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ORE EXTENSIONS OF HOPF GROUP COALGEBRAS

DINGGUO WANG AND DAOWEI LU

ABSTRACT. The aim of this paper is to generalize the theory of Hopf-Ore
extension on Hopf algebras to Hopf group coalgebras. First the concept
of Hopf-Ore extension of Hopf group coalgebra is introduced. Then we
will give the necessary and sufficient condition for the Ore extensions to
become a Hopf group coalgebra, and certain isomorphism between Ore
extensions of Hopf group coalgebras are discussed.

1. Introduction

Ore extensions are main kinds of ring extensions to construct a class of non-
commutative rings and algebras. From the point of view of quantum group
and Hopf algebra theory, Ore extensions are important for constructing ex-
amples of Hopf algebras which are neither commutative nor cocommutative.
In recent years, many new examples (often finite dimensional) with special
properties were constructed by means of Ore extensions, such as pointed Hopf
algebras, co-Frobenius Hopf algebras, and quasitriangular Hopf algebras (see,
e.g., [1, 2, 5]).

Panov [6] introduced the concept and equivalent description of a Hopf-Ore
extension and given the classifications of Hopf-Ore extensions for some typical
Hopf algebras. Multiplier Hopf algebras were introduced by Van Daele [10] as a
generalisation of Hopf algebras to the case where the underlying algebra is not
necessarily unital. Lihui Zhao and Diming Lu [13] generalized the notion of Ore
extension of Hopf Algebras to regular multiplier Hopf algebras and obtained
the corresponding result. Hopf group coalgebras were introduced by V. G.
Turaev [8, 9]. Hopf group coalgebras generalize usual coalgebras and Hopf
algebras, in the sense that we recover these notions in the situation where the
group is trivial. Virelizier [11] started an algebraic study of this topic, this was
continued by Zunino [14, 15] and Wang [12]. It is natural to investigate the Ore
extensions of Hopf group coalgebras. This was the motivation of our paper.

The first problem we face is how to define the Ore extensions of Hopf group
coalgebras. Here we could resort to the method used in [3] which constructed
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the concept of differential calculus on Hopf group coalgebras, that is, let A =
{As}aer be a Hopf group coalgebra, and R = {R, = AulVa;0a)0)}acnr
where for any a € 7, Ao[Ya; 0a, da] is the Ore extension of A,. Then we make
R = {R4}aer a Hopf group coalgebra. The comultiplication and counit could
be extended from A to R naturally.

In Section 2, we recall the definition of Hopf group coalgebras and some
basic facts about Hopf group coalgebras. In Section 3, we first introduce the
notion of an Ore extension for a Hopf group coalgebra, and extend A and ¢
from A to R such that R = {R4}aer becomes a Hopf group coalgebra. In
the main theorem of this article, we give a necessary and sufficient condition
for Ore extensions of a Hopf group coalgebra to be a Hopf group coalgebra.
In Section 4, we will consider the isomorphisms between Ore extensions for
different Hopf group coalgebras and give the sufficient conditions.

2. Hopf group coalgebra

For convenience of the reader we recall the standard definitions of Hopf
algebras, see for instance [4, 7]. Throughout this paper, we let 7 be a discrete
group(with neutral element 1) and k be a field. All algebras are supposed to
be over k. If U and V' are k-space, 7,y : U ®V — V @ U will denote the flip
defined by 7y v (u®v) = v ® u.

Definition 2.1. A w-coalgebra(over k) is a family C = {Cq}aer of k-spaces
endowed with a family k-linear maps (the comultiplication) and a k-linear map
g : C1 — k (the counit) such that

(a) A is a coassociative in the sense that, for any «, 8,v € m,
(Aa,p ®ido,)Aapy = (idc. ® Apy)Aa,py;
(b) for all « € ,
(ide, ®e)Ap1 =ide, = (e ®idc,) A1,

Note that (C1,A1,1,¢€) is a coalgebra in the usual sense.
Sweedler’s notation. We extend the Sweedler notation in the following way:
for any a, 8 € m and ¢ € Cyg, we write

Aqplc) = ZC(I,a) ® c(2,5) € Ca @ Cp.
(e)
Or shortly, if we leave the summation implicitly, Ay s(c) = ¢(1,0) ® ¢(2,8)-
The coassociativity axiom gives that, for any «, 3,7 € 7 and ¢ € Cup-,
€(1,08)(1,a) © €(1,a8)(2,8) © €(2:9) = C(1La) @ €(2,87)(1,8) © €(2.67)(27)-

This element of Cp, @ Cp @ C, is written as ¢(1,q) @ ¢(2,3 ® ¢(3,4). For any ¢ €
Ca,--ay by iterating the procedure we define inductively c(1 4,) @+ ® c(n,a,)-
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Definition 2.2. Let C' = ({Cy, A,e}) be a m-coalgebra and A be an algebra
with multiplication m and unit element 14. For any f € Homy(Cy, A) and
g € Homy(Cg, A), we define their convolution product by
fxg=m(f ®g)Aap € Homp(Cop, A).
Using (2.1), one verifies that the k-space
Conv(C, A) = @aerHomy (Cy, A),

endowed with the convolution product * and the unit element €1 4, is a m-graded
algebra, called convolution algebra.

