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Abstract

In this paper, we derive the estimators of the location parameter and the scale
parameter in a logistic distribution based on multiply type-II censored samples by the
approximate maximum likelihood estimation method. We use four modified empirical
distribution function (EDF) types test for the logistic distribution based on multiply
type-II censored samples using proposed approximate maximum likelihood estimators.
We also propose the modified normalized sample Lorenz curve plot for the logistic
distribution based on multiply type-II censored samples. For each test, Monte Carlo
techniques are used to generate the critical values. The powers of these tests are also
investigated under several alternative distributions.

Keywords: Approximate maximum likelihood estimator, goodness-of-fit test, logistic
distribution, modified normalized sample Lorenz curve, multiply type-II censored sam-
ple.

1. Introduction

The probability density function (pdf) and the cumulative distribution function (cdf) of
the logistic distribution are given by

f (x;σ, θ) =
π

σ
√

3

exp
(
−π(x−θ)

σ
√

3

)
[
1 + exp

(
−π(x−θ)

σ
√

3

)]2 , −∞ < x <∞, σ > 0, (1.1)

and

F (x;σ, θ) =
1

1 + exp
(
−π(x−θ)

σ
√

3

) , −∞ < x <∞, (1.2)

where σ and θ are scale and location parameters respectively.
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The logistic distribution has been one of the most important statistical distributions be-
cause of its simplicity. It has been used for growth models and as a substitute for the normal
distribution.

Order statistics from the logistic distribution and their moments were first examined
by Birnbaum and Dudman (1963). Mathai (2003) studied some general moments of order
statistic in the logistic distribution. Mathai (2003) also evaluated survival function and
reliability in the logistic distribution.

The most common censoring schemes are type-I and type-II censoring, but the conven-
tional type-I and type-II censoring schemes do not have flexibility. Multiply type-II censoring
is a generalization of type-II censoring. Multiply type-II censored sampling arises in a life-
testing experiment whenever the experimenter does not observe the failure times of some
units placed on a like-test. Another situation where multiply censored samples arise natu-
rally is when some units failed between two points of observation with the exact times of
failure of these units unobserved.

The approximate maximum likelihood estimating method was first developed by Balakr-
ishnan (1989) for the purpose of providing explicit estimators of the scale parameter in the
Rayleigh distribution. It has been noted that in most cases, the maximum likelihood method
does not provide explicit estimators based on censored samples. When the sample is multi-
ply censored, the maximum likelihood method does not admit explicit solutions. Therefore,
it is desirable to develop which approximations to this maximum likelihood method would
provide us with estimators that are explicit functions of order statistics. Balakrishnan et
al. (1995) obtained the best linear unbiased estimators (BLUEs), the maximum likelihood
estimators and the approximate maximum likelihood estimators (AMLEs) in a logistic dis-
tribution based on multiply type-II censored samples. Fei et al. (1995) studied the estimation
for the two-parameter Weibull distribution and extreme-value distribution under multiply
type-II censoring. They compared the mean squared errors of the maximum likelihood esti-
mators, AMLEs, and BLUEs of the parameters in the extreme value distribution. Maswadah
(2003) derived the conditional confidence intervals for the parameters based on the gener-
alized order statistics. Balakrishnan et al. (2004) discussed point and interval estimation
for the extreme value distribution under progressively type-II censoring. Balakrishnan and
Kateri (2008) proposed a simple graphical solution for the determination of the maximum
likelihood estimator of the shape parameter in the Weibull distribution. Kang et al. (2008)
derived the AMLEs of the scale parameter in the half-logistic distribution under progressive
type-II censoring. They also proposed the estimators of the reliability function by using
the proposed estimators of the parameters. Han and Kang (2008) derived the AMLEs of
the scale parameter and the location parameter in a double Rayleigh distribution based on
multiply type-II censored samples. Recently, Shin and Lee (2012) suggested an estimation
method of the parameter in an exponential distribution based on a progressive type-I in-
terval censored sample with semi-missing observation. Kim et al. (2011a, 2011b) suggested
Bayesian estimations under type-I hybrid and progressively type-II censoring.

