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RANKING EXPONENTIAL TRAPEZOIDAL FUZZY

NUMBERS WITH CARDINALITY

Salim Rezvani

Abstract. In this paper, we want to represent a method for ranking of
two exponential trapezoidal fuzzy numbers. In this study a new Cardi-
nality between exponential trapezoidal fuzzy numbers is proposed. Car-
dinality in this method is relatively simple and easier in computation
and ranks various types of exponential fuzzy numbers. For the validation
the results of the proposed approach are compared with different existing
approaches.

1. Introduction

In most of cases in our life, the data obtained for decision making are only
approximately known. In 1965, Zadeh [26] introduced the concept of fuzzy set
theory to meet those problems. In 1978, Dubois and Prade defined any of the
fuzzy numbers as a fuzzy subset of the real line [9]. Fuzzy numbers allow us
to make the mathematical model of linguistic variable or fuzzy environment.
Ranking fuzzy numbers were first proposed by Jain [10] for decision making in
fuzzy situations by representing the ill-defined quantity as a fuzzy set. Bortolan
and Degani [3] reviewed some of these ranking methods [11-15] for ranking fuzzy
subsets. Chen [4] presented ranking fuzzy numbers with maximizing set and
minimizing set. Wang and Lee [25] also used the centroid concept in developing
their ranking index. Chen and Chen [5] presented a method for ranking gen-
eralized trapezoidal fuzzy numbers. Abbasbandy and Hajjari [1] introduced
a new approach for ranking of trapezoidal fuzzy numbers based on the left
and right spreads at some -levels of trapezoidal fuzzy numbers. Bodjanova [2]
proposed median value and median interval of a fuzzy number and Rezvani
([13]-[22]) evaluated the system of ranking fuzzy numbers. Moreover, Rezvani
[19] proposed a new method for ranking in areas of two generalized trapezoidal
fuzzy numbers.
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In this paper, we want to represent a method for ranking of two exponential
trapezoidal fuzzy numbers. In this study a new Cardinality between expo-
nential trapezoidal fuzzy numbers is proposed. Cardinality in this method is
relatively simple and easier in computation and ranks various types of expo-
nential fuzzy numbers. For the validation the results of the proposed approach
are compared with different existing approaches.

2. Preliminaries

Generally, a generalized fuzzy number A is described as any fuzzy subset of
the real line R, whose membership function µA satisfies the following condi-
tions,

(i) µA is a continuous mapping from R to the closed interval [0,1],
(ii) µA(x) = 0,−∞ < u ≤ a,
(iii) µA(x) = L(x) is strictly increasing on [a, b],
(iv) µA(x) = w, b ≤ x ≤ c,
(v) µA(x) = R(x) is strictly decreasing on [c, d],
(vi) µA(x) = 0, d ≤ x < ∞.

Where 0 < w ≤ 1 and a, b, c, and d are real numbers. We call this type of
generalized fuzzy number a trapezoidal fuzzy number, and it is denoted by
A = (a, b, c, d;w)LR.

When w = 1, this type of generalized fuzzy number is called normal fuzzy
number and is represented by A = (a, b, c, d)LR.

However, these fuzzy numbers always have a fix range as [c, d]. Here, we
define theirs general forms as follows:

(1) fA(x) =







we−[(b−x)/(b−a)] a ≤ x ≤ b,

w b ≤ x ≤ c,

we−[(x−c)/(d−c)] c ≤ x ≤ d,

where 0 < w ≤ 1, a, b are real numbers, and c, d are positive real numbers. We
denote this type of generalized exponential fuzzy number as A = (a, b, c, d; w)E .
Especially, when w = 1, we denote it as A = (a, b, c, d)E .

We define the representation of generalized exponential fuzzy number based
on the integral value of graded mean h-level as follow. Let the generalized
exponential fuzzy number A = (a, b, c, d)E , where 0 < w ≤ 1, and c, d are
positive real numbers, a, b are real numbers as in formula (1). Now, let two
monotonic functions be

(2) L(x) = we−[(b−x)/(b−a)], R(x) = we−[(x−c)/(d−c)].

3. Proposed approach

In this section some important results, that are useful for the proposed
approach, are proved.
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Definition 1 ([2]). Cardinality of a fuzzy number A is the value of the integral

(3) card A =

∫ b

a

A(x) dx =

∫ 1

0

(bα − aα) dα.

Now, we use of above definition in exponential trapezoidal fuzzy numbers.

Theorem 1. Cardinality of a exponential trapezoidal fuzzy number A charac-

terized by (1) is the value of the integral

(4) card A = w(c− b) +
w

e
((b − a)(e− 1) + (c− d)(1 − e)).