Definition 2.3. A Hopf 7m-coalgebra is a m-coalgebra H = ({Ha, A,e}) en-
dowed with a family S = {S, : Hy, — Hg-1}aer of k-linear maps (the
antipode) such that

(a) each H, is an algebra with multiplication m, and 1, € Hy;

(b) e: Hi — kand Ay g : Hop — Ho @ Hg (for all o, § € ) are algebra

homomorphisms;
(c) for any « € T,
ma(Sa—l (24 Z.dHQ)Aa,l,a =cl, = ma(idHa X Sa—l)Aaya—l :H, — H,.

Note that (Hq1,mq,11,Aq 1,¢€,51) is a Hopf algebra in the usual sense of the
word. We call it the neutral component of H. And axiom (c) says that S, is
the inverse of idy, in the convolution algebra Conv(Hy, Hy).

Lemma 2.4. Let H = ({Ha}aer, A€, S) be a Hopf w-coalgebra. Then
(a) Ag-14-15q8 = TH, 1 ,Hy (Sa ® Sp)Aq g for any o, B €,

(b) 51 =¢,

(c) Sal(ab) = So(b)Ss(a) for any o € m and a,b € Hy,

(d) Sa(1y) =14-1 for any o € 7.

3. Main theorem

In this section, we will define the Ore extension of a Hopf group coalgebra
and prove the criterion for an Ore extension of a Hopf group coalgebra to be a
Hopf group coalgebra.

Definition 3.1. Let A be a k-algebra. Consider an endomorphism o of the
algebra A over k and a o-derivation § of A. This means that

(3.1) d(ab) = o(a)d(b) + d(a)b.

The Ore extension R = Aly; 0, 0] of the k-algebra R generated by the variable
y and the algebra A with the relation

(32) ya = o(a)y + d(a)
for any a € A.

Now with the definition of Hopf-Ore extension [6], we can define the Hopf
group coalgebra Ore extension.
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Definition 3.2. Let A = {A,}aex be a Hopf group coalgebra, the family
R ={Rs = Aul¥Ya;0a; 0] tacr of k-spaces is called the Hopf Group coalgebra
Ore extension if R = {R,}aer is also a Hopf group coalgebra, where for any
a € T, AalYa;0a,0a) is the Ore extension of A,, and there exist rl,r2 € A,
such that

Ao s(Yap) = Yo @15 + 74 D yg,
and
Apa(Ypa) = yp @ o + 15 @ Ya-

Note that Ry = A1[y1; 01, d1] is the Hopf-Ore extension in the sense of [6].
Now that R = {Ra}aer is a Hopf group coalgebra, if we apply the axioms
of (2.1) to Definition 3.2, we have on one hand

(Aa,ﬂ ® ide)Aaﬂ,V(yaﬂv) = (Aa,ﬂ ® ide)(yozB ® 7“,2Y + Tiﬁ & yy)
= Aa,p(Yap) @75 + Das(rag) @ Yy
= Yo @15 + 74 @ Yp) @75 + Aap(rap) @ Yy
= Yo @13 Q15+ 7, QUs @12 + Aap(rhg) @ Yy
On the other hand
(idr, ® Dp)Aa sy (Yapy) = (idr, @ Ag ) (Ya @15, + 14 @ Yss)
= Yo @ Dy (15,) + 16 ® (ys @15 + 75 @ yy)
= Yo ® Dp(15,) + 16 ®ys @15 + 14 @15 @ Yy
We obtain
(3.3) Aaﬁg(riﬂ) :Ti®7’[13, Aaﬁ(riﬂ) :7’(21®7’[23
for any «, 8,y € 7.

Lemma 3.3. If R = {Ry}acr is the Hopf group coalgebra Ore extension of
the Hopf group coalgebra A = {Ay}acn as above, then for any o, B €

(a) rl and r? are invertible in A,

(b) the equalities:
(3-4) Aas((ras)™) = (ra) "t @ (rp) ™

and

(3.5) Dap((rag) ™) =(2) @ (r3) ™"

Proof. (1) First of all, from (3.3) we can see that 7] is a group-like element in

Ap,s0e(r) = 1.

M (Se-1 ® id)Aa—l,a(T%) =Mma(Sq-1 ®id)(rl_, @71})

= Sa-1(ra-1)ra
=¢e(r)lq
=1q4.
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So we have Sq-1(rl_,) = (r}) ™!, and similarly we get S,-1(r2_,) = (r2)~* for
any o € .
(2) By Lemma 2.4, We have

Da,s((rag)™") = Ba,s(S(ap) -1 (1(ap)-1))
= A0 5(Sp-1a-1(T5-14-1))
= 7(Sp-1 ® Sa-1)(Ag-10-1(rg-14-1))
T(Sp-1(rg-1) @ Sa-1(ra-1))
= (ra) "' @ (rp) 7
Similarly we can prove the other equality. (]

Replacing the generating elements yo by y,, = ya(r2)~" and 7L (r2)~! by
To, We see that

AasWop) = DasWap(r2s) ")
= Nas(Wap) - Dap((ris)™h)

= Wa®15+74®ys) ((r2) '@ (r3) ™)
=ya(r2) @14 () T @ ys(ry)

=y;®1+m®y}a-

And
ANa,p(Tag) = Dap(ras(rag) ™)
= Dap(rap)  Dap((ris)” 1)
(3.6) = (r} ®7"5) ((r) @3
=ro(ra) T @rs(ry)

=Tq ®rg.