Porter III et al. (1992) developed three modified Kolmogorov-Smirnov, Anderson-Darling,
and Cramer-von Mises tests for the Pareto distribution with unknown parameters of the
location and scale and known shape parameter based on the complete samples. Puig and
Stephens (2000) studied some tests of fit for the Laplace distribution based on the empirical
distribution function (EDF) statistics and the application of the Laplace distribution in the
least absolute deviations regression. Choulakian and Stephens (2001) studied the estimation
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of parameters and goodness-of-fit tests for the generalized Pareto distribution.
In this paper, we derive the AMLEs of the location parameter θ and the scale parameter

σ in a logistic distribution under multiply type-II censored sample. We use four modified
EDF type tests, including the modified Kolmogorov-Smirnov test, the modified Anderson-
Darling test, the modified Cramer-von Mises test, and the modified Watson test for the
logistic distribution with unknown parameters based on multiply type-II censored samples
using the proposed estimators and EDF. We propose the modified normalized sample Lorenz
curve (NSLC) plot to test for the logistic distribution based on multiply type-II censored
samples.

For each test, Monte Carlo techniques are used to generate the critical values. The powers
of these tests are also investigated under lognormal, exponential, Rayleigh, double Rayleigh
alternative distributions.

2. Approximate maximum likelihood estimators

We assume that n items are put on a life test, but only a1th, a2th, ..., asth failures are
observed, the rest are unobserved or missing, where a1, a2, ..., as are considered to be fixed.

Let us assume that the multiply type-II censored sample from a sample of size n is

Xa1:n ≤ Xa2:n ≤ · · · ≤ Xas:n, (2.1)

where 1 ≤ a1 < a2 < · · · < as ≤ n, a0 = 0, as+1 = n + 1, F (xa0:n) = 0, and
F (xas+1:n) = 1.

The likelihood function for the logistic distribution based on the multiply type-II censored
sample (2.1) is given by

L =
n!∏s+1
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where Zi:n = π(Xi:n − θ)/(σ
√

3), and f(z) and F (z) are the pdf and the cdf of the standard
logistic distribution, respectively.

Since f(z) = F (z){1− F (z)}, we can obtain the likelihood equations as follows;
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− (n− as)F (zas:n)zas:n +
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Since the likelihood equations are very complicated, the equations (2.4) and (2.5) do not
admit explicit solutions for µ and θ, respectively.

Let ξi = F−1(pi) = ln [pi/(1− pi)], where pi = i/(n+ 1), qi = 1− pi.
First, the equation (2.4) does not admit an explicit solution for θ. But we can expand the

following function by Taylor series expansion as follows;
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and
f(zaj :n)− f(zaj−1:n)

F (zaj :n)− F (zaj−1:n)
' α1j + β1jzaj :n + γ1jzaj−1:n, (2.6)
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Next, we can approximate the following function by
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By substituting the equations (2.5) and (2.6) into the equation (2.4), and the equations
(2.7) and (2.8) into the equation (2.5), we can derive an estimator of θ as follows;

θ̂1 =
B0A1 −A0C1

C0A1 −A0B1
, (2.9)

where
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By substituting the equations (2.5) and (2.8) into the equation (2.5), we can derive an
estimator of σ as follows;
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It should be mentioned that upon solving equation (2.5) for σ, we obtain a quadratic
equation in σ that has two roots. However, one of them drops out, since δ1j > 0.

Balakrishnan et al. (1995) derived an AMLE of the location parameter θ and the scale
parameter σ as follows;

θ̂2 = B3 −
π√
3
σ̂2C3 (2.11)

and
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π√
3

(
−D +

√
D2 + 4sE

2s

)
, (2.12)
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]
− δ1j−1

[
(paj − paj−1
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,
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]
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[
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]
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3. Goodness of fit tests

In this section, we consider some goodness-of-fit tests of the logistic distribution based on
multiply type-II censored samples.
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3.1. Modified empirical distribution function type tests

A well known EDF Fn(x) is

Fn(x) =
the number of X ′s ≤ x

n
. (3.1)

For complete samples under a simple hypothesis, the Kolmogorov-Smirnov (D), the Cramer-
von Mises (W 2), the Anderson-Darling (A2), and the Watson statistics (U2) are defined as

D+ = supx [Fn(x)− F0(x)] ,

D− = supx [F0(x)− Fn(x)] ,

D = max
[
D+, D−

]
, (3.2)