Proof.

card A =

∫ b

a

A(x) dx

=

∫ b

a

we−[(b−x)/(b−a)] dx+

∫ c

b

w dx+

∫ d

c

we−[(x−c)/(d−c)] dx

= w(b − a)(1−
1

e
) + w(c − b) + w(c− d)(

1

e
− 1)

= w(c− b) +
w

e
((b − a)(e− 1) + (c− d)(1 − e)).

The article will study location of the cardinality of A. So we can define ranking
of cardinality in exponential trapezoidal fuzzy number. �

Theorem 2. If A = (a, b, c, d)E is a exponential trapezoidal fuzzy number, so

i) If card A < card B, then A < B.

ii) If card A > card B, then A > B.

iii) If card A ∼ card B, then A ∼ B.

4. Results

Example 1. Let A = (0.2, 0.4, 0.6, 0.8; 0.35) and B = (0.1, 0.2, 0.3, 0.4; 0.7) be
two generalized trapezoidal fuzzy number. Then

card A = wA(cA − bA) +
wA

e
((bA − aA)(e − 1) + (cA − dA)(1 − e))

= 0.35(0.6− 0.4) +
0.35

2.72
[(0.4− 0.2)(2.72− 1) + (0.6− 0.8)(1− 2.72)]

= 0.07 + 0.13[0.344 + 0.344] = 0.16

and

card B = wB(cB − bB) +
wB

e
((bB − aB)(e − 1) + (cB − dB)(1 − e))

= 0.7(0.3− 0.2) +
0.7

2.72
[(0.2− 0.1)(2.72− 1) + (0.3− 0.4)(1− 2.72)]

= 0.07 + 0.26[0.172+ 0.172] = 0.16.

So with use of Theorem 2, we have card A ∼ card B, then A ∼ B.
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Example 2. Let A = (0.1, 0.2, 0.4, 0.5; 1) and B = (0.1, 0.3, 0.3, 0.5; 1) be two
generalized trapezoidal fuzzy number. Then

card A = wA(cA − bA) +
wA

e
((bA − aA)(e − 1) + (cA − dA)(1 − e))

= (0.4− 0.2) +
1

2.72
[(0.2− 0.1)(2.72− 1) + (0.4− 0.5)(1− 2.72)]

= 0.2 + 0.37[0.172+ 0.172] = 0.33

and

card B = wB(cB − bB) +
wB

e
((bB − aB)(e − 1) + (cB − dB)(1 − e))

= (0.3− 0.3) +
1

2.72
[(0.3− 0.1)(2.72− 1) + (0.3− 0.5)(1− 2.72)]

= 0 + 0.37[0.344+ 0.344] = 0.25.

So with use of Theorem 2, we have card A > card B, then A > B.

Example 3. Let A = (0.1, 0.2, 0.4, 0.5; 1) and B = (1, 1, 1, 1; 1) be two gener-
alized trapezoidal fuzzy number. Then

card A = wA(cA − bA) +
wA

e
((bA − aA)(e − 1) + (cA − dA)(1 − e))

= (0.4− 0.2) +
1

2.72
[(0.2− 0.1)(2.72− 1) + (0.4− 0.5)(1− 2.72)]

= 0.2 + 0.37[0.172+ 0.172] = 0.33

and

card B = wB(cB − bB) +
wB

e
((bB − aB)(e− 1) + (cB − dB)(1− e))

= (1 − 1) +
1

2.72
[(1 − 1)(2.72− 1) + (1− 1)(1− 2.72)]

= 0 + 0.37[0 + 0] = 0.

So with use of Theorem 2, we have card A > card B, then A > B.

Example 4. Let A = (−0.5,−0.3,−0.3,−0.1; 1) and B = (0.1, 0.3, 0.3, 0.5; 1)
be two generalized trapezoidal fuzzy number. Then

card A = wA(cA − bA) +
wA

e
((bA − aA)(e − 1) + (cA − dA)(1 − e))

= (−0.3 + 0.3) +
1

2.72
[(−0.3 + 0.5)(2.72− 1) + (−0.3 + 0.1)(1− 2.72)]

= 0 + 0.37[0.344 + 0.344] = 0.25

and

card B = wB(cB − bB) +
wB

e
((bB − aB)(e − 1) + (cB − dB)(1 − e))

= (0.3− 0.3) +
1

2.72
[(0.3− 0.1)(2.72− 1) + (0.3− 0.5)(1− 2.72)]

= 0 + 0.37[0.344+ 0.344] = 0.25.
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So with use of Theorem 2, we have card A ∼ card B, then A ∼ B.