Preserving the above notations, we assume in what follows that the elements
{Ya}aer in the Hopf group coalgebra-Ore extension satisfying the relations

(3.7) Ao s(Yap) =Ya @1 +714 Qyp

for some elements r, € A, satisfying Ay g(1ag) =ra @ rs.
As usual, Ad,, (a) = rqaSe-1(r3t) = rqa(re) "t

Lemma 3.4. If R = {Au[Ya; 0, ) taecr s a Hopf group coalgebra-Ore exten-
sion of the Hopf group coalgebra A = {Aq}aer, then

(38) Soﬁl(yafl) = 7(ra)_1yav
where (ro) ™t = Sy-1(re-1).

Proof. (ro)~t = S,4-1(re-1) is easy to check. Now we have
ma(sa—l & idAa)Aa—17a(y1) = E(yl) =0,
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by (3.7), so
Sa-1(Ya-1) + Sa-1(Ta-1)ya =0,
then
Sa-1(Ya-1) = =Sa-1(Ta-1)Ya = 7(Ta)71ya' i

Now we will give the main result.
Theorem 3.5. The Ore extension R = {Aq[Ya; 0, 0a) tacn of the Hopf group
coalgebra A = {Au}acr is a Hopf group coalgebra-Ore extension if and only if

there exists a group-like element r = {ry tacr such that the following conditions
hold:

(a) there is a character x : Ay — k such that for any o € 7
(3.9) oa(a) =) x(aa)ae.a,

where a € Ag;
(b) the following relation holds:

(3.10) > X(a1))aea) = Ady, (a(1.0))x(a2,1));
(¢c) the on-derivation 0 satisfies the relation
(3.11) Nasbap(a) = D da(a,a) @ ag,e) + Tt ®ds(ap,s).

Proof. The proof is presented under three headings. At step 1 we show that the
comultiplication A = {A,}aer can be extended to R = {Au4[Ya; 0a; 0] taer
by (3.7) if and only if relations (3.9)-(3.11) hold. At step 2 we prove that R,
admits an extension of the counit from A, (in fact this has been proved in [6]).
At step 3 we show that R has antipode S extending the antipode S|4 by (3.8).

Step 1. Comultiplication. Assume that the comultiplication A|4 can be
extended to R = {Au[Ya;0a,0a]}acr by (3.7). Then the homomorphism A
preserve the relation

(3'12) Yol = O (a)ya + 6a(a)
for any « € m and a € A,, i.e.,
(3.13) Au 3(Yap)Aa,p(a) = Do p0ap(a)Aa,g(Yap) + Aa,pdas(a)
for any a € Anp. We have
Aa(Yap)Aa,s(a)

= Y Wa® 1470 ®ys)(ag,a) @ a(2p)
(a)

= Z Yal(1,a) @ Q(2,8) + Tal(1,0) @ Ypa(2,5)
(a)

= Z 00 (a(1,0))Ya ® a(2,8) + Fa(a(1,0)) @ (2,5
(a)

+Tat(1,0) ® 08(a(2,8))Y8 + Tal(1,0) @ I5(a(2,5))
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D (0alt1,0) ® a2.8) Yo ® 1) + Tat(1,0) ® 05(ac2,p))ys
(a)

+0a(a(1,0)) ® a(2,8) + Tal(1,a) @ dp(a,g))

-1
Z(Ja(a(l,a)) ®a,p)(Ya @ 1)+ (Faa,a)a ®oslaep)(ra ®ys)
(a)

+6a(a(1,0)) ® agz,p) + rab(1,0) @ 6p(az,p))-
And
Aa,p00p(a)Bap(Yap) + Da,pdas(a)
= Nap0ap(a)(ya ® L+ 10 @ Yp) + Aq,pdas(a)
= Ba,50ap(a)(Ya @ 1) + Aa,poap(a)(ra @ ys) + Aa pdas(a).
It is clear that A preserves (3.12) if and only if the following relations hold:

(3.14) Aa,ga’alg(a) = Z(oa(a(lya)) ® a(gﬁ)),
(a)

(3.15) Aq poas(a ZAd a(1 a)) & Jg(a(g B))
(a)

Aq,pdap(a 25 a(1,0)) @ a2,8) + Tal(1,0) @ 9p(az,8))

for any a € Ang. The last equatlon coincides with (3.11).
Let us show that (3.14) and (3.15) imply (3.10) and (3.11). Define a family
of maps {xa : A1 — Aq }a€7r by

