, its norm is defined by

[tllen = inf{[lal|[b] | u =" a;i @b, a € My r(X), b€ M1 (Y)}.
el

Then we can realize X ®., Y as a subspace of the dual operator space (X* ®,
Yy (7], [8)).

In [9], the authors studied the Schur product on B(#H) and used the ex-
tended Haagerup tensor product to describe the property of Schur product
maps. Effros and Ruan has shown that X ®, Y is (completely isometrically)
embedded to X ®.5,Y [8]. We will be concerned with the difference between the
Haagerup tensor product and the extended Haagerup tensor product, since it is
essential to deal with Schur product maps derived from (possibly unbounded)
operators. The Schur product map on B(¢?) is a normal £>°-bimodule map,
where £*° is a maximal abelian subalgebra of B(¢?) and is identified with the
bounded sequences on N (c.f. [9]). As a deep result concerning (normal) bi-
module maps, we often refer to the following theorem by Blecher and Smith in
[3]: if M is a von Neumann algebra, then M ®,,+;, M is completely isomorphic
to the completely bounded M’-bimodule maps of K(#) to B(H) denoted by
CBpy (K(H),B(H)), where ®,,+p, coincides with ®.p, in this setting.

In Section 2, we study the difference between £° ®j £>° and {*° ®¢p £
from the view point of Schur product and characterize them in terms of Schur
product maps. Moreover we characterize cy ®p ¢ and cg Qe ¢o in terms of
Schur product maps, where cg is the complex sequences on N tends to 0. As a
result for Schur product maps derived from bounded operators, we show that
0%° @5, £° N B(L?) (resp. £ Rep £2° NB(F?)) coincides with co ®p, co N B(L?)
(resp. co ®en co NB(L?)).

In Section 3, we introduce some notions (right-compact, weakly right-com-
pact, left-compact, weakly left-compact) for which distinguish the Haagerup
tensor product from the extended Haagerup tensor product for operator spaces.
As a main result in this section, for C*-algebras A, B, it is shown that A®, B =
A ®cp B if and only if A or B is finite-dimensional.

2. £°° @p £2° and £° Rep £°°

Let X and Y be operator spaces and X ® Y the algebraic tensor product
of X and Y. For a = [al,...,an] S Mlyn(X), b = t[bl,...,bn] € Mnyl(Y>
and @ = [ay;] € M, (C), we denote > . 1 a, ®b; € X ®Y by a ® b, and
szzl a;;a; @ bj by aa © b.
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Proposition 2.1. Ifu € X ®Y, then
[ulln = nf{[[alllal[[[b] | v = aca©be X @Y,
neN, aeM,(C), a e My ,(X), beM,:1(Y)}.
Proof. It follows from
[ulln = inf{{lall[[Ln]llb] | v = aln, © b}
= inf{{|al[[[e]l[[o]] | v = acr® b}
> inf{{lac|[[[b[| | u = ac © b}
> inf{lal[[[b]| | v = a © b} = ||u][a- O
For a = [a;;]55-; € B(?), a = [a1,az,...] € M1 oo(X) and b ="[b1,bs,...] €
Moo 1(Y), we set
Oé(k) = [O‘ij]i'c,jzl S Mk((C), a(k:) = [al, ag, ..., ak] € Mlﬁk(X)
and b(k) = t[bl, bQ, ceey bk] S Mk71(Y)

for k = 1,2,3,.... If the sequence {a(k)a(k) ® b(k)}?°; becomes a Cauchy
sequence in X ®p Y, then we denote this limit by

ac®be X ®,Y.

When « belongs to K(£?), we can see ac ® b as the usual limit of convergent

sequences
k n m
lim E Q; Q4 ® bj = lim E E Q5 Qg ® bj
k—s00 ? n,Mm—00
i,j=1 i=1 j=1

in X ®, Y by the following reason. We choose a finite subset J(k) of {(4,7) |
max{%,j} > k}, then we have

I > aiai @bl = [la(N)B© N[ < || Bllallllb],
(i,5)€J (k)
where N = max{i,j | (i,7) € J(k)}, B = [ﬂij]fyj:l € My (C) and
P (e
Y i () € I(R).

If we choose a sufficiently large k, then we can make || 32 -\c 7 @ijai @ bjlln
sufficiently small because of the compactness of a.