W 2 = n

∫ ∞
−∞

[Fn(x)− F0(x)]
2
dF0(x), (3.3)

A2 = n

∫ ∞
−∞

[Fn(x)− F0(x)]
2

F0(x){1− F0(x)}
dF0(x), (3.4)

and

U2 = W 2 − n
(
Fn(x)− 1

2

)2

, (3.5)

where F0(x) is the cdf assumed under H0 and Fn(x) is the mean of the Fn(x).
In the form given above, test statistics can only be used with complete samples, i.e. no

censoring. Modification of the test statistics for censored samples and for composite hy-
pothesis H0 with unspecified parameters has been studied by Pettitt and Stephens (1976).
Kang and Lee (2006) developed three EDF type modified Kolmogorov-Smirnov test, mod-
ified Anderson-Darling test, and modified Cramer-von Mises test for the two-parameter
exponential distribution based on multiply type-II censored samples.

Now, we use three EDF type modified Kolmogorov-Smirnov test, modified Anderson-
Darling test, and modified Cramer-von Mises test for multiply type-II censored samples
from the logistic distribution using the proposed estimators σ̂k and θ̂k, k = 1, 2 as follows;

D+
k = max1≤aj≤s

[aj
s
− F (xaj :n; σ̂k, θ̂k)

]
,

D−k = max1≤aj≤s

[
F (xaj :n; σ̂k, θ̂k)− aj

s

]
,

Dk = max1≤aj≤s
[
D+
k , D

−
k

]
, (3.6)

W 2
k =

1

12s
+

s∑
j=1

[
F (xaj :n; σ̂k, θ̂k)− 2aj − 1

2s

]2

, (3.7)
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and

A2
k = −s− 1

s
+

s∑
j=1

(2aj − 1)
[
lnF (xaj :n; σ̂k, θ̂k) + ln{1− F (xas+1−j :n; σ̂k, θ̂k)}

]
. (3.8)

We also obtained the modified Watson test for multiply type-II censored samples from the
logistic distribution using the proposed estimators σ̂k and θ̂k as follows;

U2
k = W 2

k − s

1

s

s∑
j=1

F (xaj :n; σ̂k, θ̂k)− 1

2

2

. (3.9)

3.2. Modified normalized sample Lorenz curve

The Lorenz curve is extensively used in the study of income distribution and used to be
a powerful tool for the analysis of a variety of scientific problems.

Cho et al. (1999) proposed the transformed Lorenz curve that can be used in the study of
symmetric distribution. The transformed Lorenz curve is defined by

TL(ri) =

∑i
j=1Xj:n∑n
j=1Xj:n

, ri =
i

n
, i = 1, 2, . . . , n. (3.10)

Kang and Cho (2001) proposed the NSLC for the complete sample as follows;

NSLC(ri) =
TSL(ri)

TSLF (ri)
, ri =

i

n
, i = 1, 2, . . . , n, (3.11)

where

TSL(ri) =

∑i
j=1(Xj:n −X1:n)∑n
j=1(Xj:n −X1:n)

− ri + 1,

TSLF (ri) =

∑i
j=1

[
F−1(pj)− F−1(p1)

]∑n
j=1 [F−1(pj)− F−1(p1)]

− ri + 1.

Now, we propose modified NSLC based on multiply type-II censored samples.
The modified NSLC based on multiply type-II censored samples is given by

MNSLC(ri) =
MTSL(ri)

TSLF (ri)
, ri =

ai
n
, i = 1, 2, . . . , s, (3.12)

where

MTSL(ri) =

∑i
j=1(Xaj :n −Xa1:n)∑s
j=1(Xaj :n −Xa1:n)

− ri + 1.

We also propose the modified NSLC plot for multiply type-II censored samples using
(X,Y)=(1− ri, 1−MNSLC(ri)). If data come from the logistic distribution, the modified
NSLC plot is y = 0 (see, Figure 3.1 and Figure 3.2). The value of 1−MNSLC(ri) increases
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and then decreases as 1− ri increases for all alternative distributions. The modified NSLC
plot is a left skewed form when the alternative distributions are the lognormal (LN), expo-
nential (Exp), and Rayleigh distributions (Rayleigh). However, the modified NSLC plot is a
symmetrical form when the alternative distribution is the double Rayleigh (DR) distribution.