Xa Zga aq, a))Sa 1(‘7’(2@ 1))
(a)
for any a € A;.
Obvious compulation gives

Aa,1(Xa(a))
= ZAa,l(aa(a(l,a))sa*I(a(2,a*1)))

= Z Aa (00 (a(l,a)))Aoz,lscr1 (a(2,a*1))

= Z[Ua(a(l,a)(l,a)) ® a(1,a)2,1)][8a-1(a2,0-1)(2,a-1)) @ S1(a(2,0-1)(1,1))]
(a)

= Z 0a(a(1,0)(1,0))Sa-1(A2,0-1)(2,0-1)) @ A(1,a)(2,1)51(A(2,0-1)(1,1))
(a)

= Z 0al(1,0))Sa-1(a4,0-1)) ® a2,1)S1(aes,1))
(a)
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= Xa (a‘) ® 15

and

Ara(Xa(a))

= Z Al,a(aa (a(l,a))Al,aSa*1 (a(2,a*1))
(a)

=Y [o1(a1,0)1.1) @ A(1,0)2,0))[T(Sam1 ® S1)Ag-1 1 (a(2,0-1))]
(a)

= Z[Jl(a(l,a)(l,l)) ® a(1,a)2,0)]151(4(2,a-1)(2,1)) ® Sa-1(a(2,a-1)(1,0-1))]
(a)

= Z 01(a(1,0)(1,1))51(A(2,0-1)(2,1)) @ A(1,0)(2,0)% 1 (A(2,0-1)(1,0-1))
(a)

= Z 01 (a(1,1))51(a(4,1)) ® a(z,a)sorl (a(s,orl))
(a)

- Z o1(a@,1))S1(a@,1) @ la
(a)
= x1(a) ® 1a,

so we have

Xa(a) = (€ @id)A1a(xa(a) = > e(o1(a@,1)S1 (@) la
(a)
= elo1(a@1))e(Si(aen)la = Y clor(aw1)e(ac ) la
(a) (a)
= ¢(o1(a))l,.

Also we have for any o € 7, xa(a) = €(x1(a))1lq. Indeed from Theorem 1.3
of [6], we know that for any a € Aj, x1(a) belongs to k, thus x.(a) could
be identified with an element in k as well. One can regard y, as a mapping
X : A1 — k. Since for any a € w, 0, is an endomorphism, it follows that

Xa(ab) = Z O—a(a(l,a)b(l,a))sa*1 (a(2,a*1)b(2,a*1))
(a)(b)

> 0a(a(1,0)0a(b1,a)Sa-1 (b,a-1))Sa-1 (a(2,0-1))
(a)(b)

= 0a(a(1,0))Xa()Sa-1(agz,a-1))
@

= Xa (a)Xa (b) )
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Xa(a+b) = > oal(a+ b))% ((a+b)@a1)
(a)(b)

= > 0ala(1,0) %1 (a@za-1)) + Talb,a)Sa-1 (ba.a-1))
(a)(b)
= Xa(a) + Xa (D).
One can recover o from xqo(a). In fact for any a € Ao, Ara(a) =32, a1, ®
a(2,a) and

Z Xa(a(1,1))a(2,a) = Z o'a(a(l,l)(l,a))sa*I (0(1,1)(2,04*1))‘1(2@)
(a) (a)

= 0a(a(1,0))Sa-1(a(2,0-1))0(3,0)
(a)
= o4(a).

This proves (3.9).
Substituting o, into (3.15), we obtain

Z A1 a(Xala@y)a@a) = Z Ady, (a@1,1)) ®@ 0a(a(2,0))
(a) (a)

= Z Adr, (a1,1)) @ Xa(@(2,0)(1,1))0(2,0)(2,0)
(a)

= Z Ady, (a(1,1)) ® Xa (6(2,1))a(3,a)~
(a)

And because for any a € A1, xa(a) € k1, we have

Z Al,a(Xa(a(l,l))a(Q,a)) = Z Xa(a(1,1))A1,a(a(2,a))
(a) (a)

=D Xala@,1)a@w 1) © 42,0 2.0
@

= Xala@n)ae) @ az.a),
(a)

> Aailxala@i)aee) =Y Adr, (a(1,0)) @ 01(ag2,1))
(a) (a)

= Z Ad,, (a,0)) @ X1(a@2,1)(1,1))02,1)2.1)
(a)

= Z Ad,, (a1,0)) @ x1(ae2,1))as, 1,
(a)
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and
Z Ani(Xalany)ae.a)) = Z Xa(a@,1)Aa,1(a2,0))
(a) (a)
= Z Xa(@(1,1)0(2,0)(1,0) ® @(2,0)(2,1)
(a)
= Xol0(1.1)a2.0) @ a(3,1),
(a)
that is

Z Adra (6(1,a)) & X1 (0(2,1))0(3,1) = Z Xa(a(1,1))a(2,a) ® as,1)-
(a) (a)

So we have
Z Ad,, (a(l,a))Xl(0(2,1))a(3,1)51(a(4,1)) = Z Xa (a(l,l))a(2,a)a(3,1)51 (a(4,1)),
(a) (a)
Z Ady, (aq,a))x1(a,1)) = Z Xa(a(1,1))a2,q)-
(a) (a)