Proposition 2.2. If u € X ®; Y, then
lulln = inf{[lall|e[B]] | o € K(€?), @ € Mi1,00(X), b € Moo, (Y),

u=aac®b= Z a;;a; @bj}
ij=1
= inf{mzax [Xilllallloll | (As) € co,a € My,00(X), b€ My 1(Y),
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i=1

Proof. Suppose that u € X ®;, Y with ||u||, < 1. To prove the first equality,
it suffices to show that there exist a = [a1,a2,...] € Mj (X) with [ja]| < 1,
a = [ay;] € K(£?) with ||a|| < 1 and b =? [b1,be,...] € Muo1(Y) with [|b]| < 1

such that i
Z Qija; & bj
ij=1
converges to v in X ®;, Y when k tends to co.

Given € = 1 — ||ul|p, > 0. Then we can choose a sequence {u,} C X ® Y,
which converges to u, satisfying that |Ju,||n < 1—¢ and [|upt1 — unl|n < 27"e
(n>1), up = 0. If we put t,, = up41 — uy, , then it turns out

k
I3t ulln = i — e =0 (k — oc).
n=0
For t, € X ® Y, there exist v, € Ml,é(n)(X); Bn € Mé(n) and w, € Mé(n),l
such that ¢, = v,y ® wy, with ||B,|] = 1(n > 0), ||on||||wal] < 27"e(n > 1),
[lvoll[Jwoll <1 =€ and |Jv,|| = ||wy]|. Tt follows that

[eS) o0
D ltalln <7 oallllwall < 1.
n=0 n=0

Then we can choose an increasing sequence {c,} C R such that

o0
e > 1, lim en =00, D enflonllwn] < 1.

n=0

Now we put a(i) = /c;v;, a; = f3;/¢; and b(i) = /c;w;. Then we have

k k
U1 = Z UnBn © Wy, = Z a(n)ay, © b(n)
n=0 n=0
(7)) b(O)
(5] b(l)
=1[a(0) a(1) ... a(k)] o .|
(692 b(k’)

and [[[a(0),a(1), ..., a(&)][, [I'[b6(0),b(1), ..., b(R)]Il <1, [la]| = O (k — oo). If
we define a,, € X, b, € Y and a € K(¢2) by the following relation:

[a(0),a(1),...,a(k)] = [a1,a2, . .., Qp(0)+e(1)++L(k))
[6(0),b(1),...,b(k)] = [b1,b2, . .., De0)-4£(1)+-+(k)]

oo
0= Do
k=0
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then we can get the first equality.
For the above a € K(¢?), we can take unitaries u, vy € My () such that
Aty o)1
Ab1 0
1 p(i)+2
A = Uk im0 £0) . Vk (k}: 0,1,2,...).
AT (i)
If we put

A1
oo o0 A
U:@uk,‘/:@vk,/\: ° A3 ,
k=0 k=0 .

then we can get
A = max A,
aU € M o (X) and ||a|| = [JaU],
Vb € Meo1(Y) and [|b]| = |[Vb],
for any a € My (X)) and b € M 1(Y). By the fact
ac®b=aUAV ®@b= (aU)A ® (Vb),

we can get the second equality. O

By the above proof, we also get the following fact:
X@,Y ={aa®b|acK(?),a €M (X),b€ My 1(Y)}

= {Z Aia; ® b; | ()\l) € cg,a € Ml,oo(X);b S MOOJ(Y)}.
=1

Let H be a separable Hilbert space, { f;}7°, a completely orthonormal system
of H and {e;;}75_; a system of matrix units of B(?) defined by

eii€& = (&|f) fis EeH.

We can naturally identify the bounded sequences ¢*° on N with the maximal
abelian subalgebra of B(H) generated by {e;;}52,. We denote by

CBy~ (K(H),B(H))

the £>°-bimodule completely bounded maps of K(#) to B(#H). Then there exists
completely isometric isomorphism between £°° ®.p, £>° and C By (K(H), B(H))
by the following: for >, a; @b; € £° @, 0>, (3, ai@b;) € CBp(K(H),B(H))

is defined by
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for k£ € K(H) [3]. By the ¢*°-bimodularity of (z) for z € £*° ®.p £>°, there
exists a scalar z;; satisfying that

(z)(esj) = wijeq;, i,j=1,2,....