Example 5. Let A = (0.3, 0.5, 0.5, 1; 1) and B = (0.1, 0.6, 0.6, 0.8; 1) be two
generalized trapezoidal fuzzy number. Then

card A = wA(cA − bA) +
wA

e
((bA − aA)(e − 1) + (cA − dA)(1 − e))

= (0.5− 0.5) +
1

2.72
[(0.5− 0.3)(2.72− 1) + (0.5− 1)(1− 2.72)]

= 0 + 0.37[0.344 + 0.86] = 0.44

and

card B = wB(cB − bB) +
wB

e
((bB − aB)(e − 1) + (cB − dB)(1 − e))

= (0.6− 0.6) +
1

2.72
[(0.6− 0.1)(2.72− 1) + (0.6− 0.8)(1− 2.72)]

= 0 + 0.37[0.86+ 0.344] = 0.44.

So with use of Theorem 2, we have card A ∼ card B, then A ∼ B.

Example 6. Let A = (0, 0.4, 0.6, 0.8; 1) and B = (0.2, 0.5, 0.5, 0.9; 1) and C =
(0.1, 0.6, 0.7, 0.8; 1) be three generalized trapezoidal fuzzy number. Then

card A = wA(cA − bA) +
wA

e
((bA − aA)(e − 1) + (cA − dA)(1 − e))

= (0.6− 0.4) +
1

2.72
[(0.4− 0)(2.72− 1) + (0.6− 0.8)(1− 2.72)]

= 0.2 + 0.37[0.688+ 0.344] = 0.58

and

card B = wB(cB − bB) +
wB

e
((bB − aB)(e − 1) + (cB − dB)(1 − e))

= (0.5− 0.5) +
1

2.72
[(0.5− 0.2)(2.72− 1) + (0.5− 0.9)(1− 2.72)]

= 0 + 0.37[0.516+ 0.688] = 0.44

and

card C = wC(cC − bC) +
wC

e
((bC − aC)(e − 1) + (cC − dC)(1− e))

= (0.7− 0.6) +
1

2.72
[(0.6− 0.1)(2.72− 1) + (0.7− 0.8)(1− 2.72)]

= 0.1 + 0.37[0.86 + 0.172] = 0.48.

So with use of Theorem 2, we have card A > card C > card B, then A > C >

B.

Example 7. Let A = (0.1, 0.2, 0.4, 0.5; 1) and B = (−2, 0, 0, 2; 1) be two gen-
eralized trapezoidal fuzzy number. Then

card A = wA(cA − bA) +
wA

e
((bA − aA)(e − 1) + (cA − dA)(1 − e))
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Table 1. A comparison of the ranking results for different approaches

Approaches Ex.1 Ex.2 Ex.3 Ex.4 Ex.5 Ex.6 Ex.7
Cheng [7] A < B A ∼ B Error A ∼ B A > B A < B < C Error
Chu [8] A < B A ∼ B Error A < B A > B A < B < C Error
Chen [4] A < B A < B A < B A < B A > B A < C < B A > B

Abbasbandy [1] Error A ∼ B A < B A ∼ B A < B A < B < C A > B

Chen [6] A < B A < B A < B A < B A > B A < B < C A > B

Kumar [11] A > B A ∼ B A < B A < B A > B A < B < C A > B

Singh [24] A < B A < B A < B A < B A > B A < B < C A > B

Rezvani [22] A > B A > B A < B A < B A < B A < B < C A < B

Proposed approach A ∼ B A > B A > B A ∼ B A ∼ B A > C > B A < B

= (0.4− 0.2) +
1

2.72
[(0.2− 0.1)(2.72− 1) + (0.4− 0.5)(1− 2.72)]

= 0.2 + 0.37[0.172+ 0.172] = 0.33

and

card B = wB(cB − bB) +
wB

e
((bB − aB)(e− 1) + (cB − dB)(1− e))

= (0 − 0) +
1

2.72
[(0 + 2)(2.72− 1) + (0− 2)(1− 2.72)]

= 0 + 0.37[3.44 + 3.44] = 2.55.

So with use of Theorem 2, we have card A < card B, then A < B.

5. Conclusion

The main advantage of the ranking fuzzy numbers in Table 1 is that the pro-
posed method provides the correct ordering of generalized and normal trape-
zoidal fuzzy numbers. With use of cardinality in this method, we can compu-
tation ranking exponential fuzzy numbers. Also the proposed method is very
simple and easy to apply in the real life problems.
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