This proves (3.10). We have proved that conditions (3.9)-(3.11) are necessary
conditions of the comultiplication.
On the other hand, if conditions (3.9)-(3.11) hold, then for any a € Aup

Ao p(0ap(a) =Y x(0(1.1)Aas(02.00)
(a)

=Y x(0(1.1)0@.0p)(1.0) @ A(2.08)(2.5)
(@)

= Z x(a1,1))a@2,q) ® as,p)
(a)

= oalag.a) ®agp)
(@

and

Ao p(0ap(a)) =D Ao p(Ady,, (a1,08)x(a@2.1)))
(a)

=" Ady, (a(1,08)(1,0) ® Adry (a(1,ap)2.8)x(a2,1))
@

= Z Ad,, (a1,q)) @ Ady,(ae2,py)x(ags, 1))
(a)

=D Ady,(a0,0) @ 05(ap).
(@



ORE EXTENSIONS OF HOPF GROUP COALGEBRAS 335

This proves the relations (3.14) and (3.15) hold and the comultiplication A4
can be extended to a homomorphism A : R — R ® R. Since (A4 g ®
ida,)Aapy(a) = (ida, ® Apy)Aapy(a) and since (Aa,g @ id)Aap,y(Yapy) =
(id @ Ag~y)An gy(Yapy) for any «,8,7v € 7 and a € Aypy. The mapping
A: R — R® R is a comultiplication.

Step 2. Counit. For this part, from [6] we have known that, as Ry admits a
comultiplication, there exists a counit extending |4, and satisfying e(y;)=0.
It follows that € admits an extension to R if and only if

e(01(a)) =0,
for any a € A;.

Step 3. Antipode. Let R be as in Step 1. Recall that S = {S, : Ay —

Ay-1}aer with S, being an antiautomorphism and
A571,a71 Saﬁ = 7’[_]0‘711]-11371 (Sa & Sﬁ)Aaﬁﬁ

for any «, 8 € w. If R admits an antipode S which can be extended(as an
antiautomorphism) from A to R by means of (3.8), then S preserves (3.12).
This means that for any a € A,

(3.16) Sa(0)Sa(Ya) = Sa(Ya)Saoa(a) + Sada(a).

On the other hand, if relation (3.16) holds, then S can be extended as an
antiautomorphism from A to R by means of (3.8). Using the expression b =
S iyl of the arbitrary element b € R, one can readily see that the mappings
S ={Sa: R, — R,-1} defines above is an antipode of R.

Hence the existence of an antipode of R satisfying (3.8) is equivalent to
(3.16). It follows from (3.8) that for any a € A,

—=5a(@)(ra-1) Yot = = (ra-1)"Ya-15a(0a(a)) + Sadala),
~Sa(a)(ra-1)""Yam1 = = (ra-1)"104-1(Sa(0a(a)))ya1
- (rafl)il(safl (Sa(oa(a))) + Sadala).
Condition (3.16) holds if and only if the following two conditions hold:
(3.17) Sa(a)(ra-1)"" = (ra-1) "1 0a-1(Sa(0a(a)),

(3.18) (ra-1)Sabda(a) = d4-1(Sa(oa(a))).
Let us prove (3.17). We have
Uoﬁl(Sa (Ua(a)))
=Y a1 (Sax(ag)aea))
(a)
= > X(ag1)oa-1(Sala@w))
(@)

=Y xlaa)Ade,_-1((Sa(t@,a)1.a-1)X(Sald@a) @)
(a)
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=Y xlaa)Ade -1 (Salt@,a)@0)X(S1(0@,00,1)))
@

= ZX(a(l,l))Ad(ra,l)*l(Sa(a(3,a))X((Sl(a‘(2,1)))
(a)
= ZX a(1 1) Ad(r 71) 1(Sa(a(27a))
(@)
= Ad(ra71)71(Sa(a)).
Our next objective is to prove (3.18). It follows from (3.9) that we present
(3.18) in an equivalent form,

(3.19) (Ta-1)Sada( ZX a(1,1))0a-1 (Sala2,a)))-

We denote Ly = (rq-1)Sa0a(a) and My =) x(a(1,1))0a-1(Sa(a(2,a)))-
(a)
From (3.11) we have

A (51 25 aq, a)) @ a2,a-1) T Tal(1,0) @ 1) 71(0,(2 071))
(a)
and we apply m(id ® S,-1) to the above equality, we get

m(id @ So-1)(Ag a-1(01(a)))

=m(id® Sa—l)(z 5a(a(11a)) ® a2,0-1) T Tal(1,0) @ (5(1—1(@(2,&—1))),
(a)

= Z da (a(lya))Swl (a(gya—l)) + raa(lya)Safl (6a—1 (a(27a71))),

(a)
-1 Z 6a(a(1,a) a1 a(2 a*l) Z a(1,a) a~1 (a(2,a*1)))'
(a) (a)