Then we can define an infinite dimensional matrix

[2] = (24575215

and also identify [x] with a linear map from c¢.(N) to ¢>° as follows: for £ =

[&17527 <. ] S CC(N)7
[2)¢ = D136, Y w2585, ],
j=1 j=1

where £ = [£1,&2,...] € c.(N) means that &, = 0 for sufficiently large n.
Clearly c.(N) is contained in £ and the image of c.(N) by [] is not necessarily
contained in ¢2. If [x] can be extended to B(¢?) (resp. K(¢?)), then we write
T € (I @en ) NB (resp. z € (£ Rep £°°) NK). We also use the following
notation: for any subspace S of £°° ®.p £°°,

SAB = (> ®., (°) BN S,
SNK = (% @ £°)NKNS.

Lemma 2.3. z € (> ®j, (> if and only if there exist B € K(£2), &, n; € (2
(i=1,2,...) such that

sup{[I&ill, [} < oo and @i; = (B&[n;).

Proof. By Proposition 2.2, for given ¢ > 0 and z € £*° ®; £°°, there ex-
ist [0,1,0,2,...] € Mlyoo(goo)v t[bl,bQ,...] S Mooyl(goo) and [Oéij] € K(H) sat-
isfying ||[a1,a2,...J|| |I*[b1,b2,...]]| < 1 and ||[as]ll < |lz|ln + € such that
r = 2:321 ajja; @ by If & = [al(i),ag(i),...], n; = [bl(’t),bg(l),] and
B = [Bij] where B;; = aj;, then it is clear that sup,{||&]|, ||n:]|} < co. Thus we
have

(x)(esj) = Z Qs Qs€45bt
s,t

= awas(D)bi(j)ei;
s,t
= (B&ilnj)eij-

Conversely, for given & = [§(1),&(2),...], ni = [m:(1),mi(2),...] € £* and

B = [Bi;] € K(£%), we put a; = [&1(i),&2(i), .. ], bi = [m1(0),m2(3), - . ] € £>° and
a = [ai;] € K(¢?) where a;; = Bj;. Then we have, for any positive integer NV,

llax, az, ..., an]ll, [I'[br, b2, - .., n] ] < sup{lI&ll, il } < oo
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For an element

b1
Q11 o Oip b
xn:[al as ... an} : : O .| €7,
(6751 o (677 ’
bn,
we have
Tp+k — Tp = [al . an+k} X
B 0 .« e 0 a17n+1 .« e O‘l,’nJrk T
b1
0 0 .
©
Opt11 - 0 Onglngl . brtk
_an+k71 DY DY DY DY an+k,n+k_

By the compactness of o and Proposition 2.1,
lim ||Zptk — @n|ln =0
n—oo

for any positive integer k. Thus we have that the sequence {z,} converges to
T in £°° @), £°°. O

Since ¢y is a C*-subalgebra of £°°, we can see cy ®p ¢y as a subspace of
02° ®p, £°.
Lemma 2.4. x € ¢y ®y, ¢o if and only if there exist &, m; € (2(i = 1,2,...) such
that

lim [[&]] = lim [n;]| = 0 and zij = (& | ;).

Proof. By Proposition 2.2, for given ¢ > 0 and x € ¢y ®p cg, there ex-

ist [0,1,0,2,...] S Ml,oo(co); t[bl,bQ,...] € Moo,l(co) and [Oéij] S K(H) sat-
isfying ||[a1, a2, .. ]| ||*[b1,b2,...]|| < 1 and |[|[e5]]| < ||z||n + € such that
xr = Z:Z‘:l a;ja; ® by, We put & = [al(i),ag(i),...], n; = [bl(l),bg(l),]
and 8 = [8,;;] where 8;; = a;;. Then we have

Tij = (ﬂ§i|77j)

and, by the fact a;, b; € co,
lim & (j) = lim n;(j) =0 for any j € N.
1—> 00 1—> 00

This means that {&;}, {n:} C ¢ weakly converge to 0. We can choose 1, (2
€ K(£?) such that 8 = 3331. Then we have

hgnHﬁlfiH = 1ign||62m|\ =0
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and
zi; = (B&In;) = (B1&ilBany).-

Conversely suppose that lim; o [|&]] = lim;e0 ||7:]] = 0. We may assume
that ||&]| < ¢ for all ¢ € N. Then, for any € > 0, we can choose a number N
such that

I€/]| <cforalli and |&| <eifi> N,

where
! 2¢;(j)  otherwise.