Figure 3.1 Modified NSLC plot : Complete data (n=30, m=0)

Figure 3.2 Modified NSLC plot : Multiply type-II censored data (n=30, aj=1, 5∼13, 17∼25, 28∼30)

4. Simulation study and illustrative example

In order to evaluate the performance of the proposed estimators, the mean squared errors
of all proposed estimators were simulated by a Monte Carlo method for sample size n = 20, 40
and various choices of censoring (m = n− s is the number of unobserved or missing data).
The simulation procedure was repeated 10,000 times.

From Table 4.2, θ̂1 and σ̂1 are more efficient than θ̂2 and σ̂2 in the sense of the MSE. As
expected, the MSEs of all estimators decreases as sample size n increases. For fixed sample
size, the mean squared errors increases generally as m increases.
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Figure 4.1 Modified NSLC plot : Complete data (n=19, m=0)

Figure 4.2 Modified NSLC plot : Multiply type-II censored data (n=19, aj=1, 2, 6∼9, 12∼15, 18, 19)

In order to evaluate the performance of the proposed goodness-of-fit tests, the powers
were simulated by a Monte Carlo method for sample size n = 20, 40 and various choices of
censoring. This simulation procedure was repeated 10,000 times. We compute critical value
(α = 0.05) and type I error for four tests under the logistic distribution (see Table 4.3 ∼
4.4).

The powers of five tests with significance level 0.05 for the logistic distribution based on
multiply type-II censored samples are investigated under 4 alternative distributions. These
values are presented in Table 4.5 ∼ 4.8.

The modified EDF type tests that use the estimators θ̂1 and σ̂1 are generally more powerful
than the tests that use the estimators θ̂2 and σ̂2 when multiply type-II censored data.

For the exponential, lognormal, double Rayleigh alternative distribution, the modified
Anderson-Darling test is more powerful than other tests. Especially, for the double Rayleigh
alternative distribution, the modified Watson test showed good performance when complete
data.

All computation were programmed in Microsoft Visual C++ 6.0 and random numbers for
simulations were generated by IMSL subroutines.

We present an example to illustrate the inference procedures discussed in this paper.
We apply the proposed graphical methods to a real data set. Let us consider the following

data, which represent failure times to breakdown of an insulating fluid tested at 34 kilovolts.
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This data, taken from Table 6.1 in Nelson (1982);
0.19, 0.78, 0.96, 1.31, 2.78, 3.16, 4.15, 4.67, 4.85, 6.50, 7.35, 8.01, 8.27, 12.06, 31.75, 32.52,

33.91, 36.71, 72.89
This data had been utilized earlier by Kuş and Kaya (2006). They showed that the log-

logistic distribution provides better fits to Nelson’s data than the Weibull distribution.
We apply those data, which represent failure log-lifetimes to breakdown of an insulating

fluid tested at 34 kilovolts.
-1.66, -0.25, -0.04, 0.27, 1.02, 1.15, 1.42, 1.54, 1.58, 1.87, 1.99, 2.08, 2.11, 2.49, 3.46, 3.48,

3.52, 3.60, 4.29
For complete data, we can obtain the AMLEs σ̂1 = 0.865, θ̂1 = 1.834 and σ̂2 = 0.865,

θ̂2 = 1.834. For this example of n = 19, s = 12(aj=1, 2, 6∼9, 12∼15, 18, 19), and the
multiply type-II censored samples are -1.66, -0.25, -, -, -, 1.15, 1.42, 1.54, 1.58, -, -, 2.08,
2.11, 2.49, 3.46, -, -, 3.60, 4.29, we can obtain the AMLEs σ̂1 = 0.846, θ̂1 = 1.847, and
σ̂2 = 1.276, θ̂2 = 1.714.

We can picture the proposed plots for multiply type-II censored samples. It is easy to
see that the modified NSLC plot is good performance when cdf of TSLF (ri) is the Logistic
distribution (see, Figure 4.1 and Figure 4.2).

We also compute critical value (α = 0.05) for compete data and the multiply type-II
censored sample (see Table 4.1).