Then for any a € A,

La71 = TaSa—l(Sa—l (a) = ZTQE(G(Ll))Sa—l(Sa—l (G/(Q,a—l))
(a)
= Z rozSafl (a(l,afl))a(la) Sa*1 604*1 (a(3,a*1))
(a)
= Z *TaSafl (a(l,afl))(ra)_laa (a(2,a))Sa*1 (0(37(1—1))
(a)

= Z Ad a—1 a(l a71)))5a(a(27a))Sa71 (a(gya—l)).
(a)

(3.20)
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On the other hand, for any a € Ay, we have e(a)l, = E(a) a(1,0)Sa-1(a(2,a-1)-
The action by d, on both sides gives
0= dala(,m)Sa-1(aza—1) +0ala@,a)daSa-1 (a@a-1)),
(a)

(3.21)

M,
= ZX(a(m))‘sa(Sm‘(a(z,ml)))

(a)

= xla@1)e(a1)0a(Sa-1 (a@,a-1))
(a)

= x(0(1,1)0a(Sa-1 (a@2,0-1))a(3,0))0a(Sa-1 (a(1,0-1)))
(a)

= > X(a@1))0a(Sa-1 (az2,a-1)))7a(a(3,0) )00 (Sa-1 (a(1,a-1)))
(a)

= =Y X(a1,1))0a(Sa-1 (a(2,.0-1)))a(a(3,0)) Sa-1 (A(4,0a-1))
(a)

= =Y x(a@,1)Adr, (Sa-1(a2,0-1)) (1,0)X(Sa-1 (A2.0-1)) 2,1))0a(a(3.0)) Sa-1 (A(4,0-1))
(a)

= =Y x(a1)Adr, (Sa-1(a(3,0-1))X(S1(a2,1)))0a(0(4,0)) Sa-1 (a(5,0-1))
(a)

= =Y x(ela@)1)Adr, (Sa-1(a(2,0-1)))0a(a(3,0)) Sa1 (G(4,0-1))
(a)

= =Y Ady,(Sa-1(a(1,0-1)))0a(a(2,0)) Sa-1 (a(3,0-1))-
()

Comparing (3.20) and (3.21) we conclude that L, = M,. This proves both
relation (3.19) and the existence of an antipode. (]

Here we give an example from [12], and ours is a little different, where the
condition crossing is not necessarily needed.

Example 3.6. Forn € Z and a = (ay;), 8 = (8i;) € GLn(k), let B be the

algebra generalized by symbols g, z1,...,z, satisfying the following relations:
forie{1,2,...,n},
=1, :L'ZQ =0, gz; = —x;9, T;x; = —T;T;.

The family of algebras ]D)n:{B,(f"B)}(aﬂ)eg(GLn(k)) has a structure of ¢(GL, (k))-
coalgebra given, for any a = (a), 5 = () A = (h;),7 = (1) € S(GLa (k).
and ¢ <14 < n, by

Ay, (9) =9 g,

n

Ap)o(@) =D kit @14+10 > Vil pTp kT,
k=1

k=1,i=1,p=1
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E(g) =1, 5(z1> =0,

Sta,p)(9) =9, S(a,p)(@i) = Z Br,j 0,19k,

k=1,p=1

where (&, ;) = a~! for any a € GL, (k).
Now we will add n indeterminates yi,...,y, by Ore extensions. Firstly,
define o1, 67 : BA) _, plah) by

o1(9) = —g, o1(x;) = x;
and
61(g) = 0, 01(z;) = (a1j — Brj)g-

It is easy to check that o; is an endomorphism of Bfla’ﬁ )

and d; is a o1-
derivation. Thus we get the Ore extension B,(ﬁl’ﬁ) = B,Sa’ﬁ)[yl; o1, 61]. Define

A p),onW) =1 @1+ gy,

then Bfﬁl’ﬁ ) [y1; 01, 01] is the Hopf group coalgebra Ore extension of B,,.
Then we define 02, 82 : Bfﬁl’ﬁ) — Bfﬁl’ﬁ) by

02(9) = —g, 02(xi) = xi, 02(y1) = —y1

and
d2(g) =0, da(x;) = (25 — B2j)g, d2(y1) = 0.

It is easy to check that o1 is an endomorphism of B,(fl’ﬁ ) and 9 1s a o09-

derivation. Thus we get the Ore extension Bfﬁf ) = B,(ffl’ﬁ )[yl;al,él]. When
we define

A g), 0 ¥2) =12 @ 1+ g @ Yo,

BT(S‘Q”B ) is also an Hopf group coalgebra Ore extension of B, ;.
We continue the process by n times, then we will add n indeterminates and

get the Hopf group coalgebra Agf"ﬁ ) as in the example in [12].

4. Isomophism

In this section, we study the relations of two Hopf group coalgebra Ore
extensions. First we need to give the following lemma.