Clearly we have lim;_, ||&/|| = 0. Applying this argument to {&;} repeatedly,
we can choose 1 =n(0) < n(1) <n(2) < --- and {¢;} C £? such that

Gli) =2"6()  ifn(k) <j<n(k+1),
Gl < cforalli and [|¢] <27%if i > n(k).
We put a; = [Cl(l),CQ(’L), . .], b1 = [7]1(1),7’]2(1), .. ] and
N =27% ifn(k) <i<n(k+1).
Then we have a;, b;, (\;) € co, and
ars az, -l (o1, b2 - I < sup{[|Gll, Imall} < oo

Thus we have

$=Z)\lal®bz € ¢cop Pp, Co.-

i=1
Combining these lemmas, we can get the following fact:

Theorem 2.5. (1) For x € (™ @) £,
llln = inf{sup |&]llln; |18l | =i = (B&lny), &, ny € €3, 8 € K(€)}.
ij

(2) Forx € co ®p co,
|zl = inf{sup [|&[lInjll | 235 = (&lns), & nj € €2, — 0, m; = 0 strongly}.
ij

The correspondence between Schur multiplier and the tensor product with
a suitable norm is known as in [12], and the result is obtained by Spronk in
[15]. By using the extended Haagerup norm on £*° ®.p, £>° and ¢y ®cp o, We
can rewrite them as follows:

Proposition 2.6 ([15], Corollary 3.2). (1) For x € £°° ®¢p £>°,
[#]len = inf{sgpllﬁillllnjﬂ | @iy = (&lny), &, mj € ).
(2) For x € co Qe Co,
[#]len = inf{SEPHEiHH??jH | @iy = (&Glny), &, mj € 2,6 — 0, m; — 0 weakly}.
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Theorem 2.7. (1) (co ®p co) NB = (£ @, £°) NB.
(2) (co ®ech co) NB = (£ @cp £°) NB.

Proof. (1) It is clear that (co ®p co) NB C (£*° @p £°°) N B.
Let x € ({*° ®;, ) N B. By Lemma 2.3, there exist 8 € K(¢?), &, n; € (2
(i=1,2,...) such that

sup{[[&ill, I} < oo and i = (B&[n;)-

We choose 31, B2 € K(£?) such that 8 = 351, that is,
zij = (B1&ilB2m;),

and we may assume that

Range(S31) C span{fan; | j € N}

and

Range(f82) C span{i&; | j € N}.
It is sufficient to show that
lim [ 51&] = Tim || S| = 0.

Assume that
limsup || 51§/ > 0.

Then there exist § > 0 and a subsequence {n(k)} such that ||31&, )| > ¢ for
k = 1,2,.... Since sup |||l < oo, we may also assume that {&, )} weakly
converges to some & € £2. By the compactness of 31, we have

11?1 18100y — Br&oll = 0.
Thus it turns out 1€y # 0. We can choose jp such that
(B160lBanjo) # 0.
Then there exists K € N such that

|(B1€0|B2mjo )| for b > K
R .

[T (k).go | = [(Br€n(r) 82140 )| >

This contradicts to [z] = [x;;] € B(¢?).
(2) For & € (£*° ®¢p, £°°) NB, that is, [z] € B(¢?), we can choose a = [¢;5]
and 3 = [n;;] in B(¢?) such that

[e] = af and || = ||5]| = ]| */*.