So, test statistics can be computed by (3.6), (3.7), (3.8), and (3.9) which provides strong
evidence that the real data set is from a logistic distribution (Accept H0).

Table 4.1 Critical value and proposed test statistics

D1 D2 A2
1 A2

2 W 2
1 W 2

2 U2
1 U2

2
Critical Value
Compete data : 0.167 0.167 0.658 0.658 0.103 0.103 0.103 0.103
Censored sample : 0.687 0.782 8.348 8.829 1.639 1.988 1.637 1.987

Test Statistics
Compete data : 0.105 0.105 0.269 0.269 0.037 0.037 0.037 0.037
Censored sample : 0.636 0.701 7.958 8.441 1.546 1.716 1.544 1.708

Table 4.2 The relative mean squared errors (biases) for the estimators of the location
parameter θ and the scale parameter σ

θ̂1 σ̂1 θ̂2 σ̂2
n m aj MSE (bias) MSE (bias) MSE (bias) MSE (bias)

20

0 1∼20 0.150 (0.005) 0.036 (-0.006) 0.150 (0.005) 0.036 (-0.006)

4

2∼17 0.150 (-0.005) 0.044 (-0.030) 0.150 (-0.004) 0.044 (-0.030)

4∼20 0.151 (0.016) 0.044 (-0.031) 0.151 (0.015) 0.044 (-0.031)

3∼18 0.150 (0.006) 0.044 (-0.031) 0.150 (0.006) 0.044 (-0.031)

1∼14 17 18 0.150 (-0.004) 0.040 (-0.018) 0.152 (0.005) 0.062 (0.101)

5

3∼17 0.151 (0.000) 0.047 (-0.037) 0.151 (0.001) 0.047 (-0.037)

4∼18 0.151 (0.011) 0.047 (-0.038) 0.151 (0.011) 0.047 (-0.038)

1∼13 16 17 0.151 (-0.010) 0.042 (-0.022) 0.153 (0.002) 0.063 (0.094)

10
1 2 6∼10 13∼15 0.155 (-0.021) 0.050 (-0.030) 0.157 (-0.027) 0.308 (0.435)

1∼5 11∼15 0.158 (-0.021) 0.048 (-0.031) 0.174 (-0.103) 0.278 (0.412)

40

0 1∼40 0.075 (0.001) 0.018 (-0.003) 0.075 (0.001) 0.018 (-0.003)

4

2∼37 0.075 (-0.002) 0.020 (-0.009) 0.075 (-0.001) 0.020 (-0.009)

4∼39 0.075 (0.003) 0.020 (-0.009) 0.075 (0.003) 0.020 (-0.009)

3∼38 0.075 (0.001) 0.020 (-0.010) 0.075 (0.001) 0.020 (-0.010)

1∼20 23∼30 33∼40 0.075 (0.001) 0.018 (-0.003) 0.075 (0.005) 0.034 (0.101)

5

3∼37 0.075 (-0.000) 0.020 (-0.011) 0.075 (-0.000) 0.020 (-0.011)

4∼38 0.075 (0.002) 0.020 (-0.011) 0.075 (0.002) 0.020 (-0.011)

1∼24 27∼37 0.075 (-0.003) 0.019 (-0.008) 0.075 (-0.002) 0.024 (0.041)

15 1∼10 16∼20 26∼35 0.075 (-0.005) 0.020 (-0.011) 0.081 (-0.056) 0.123 (0.294)
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Table 4.3 Critical values (α = 0.05)