Lemma 4.1 ([1, Lemma 1.1]). Let A be a algebra, Aly;o,d] an Ore extension
of A and i : A — Aly;o,0] the inclusion morphism. Then for any algebra B,
any algebra morphism f : A — B and every element b € B such that bf(a) =
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(a)) + f(o(a))b for any a € A, there ewists a unique algebra morphism
: Aly; 0, 8] — B such that f(y) = b and the following diagram is commutative:

Aly; 0, 0]
Similarly, we can generalized this lemma to the cases of 7m-graded algebras:

Lemma 4.2. Let A={A,}aecx be am-graded algebra, R={ Ry = Aq[Yo; o, 04]}
the Ore extension of A, and i : A — R the inclusion morphism, where i = {i, :
Ay = Aulya;oa,04]}. For any m-graded algebra B = {Buotaen, [ : A — B
algebra morphism, where f = {fo : Ao — Ba}aer and fo is an algebra
morphism. Then for any element b = {by}aecr € B, if for any a € ,
bafalaa) = fa(da(aa)) + f(0alaa))ba for any a = {aa} € A, then there exists
a unique algebra morphism f = {f.} : R — B such that fa(ya) = b, and the
following diagram is commutative:

A, — 1 . B

J
fCY

Aa [yoz; Oy 6&]
Proof. The proof is simple. By Lemma 4.1 we can get the result directly. [

Definition 4.3. Let A = {A,} and A’ = {4/, } be two Hopf group coalgebras,
we call f: A — A, where f = {fa} and fo : Aa — A, the morphism
of Hopf group coalgebra if for any a € 7, f, is algebra morphism, A’a, glap =
(fa®f8)Aqp and S) fo = fo-1Sq, where A, A, S, S" are the comultiplications
and antipodes of A and A’ respectively.

Obviously we can see that this definition generalizes the notion of morphisms
of Hopf algebra, and when m = 1, it is the usual Hopf algebra morphism.

In order to simplify the notation and study the isomorphism of Hopf group
coalgebra-Ore extensions, we introduce the following definitions.

Definition 4.4. Let A = {A,} be a Hopf group coalgebra. Denote r =
{ra}, 0 = {0a}. A family of mappings 0 = {d,} satisfying (3.11) is called
a r-coderivation. If § is also a o-derivation where o is an algebra morphism
satisfying (3.9) and (3.10), then d is called a (y, r)-derivation.

Notation. Denote the Hopf group coalgebra-Ore extension R = {Rs}acr by
R ={Rs = Au(X,Ta)0a) tacr, where x : A1 — k is a character, r = {ro taen
is a family of group-like element of A and ¢ is a (x, r)-derivation.

Now we define an isomorphism of Hopf group coalgebra-Ore extensions.
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Definition 4.5. Two Hopf group coalgebra-Ore extensions
R={Ro = Aa(Xs70)00) }acr and R = {R. = AL (x,7),,0.) }acn

of Hopf group coalgebras A and A’ are said to be isomorphism if there is an
isomorphism of Hopf group coalgebras ¢ : R — R’ such that ¢(A4) = A’.

Remark. Actually the isomorphism of Hopf group coalgebras ¢ is a family of
isomorphism of algebras {¢, : Ao — Al }aer and satisfies the conditions in
Definition 4.3.

Definition 4.6. A (x,r)-derivation § = {d,} is inner, where r = {rq}aenr if
there is a family of elements {d,}aer € A such that for all a € A,, 0,(a) =
oa(a)da — doa and A, g(dag) =da @ 1+ 14 @ dg.

Lemma 4.7. If ¢ is a (x, r)-deriation, then we have
E(dl) = 0,

and
Sa(da) = 7(7’0471)_1da71.

Proof. By Definition 4.6, Ay 1(d1) = d1 ®1+r;®dy, then we have d; = e(dy)1+
e(r1)di. Sobye(r) =1wegete(d;) =0. And A, -1(d1) = da @14+70@dg-1,
50 0 = e(d1)1g-1 = So(da) + Sa(ra)da-—1 = Sa(da) + (rq-1)"tdy-1, then we
get S (dy) = —(rg-1)"td,—1 for any a € 7. O

Using the above lemma, we prove the following consequence for an inner
(x, r)-derivation.

Proposition 4.8. Let R = {Ro = A0 (X, Ta,0a) tacr be a Hopf group coalgebra-
Ore extension of A. If § = {4} is an inner (x,r)-derivation, then R = {R, =
Aa(X,Tas0a) taen 18 isomorphism to the Hopf group coalgebra-Ore extension

R = {Ra = Aa(XaraaO)}QEW'

Proof. Denote the indeterminates of { A (X, 7o, da) tacr and {An (X, e, 0) tacn
by v = {Yataer and y' = {y) }aer. Firstly we uniquely extend the inclu-
sion morphism i = {ia} : A = {Aa(X,7a,0)}aer to the algebra morphism
{40 (X Tas0a) taer = {Aa(X,Tas0) tacr by extending iq : Aq = An(X, 7a,0)}
for any « € 7 which is denoted by 4 and i, such that the following diagram is
commutative:

Ao 4%) Aa(Xﬂ"av 0)

|~

Aa(X7Ta7 501)
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To see this, take {y!, — da} € {Aa(X;7as0)}acr and define iq(ya) = v, — da-
Because 6 = {0, } is inner, we have for all a € A,
i00a(a)ia(Ya) +iada(a) = gala)(y, — da) + dala)

7a (@) — 0a(a)da + 8a(a)
oa(a)y; - aa( Vdo + 00(a)de — doa
oa(a)ys

= (y; - doz)a
= (yla —da)ia(a).
Then by Lemma 4.2, we complete the extension.