Tij = E EikMij s
%

Remarking the fact

we define
ai = 615,804, - -], by = [, miny .. ] € 2 C o
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for all 7. Then we have
a1, az, .. ]I, "[b1, b2, - I < |
and =), a; ® b; € ¢o ®ep Co- O

]/ < oo

Corollary 2.8. Let x € £ ®.p £°° and

lim sup |zi(x), )| > 0

for some injection N > k — (i(k),j(k)) € N x N. Then x does not belong to
co Qp Co-

Moreover, if x satisfies an additional condition [x] € B(£?), then = does not
belong to £>° ®p, £°.
Example 2.9. (1) Let x = Z;’E:l(i—j)‘/’_”ei(@ej € 0 Q¢p, £7°, where \;’s are
positive real and t is real. Then we have

()Y ()Y

] = |GV RV ] g B,
\ 1 )\Z_\/Tlt )\j\_/?lt
Tij —(A—’)“‘_”=( 0 O 11 0]

and |z;;| = 1. This means & ¢ (£>° ®¢p, £°) N B, x ¢ ¢ Ren co (by Proposition
2.6) and x € £*° ®p, £>° (by Lemma 2.3).
(2) Let © = >"77 | ex ® ex € o Qe co- Since

1 0
2]=10 1 | eB(?

then we have z ¢ (> ®j, £>° (by Corollary 2.8).
(3) (U Ren L) NK & (£° @, £°) NB.
By Lemma 2.3, it is clear that (£*° ®., £>°)NK C (£ @, £°) NB.
We consider the following infinite dimensional matrix:

1

N [—D0] =
N[—D0] =

S
W=
W=
W=




ON THE EXTENDED HAAGERUP TENSOR PRODUCT IN OPERATOR SPACES 355

Since p is an infinite dimensional projection, p does not belong to K(¢2). If we
put

51 - [1305030)"‘]
52:53: [07%5070]
Ch= b= = [0,0,0,%,0,...]

and &, =1, (n=1,2,...), then &,, 0, € (2 satisfy
| =0 and p=[(&ln;)]-

lim [|&, || = lim |7,
n n
This means that

(6= @p £°) N B) N ((£° @ep, £°) NK)® £ 6.

(4)Leta:b:[1,%,...,%,...]600.Thenx:a®b€c0®h00and
1
LY
[zi] = | V2 2 ¢ B((%).

By the above argument, we can get the following diagram of inclusions:
(co®@nco) NK G (co®nco)NB G (co@enco) NB

I I
(@ 1) NB G (£° @, () NB

¥ KN
co @n Co G €o ®eh Co
¥ KN
/> ®h Y sl ; Al ®eh >

3. X®hYandX®ehY
Let X be an operator space. We call X is right-compact (resp. left-compact)
if ML[(X) = ML[(X)K(KQ(I)) (resp. M[J(X) = K(€2(1)) M[J(X)). If X is
right-compact, then, for any a = [a;]lier € My ;(X), there exist b = [b;]ier €
ML](X) and oo = [aij]i1j€[ S K(KQ(I)) such that

a = ba (aj = Zbiaij).
il
We also call X is weakly right-compact (resp. weakly left-compact) if we have,

for any a = [a;] € My 1(X) (resp. a = [a;] € Mj1(X)), that {i € [ | a; # 0} is
countable and lim;_, ||a;|| = 0.
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Lemma 3.1. If X is a right-compact (resp. left-compact) operator space, then
X is weakly right-compact (resp. weakly left-compact).

Proof. Since a = [aj]i jer € K((*(I)), we have that {(i,j) € I x I | a;; # 0}
is countable and {7 € I | a; # 0} is also countable. So we may assume that
I =N. Then we have a; = 3272 bja;; and

a1q Qg

e O B R S o R N I

= (1 Jaga P2 b 2.
j=1 i=1

By the assumtion, we have

o] o0
. 2
[ ;bibzn < 0o and }3?0_21 o] ? = 0.
1= Jj=

This means that
li || = 0.
JimJlaq] O
As a typical example of right-compact operator spaces, we can get the fol-
lowing:

Lemma 3.2. Let X be an operator space on a Hilbert space H. If X C pB(H)
for some finite-dimensional projection p € B(H), then X is right-compact.
In particular, any finite-dimensional C*-algebra 1is left- and right-compact.