n m aj D1 D2 A2
1 A2

2 W2
1 W2

2 U2
1 U2

2

20

0 1∼20 0.163 0.163 0.660 0.660 0.102 0.102 0.102 0.102

4

2∼17 0.321 0.321 4.506 4.511 0.371 0.373 0.323 0.324

4∼20 0.348 0.348 11.378 11.382 0.497 0.495 0.473 0.470

3∼18 0.334 0.334 7.643 7.643 0.427 0.427 0.425 0.425

1∼14 17 18 0.332 0.352 1.492 1.727 0.345 0.398 0.222 0.279

5

3∼17 0.382 0.383 7.644 7.645 0.586 0.587 0.568 0.569

4∼18 0.401 0.401 10.935 10.936 0.682 0.681 0.680 0.678

1∼13 16 17 0.383 0.399 1.908 2.112 0.455 0.508 0.267 0.327

10
1 2 6∼10 13∼15 0.827 0.888 7.789 8.217 2.222 2.306 2.111 2.235

1∼5 11∼15 0.824 0.865 4.904 5.254 2.234 2.293 2.075 2.202

40

0 1∼40 0.116 0.116 0.660 0.660 0.099 0.099 0.099 0.099

4

2∼37 0.190 0.191 4.628 4.629 0.239 0.240 0.216 0.216

4∼39 0.194 0.194 11.838 11.838 0.268 0.268 0.249 0.249

3∼38 0.192 0.192 8.037 8.037 0.255 0.255 0.254 0.254

1∼20 23∼30 33∼40 0.197 0.216 1.898 2.054 0.253 0.321 0.244 0.311

5

3∼37 0.215 0.215 8.062 8.062 0.331 0.331 0.324 0.324

4∼38 0.217 0.217 11.561 11.562 0.353 0.353 0.348 0.348

1∼24 27∼37 0.216 0.224 1.688 1.810 0.305 0.338 0.235 0.267

15 1∼10 16∼20 26∼35 0.591 0.640 8.012 8.901 2.675 2.937 2.567 2.868

Table 4.4 The probabilities of type I error for four tests under the logistic distribution

n m aj D1 D2 A2
1 A2

2 W2
1 W2

2 U2
1 U2

2

20

0 1∼20 0.047 0.047 0.051 0.051 0.050 0.050 0.050 0.050

4

2∼17 0.048 0.048 0.048 0.048 0.046 0.046 0.047 0.046

4∼20 0.050 0.050 0.046 0.046 0.043 0.043 0.043 0.043

3∼18 0.052 0.052 0.047 0.047 0.049 0.049 0.049 0.049

1∼14 17 18 0.054 0.053 0.049 0.047 0.048 0.050 0.046 0.047

5

3∼17 0.048 0.049 0.043 0.043 0.045 0.045 0.045 0.045

4∼18 0.050 0.051 0.050 0.049 0.050 0.051 0.050 0.051

1∼13 16 17 0.047 0.048 0.048 0.047 0.045 0.046 0.043 0.047

10
1 2 6∼10 13∼15 0.053 0.048 0.051 0.047 0.045 0.047 0.046 0.049

1∼5 11∼15 0.051 0.051 0.047 0.051 0.049 0.048 0.049 0.049

40

0 1∼40 0.054 0.054 0.054 0.054 0.055 0.055 0.056 0.056

4

2∼37 0.050 0.050 0.054 0.054 0.060 0.060 0.058 0.058

4∼39 0.054 0.054 0.058 0.059 0.054 0.054 0.054 0.054

3∼38 0.054 0.054 0.055 0.055 0.054 0.054 0.055 0.055

1∼20 23∼30 33∼40 0.051 0.051 0.055 0.053 0.051 0.051 0.052 0.051

5

3∼37 0.053 0.052 0.052 0.052 0.058 0.058 0.057 0.058

4∼38 0.056 0.056 0.056 0.056 0.055 0.055 0.057 0.057

1∼24 27∼37 0.051 0.052 0.052 0.055 0.060 0.058 0.058 0.056

15 1∼10 16∼20 26∼35 0.049 0.049 0.049 0.051 0.052 0.050 0.052 0.052

Table 4.5 The powers of the tests for the exponential alternative distribution Exp(1)