Similarly, the inclusion morphism j : A— {A4(X; Tasda)}aer can be uniquely
extended to the algebra morphism j : {Aa(x,_ra, 0)}aer = {Aa(X;Ta, 6a)}a_e,r.
By the uniqueness of extension, we get that ¢ is an algebra morphism and j is
its inverse.

It is easy to verify that i (A (X, T, 0a)) € Aa(X, Ta,0), and so we have con-
structed an algebra isomorphism from {Aa (X, 7a,da)}aer 10 {Aa(X;7a,0)aenr
satisfying i(A4) = A.

By the definitions of an inner (x, r)-derivation and a Hopf group coalgebra-
Ore extension, we have the calculation

(ga ®{ﬂ)Aaﬁ(yaﬂ) = (ga ®{g)(ya ®@1+71q ®@Yp)
=i(Ya) @1 470 ®gﬂ(95)
= (y/a_doz)®1+7da®(ylﬁ_dﬂ)
=Y, @141, @y —da @1 —71q @dg
= y/a RILI+r,® y,;i’ — A gdas
= AL 5Wap) — A% 5(dap)
= Aa,B(ya,@’ - daﬁ)
= A;,Biaﬁ(yaﬁ)-

And

i0Sa(Ya) = ia(—(ra-1)""Ya-1)

=S, (ys) — Salda)
= S;(y; - da)
= S;Ea(yoz)

Thus we proves the proposition. (I
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Now we can introduce and prove the main result in this section.

Theorem 4.9. Let R = {Ao(X,"a,00) tacr and R = {AL(X,7r.,05) }aen
be two Hopf group coalgebra-Ore extensions. If there exists a isomorphism
of Hopf group coalgebra ¢ : R — R' such that X' = x¢~1, v = ¢(r) and

(bc‘)‘gb* +0", wherer = {ro}, v ={rl}, 6§ ={0a}, 0’ ={d.} and " is an
inner (x',r’)-derivation of A’, then R is isomorphism to R' as a Hopf group
coalgebra- 07“6 extension.

Proof. Denote the indeterminates of {4, (X, 7o 90 )} acx and {A), (X', 75,0 }aen
by ¥ = {Ya aer and ¥’ = {y., }acr. We will show that there exist extensions of
¢ and ¢!, which are denoted by ¢ and ¢—1, such that the following diagrams
are commutative:

Ap —2 > A, AL 7,30
|

A (Xaraaéa)
, et
Aa Aa Aa(XarOH(S )
|

AL, 30)

To prove this, we first have to show 0,0 = GPuCa, 0\ba = dada, Tad ! =
¢~ lo!, and 6a¢_1 = qﬁ_lé’ . In fact, by the assumption, for all a € A, we have

o ¢oz ZX ¢a (1,1) ¢a ZX ¢a Qqi, 1)))¢a(a(2 a))
(@)

= ZX 65 bala)))ala@a)) = ZX(G(1,1))¢a(a(2,a))
(a)
= Z¢a a(l 1) ¢o¢( ) = ¢a0a(a)-

Similarly for 6a¢a = ¢aldo. We can prove the other two equations directly by
= Padady -
Then we have
y;‘ba (a) = U;(Qba(a))y; + 5;(¢a(a)) = ¢a0a (a)y(/l + ¢ada(a)
for all a € A, and
Yoty (') = 0a (5 (a')ya + 0a(da'(a") = (65 00 (a")ya + 6550 (a")
for all a’ € A!,. So ¢ and $—! are extensions of ¢ and ¢!, respectively, such

that ¢o(ya) =y, and gbila(y;) = Yo- And by the uniqueness of the extensions,
we obtain that ¢—1 o ¢ = id and ¢ o ¢p—! = id.
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Using the assumption ' = ¢(r), we have
(60 @ $8)Aa,5(Yap) = ($a @ d5)(Ya ® 1 + 70 @ y5)
= Yo ® 1+ ¢a(ra) ® yj
=y, @147, ®yj
= A/a,ﬁ(y/aﬂ)
= A/a,ﬁ‘l_sﬁ(yaﬂ)-
Similarly for Aa”gqﬁié (Yop) = (qﬁél ® (b;l)A’aﬁ(y;ﬁ). And
Sada(ya) = So(a) = —(ri-1) "' Yo
(= (ra=1)"Nyn-1
(—(ra=1)""Ya1)
Sa(Ya)-
o)-

Pa
ba
Pa
"y

Similarly for ¢3S’ () = Sada
Finally, it is easily see that

g’a(Aa(XvTav(Sa)) c A/a(X/vT/aa(S/a)
and -
(b;é(A/a(X/a T;, 5;)) C da(Aa(X;Tas 0a))-

So we conclude that R is isomorphism to R’ as a Hopf group coalgebra-Ore
extension. O
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