Proof. We assume that dimpH = n < co. Let a = [a;]icr € My 1(X), ie.,
I Zam?” < 0.
icl
We can consider a;a; as an element of M, (C), so we put a;a} = (a;k) (J, k=
1,2,...,n). By the positivity of a;a}, we have

0< max ze; o < ; a;a; .
This implies that
Iy ={i € I]aj; >0 for some j}
is countable, so we may assume I = N. Remarking the fact
lasaf|l < Vi max aj;,
we have

o0 o0 o0 ) oo n )
I3 aail < 3 ol < VA Y max 3, < VDS
1= 1= 1=

i=1 j=1
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oo

n oo
i i
= ng E o’ < ny/n max . < 00.
vn = \/_1<j<n 77
j=11i=1 =l

We can choose numbers 0 = A\g < A\; < Ao < --- such that

o 1 o
I Y aal < Q—kllzami‘ll
i=Ap+1 i=1

and set b; = Vka; ( Ak—1 <7 < Ag). Since

oo o0 oo o0 1 o0 oo
ID0bil =122 D2 aafll <D ollYaiafll = 2] Y aiaf]l < oo,
i=1 k=0 i=1 i=1

k=0 i=Ap+1
we have
a = [ailien = [bi]ieN[%éij]i,jeN € Min(X)K(¢?),
where k(i) = k if A\y—1 <1 < Ay and 0;; means Kronecker’s symbol. O

Lemma 3.3. Let {a;}2, be a sequence of bounded operators on a Hilbert space
H with || Yoy asaf|| < oo. Suppose that there exist sequences {&}52,, {ni}32,
of unit vectors in H such that

[(a;&ni)| > 1 forieN.
Then, for any € > 0, there exists a number iy such that
{i € N[ [(ai,&ilmi)| < e}
is infinite.

Proof. Let € > 0. Suppose that {j € N | |(a:§;|n;)| < e} is finite for all ¢ € N.
If we omit the finite set

{i e N| [(a1&]|m)| < e},

we may assume that

|(a1&1lm)| > 1,
[(a2&2m2)| > 1, [(a1&2|m2)| > €.

If we omit again the finite set
{i e NTi>2, [(a&i|m)| < e},
we may assume that

[(a1&31m3)| > ¢, [(a283|n3)| > €.

Using this argument repeatedly, we may assume that, for any n,

|(a1£n|77n)| > &, |(a2§n|77n)| ZE ., |(an—1£n|77n)| > €.
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Then we have

|
—

n

n—1
(n=1)e> <3 (@balm)l* < Y nl®lla;nall?
i=1

-
Il

_

n—1

<> (@iaimalm) < 1Y aia]l.
i =1

3

Il
N

2

This contradicts to the assumption || Y2, a;af|| < co. Therefore we can get a
number %y required in the statement. (I

Lemma 3.4. Let X be an operator space on a Hilbert space H. If X is not
weakly right-compact, then there exist a sequence {a;} of X, sequences {&;},
{ni} of unit vectors in H and some constant K such that

(1) H_Zaiazn < 0.
2) 3< il < K.

(3) 3 < |(a&|m)| < K.
(4)

0 aniby)| < 5 Jor k# .

Proof. Since X is not weakly right-compact, we can choose a sequence {a;} of

X such that
oo
1Y aiaf|| < oo
i=1

and {]|a;||} is not convergent to 0. Then we may assume that 3 < |ja;|| < K
for any ¢ and some constant K. We choose sequences {&;}, {n;} of unit vectors
in H satisfying

|(ai§i|m)| >3 for all 7 € N.

Using Lemma 3.3, we can choose a subsequence {n(k)}2>; such that

1 .
(@nm)én mn(i))| < 7o for k<.

If we replace {a, )} with {a;}, then we can get the conditions (1)—(3) and (4)
for k < j.
We consider a sequence {a;,&;,n;} of triplets. By the calculation

o0 o0 oo
Y M) <Y llainsl® = O aiainglng)
i=1 i=1 i=1

o0
<Y aiafl < oo,
i=1

we have
lim |(ai&|n;)| =0 for any j.
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Choosing a subsequence of {a;,&;,n;}, we may assume that
1 )
(argsln)l < 4o for k> j.
Thus we can get the conditions (1)—(4). O

Lemma 3.5. Let a > 3 > 0. If sequences {ay}, {br} of vectors in C™ satisfy
the following conditions:
[(aklbr)| > o and |(ak|be)| < B for k # ¢,

then
supq{|ax (@), [bp ()| | i=1,...,m, k=1,2,...} = 0.