n m aj D1 D2 A2
1 A2

2 W2
1 W2

2 U2
1 U2

2

20

0 1∼20 0.449 0.449 0.694 0.694 0.588 0.588 0.590 0.590

4

2∼17 0.225 0.228 0.398 0.399 0.458 0.459 0.426 0.427

4∼20 0.176 0.174 0.395 0.394 0.393 0.391 0.407 0.407

3∼18 0.197 0.197 0.354 0.354 0.414 0.414 0.411 0.411

1∼14 17 18 0.190 0.160 0.734 0.643 0.646 0.538 0.579 0.551

5

3∼17 0.172 0.172 0.326 0.327 0.394 0.395 0.381 0.381

4∼18 0.145 0.144 0.285 0.284 0.363 0.363 0.367 0.366

1∼13 16 17 0.146 0.127 0.735 0.624 0.624 0.516 0.542 0.521

10
1 2 6∼10 13∼15 0.040 0.006 0.495 0.388 0.454 0.304 0.466 0.342

1∼5 11∼15 0.050 0.033 0.167 0.561 0.162 0.363 0.185 0.424

40

0 1∼40 0.855 0.855 0.970 0.970 0.899 0.899 0.899 0.899

4

2∼37 0.426 0.427 0.799 0.800 0.813 0.813 0.801 0.801

4∼39 0.391 0.390 0.884 0.884 0.761 0.761 0.781 0.781

3∼38 0.413 0.413 0.842 0.842 0.782 0.782 0.780 0.780

1∼20 23∼30 33∼40 0.385 0.314 0.985 0.974 0.884 0.831 0.889 0.843

5

3∼37 0.348 0.349 0.776 0.776 0.765 0.765 0.755 0.755

4∼38 0.335 0.334 0.818 0.818 0.739 0.738 0.750 0.750

1∼24 27∼37 0.331 0.281 0.921 0.905 0.848 0.808 0.838 0.813

15 1∼10 16∼20 26∼35 0.020 0.007 0.428 0.846 0.191 0.571 0.253 0.631
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Table 4.6 The powers of the tests for the lognormal alternative distribution LN(0,1)

n m aj D1 D2 A2
1 A2

2 W2
1 W2

2 U2
1 U2

2

20

0 1∼20 0.667 0.667 0.853 0.853 0.776 0.776 0.777 0.777

4

2∼17 0.308 0.309 0.517 0.518 0.573 0.575 0.546 0.547

4∼20 0.338 0.336 0.586 0.586 0.609 0.608 0.621 0.620

3∼18 0.314 0.314 0.492 0.492 0.582 0.582 0.581 0.581

1∼14 17 18 0.317 0.279 0.830 0.744 0.760 0.670 0.706 0.682

5

3∼17 0.253 0.255 0.440 0.441 0.516 0.517 0.506 0.506

4∼18 0.254 0.253 0.403 0.401 0.535 0.535 0.541 0.540

1∼13 16 17 0.220 0.200 0.794 0.710 0.728 0.621 0.645 0.616

10
1 2 6∼10 13∼15 0.056 0.008 0.530 0.416 0.507 0.346 0.517 0.378

1∼5 11∼15 0.073 0.030 0.211 0.572 0.203 0.383 0.232 0.449

40

0 1∼40 0.957 0.957 0.994 0.994 0.976 0.976 0.976 0.976

4

2∼37 0.638 0.640 0.918 0.918 0.923 0.924 0.918 0.919

4∼39 0.687 0.686 0.970 0.970 0.926 0.926 0.936 0.936

3∼38 0.663 0.663 0.943 0.943 0.921 0.921 0.921 0.921

1∼20 23∼30 33∼40 0.724 0.677 0.997 0.995 0.977 0.965 0.977 0.967

5

3∼37 0.579 0.579 0.907 0.907 0.903 0.903 0.897 0.897

4∼38 0.605 0.605 0.936 0.936 0.904 0.904 0.911 0.911

1∼24 27∼37 0.553 0.513 0.968 0.962 0.941 0.920 0.933 0.921

15 1∼10 16∼20 26∼35 0.070 0.027 0.630 0.914 0.379 0.717 0.462 0.768

Table 4.7 The powers of the tests for the double Rayleigh alternative distribution DR(0,1)