Proof. We assume that sup{|ax(?)|, |br(¢)| | ¢ = 1,...,n, k = 1,2,...} is fi-
nite. By the compactness, we can choose a pair of convergent subsequences
{an(k)}, {bn(k)} Then we have

1i}£n [(@n (k) lbn(rs1))| = h}gn [(@n(r)|On@ry)| >
But this contradicts to

lim sup |(a, (k) |bn < pB.
kp|( ®) [on )| < B .

Theorem 3.6. Let X and Y be operator spaces. Then we have
(1) X®rY =X ®cn Y if X is right-compact or'Y is left-compact.
(2) X is weakly right-compact or'Y is weakly left-compact if X @, Y =
X ®Qen Y.

Proof. (1) We assume that X is right-compact. For any s € X ®. Y, there
exist a = [a;] € My (X) and b = *[b;] € M ;(Y) such that

iel
By the assumption, there exist ¢ € My ;(X) and o € K(¢*(I)) such that a = cav.
So we have
s=a®b=ca®be X ®;,Y.

This means that X ®, Y = X ®., Y. When Y is left-compact, we can also
have X ®p, Y = X ®n Y by the same argument.

(2) Let X (resp. Y) be an operator space on H (resp. K). We assume that
X is not weakly right-compact and Y is not weakly left-compact. By Lemma
3.4, we can choose a sequence {a;} of X (resp. a sequence {b;} of V'), sequences
{&}, {n:} of unit vectors in H (resp. sequences {&;}, {7;} of unit vectors in K)
and some constant K satisfying that

o0 oo
I3 aial] < oo, IS bibi] < o,
=1 =1
3< Jlail, ] < K.
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3 < [(a:i&lns)l, |(biil&i)] < K
and

- 1
(ax&s )| B )] < o for b #

We define s € X ®., Y, ¢ € X* and ¢y, € Y* as follows:

s=> a; @by, @r(-) = (&lm)s  Pr() = (1iklér)-
=1
Then we have
[s(oms i) = | onlan)dn(bs)]

i=1
oo

=1 (@ilne) (binii|€x)|

1=1
> |(anelme) (Ox7iel§)| = [(@ilelmi) (binik €|
ik
1
>9— Zl ﬁ > 8,
and, for j # k,

Is(j, ¥r)| = |Zsﬁj(az‘)¢k(bi)|
= | Z(ai§j|77j)(bi77~k|§~k)|

<> [(@i&;|ny) (i )|

1 1 =1
§W+W+ZK21' <3.
i=1
Suppose that X ®., Y = X ®; Y, then s belongs to X ®; Y. We can choose

m
tzzxi@)inX@hYand IIs —t]|n < 1.
=1

Since [|p;]l = [[vl = 1,
|s(@j,¥r) — (s, n)| <1,
that is,

m

|S(<Pj51/}k) - Z@y(xz)ﬂik(yzﬂ < 1.

=1
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Then we have

1> en@)n(y)] > 7

i=1
and, for j # k,
1> (@) (yi)] < 4
i=1
This contradicts to the boundedness of {|pg ()|, vk (vi)| | 1 < i < m,k € N}
by Lemma 3.5. We are done. ([

Remark 3.7. The row Hilbert space H, is right-compact and is not weakly left-
compact and the column Hilbert space . is left-compact and is not weakly
right-compact. Then it is clear that

Hr Qhn Hc = Hr Reh Hca Hc Oh H’I‘ 7é Hc Qeh HT
(c.f.[6]).
Corollary 3.8. Let A and B be C*-algebras. Then the following assertions
are equivalent:
(1) A®hB:A®ehB;
(2) A or B is finite dimensional.

Proof. We have already shown that every finite-dimensinal C*-algebra is right-
compact and left-compact in Lemma 3.2. It is sufficient to show that every
infinite-dimensional C*-algebra is neither weakly right-compact nor weakly left-
compact.

Suppose that A is infinite dimensional. Since the maximal abelian *-subalg-
ebras in A is infinite dimensional, there exist self-adjoint elements {a,} C A
such that ||a,|| = 1 and a;a; = 0 if i # j. Then we have

o0 o0 oo
I afl =1 il =1 ajaill < oo
i=1 i=1 i=1

and {||a;||} does not converge to 0. This means that A is neither weakly right-
compact nor weakly left-compact. (I
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