n m aj D1 D2 A2
1 A2

2 W2
1 W2

2 U2
1 U2

2

20

0 1∼20 0.297 0.297 0.372 0.372 0.445 0.445 0.448 0.448

4

2∼17 0.106 0.106 0.197 0.197 0.112 0.112 0.118 0.118

4∼20 0.114 0.114 0.271 0.271 0.056 0.055 0.046 0.045

3∼18 0.099 0.099 0.310 0.310 0.076 0.076 0.076 0.076

1∼14 17 18 0.096 0.051 0.261 0.080 0.215 0.065 0.167 0.078

5

3∼17 0.088 0.089 0.246 0.246 0.083 0.084 0.084 0.084

4∼18 0.102 0.101 0.349 0.348 0.050 0.050 0.049 0.048

1∼13 16 17 0.070 0.047 0.305 0.139 0.252 0.114 0.171 0.122

10
1 2 6∼10 13∼15 0.031 0.011 0.279 0.189 0.159 0.126 0.157 0.149

1∼5 11∼15 0.031 0.170 0.058 0.216 0.066 0.165 0.074 0.173

40

0 1∼40 0.691 0.691 0.800 0.800 0.858 0.858 0.859 0.859

4

2∼37 0.250 0.251 0.570 0.570 0.413 0.413 0.436 0.437

4∼39 0.263 0.263 0.634 0.634 0.446 0.445 0.436 0.436

3∼38 0.256 0.256 0.710 0.710 0.411 0.411 0.415 0.415

1∼20 23∼30 33∼40 0.250 0.233 0.679 0.460 0.614 0.300 0.573 0.299

5

3∼37 0.192 0.192 0.628 0.628 0.279 0.280 0.293 0.293

4∼38 0.215 0.215 0.714 0.714 0.295 0.294 0.295 0.295

1∼24 27∼37 0.178 0.091 0.643 0.408 0.480 0.203 0.387 0.228

15 1∼10 16∼20 26∼35 0.047 0.178 0.048 0.418 0.003 0.272 0.003 0.297

Table 4.8 The powers of the tests for the Rayleigh alternative distribution Rayleigh(0,1)

n m aj D1 D2 A2
1 A2

2 W2
1 W2

2 U2
1 U2

2

20

0 1∼20 0.102 0.102 0.099 0.099 0.088 0.088 0.088 0.088

4

2∼17 0.058 0.058 0.070 0.070 0.103 0.103 0.090 0.090

4∼20 0.045 0.044 0.085 0.085 0.069 0.069 0.072 0.072

3∼18 0.051 0.051 0.069 0.069 0.090 0.090 0.089 0.089

1∼14 17 18 0.037 0.034 0.172 0.135 0.151 0.116 0.098 0.104

5

3∼17 0.051 0.051 0.068 0.069 0.097 0.097 0.092 0.092

4∼18 0.043 0.044 0.072 0.072 0.083 0.083 0.083 0.083

1∼13 16 17 0.029 0.027 0.194 0.156 0.163 0.129 0.098 0.115

10
1 2 6∼10 13∼15 0.014 0.004 0.103 0.071 0.134 0.091 0.131 0.091

1∼5 11∼15 0.016 0.045 0.037 0.168 0.059 0.135 0.060 0.146

40

0 1∼40 0.148 0.148 0.202 0.202 0.152 0.152 0.153 0.153

4

2∼37 0.060 0.060 0.075 0.075 0.114 0.115 0.102 0.102

4∼39 0.048 0.048 0.175 0.175 0.080 0.080 0.089 0.088

3∼38 0.053 0.053 0.121 0.121 0.091 0.091 0.091 0.091

1∼20 23∼30 33∼40 0.037 0.025 0.275 0.209 0.081 0.073 0.078 0.075

5

3∼37 0.047 0.047 0.091 0.091 0.105 0.105 0.098 0.098

4∼38 0.042 0.042 0.144 0.144 0.087 0.087 0.094 0.094

1∼24 27∼37 0.037 0.029 0.133 0.137 0.108 0.097 0.084 0.082

15 1∼10 16∼20 26∼35 0.003 0.012 0.009 0.168 0.019 0.106 0.023 0.114
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5. Conclusions

In most cases of censored and truncated samples, the maximum likelihood method does
not provide explicit estimators. So we discuss another method for the purpose of providing
the explicit estimators. We use four modified EDF types test for the logistic distribution
based on multiply type-II censored samples using AMLEs. We propose the modified NSLC
plot to test for the logistic distribution based on multiply type-II censored samples

Based on the simulation study and illustrative example, the modified EDF type tests
that use the estimators θ̂1 and σ̂1 are generally more powerful than the tests that use the
estimators θ̂2 and σ̂2 when multiply type-II censored data. In addition we believe that the
modified NSLC plot can be extended to cases with various censoring.

We will need further study on the various graphical methods or test statistics for testing
the distributions based on multiply type-II censored samples.
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