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STABLE MINIMAL HYPERSURFACES WITH WEIGHTED
POINCARE INEQUALITY IN A RIEMANNIAN MANIFOLD

NGUYEN DINH SANG AND NGUYEN THI THANH

ABSTRACT. In this note, we investigate stable minimal hypersurfaces with
weighted Poincaré inequality. We show that we still get the vanishing
property without assuming that the hypersurfaces is non-totally geodesic.
This generalizes a result in [2].

1. Introduction

Let M be a complete noncompact Riemannian manifold. Let A\ (M) > 0
denote the lower bound of the spectrum of the Laplacian on M, namely,
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Lam proved the following vanishing type theorem.

A (M) = inf{ :¢ecg°(M)}.

Theorem 1.1 (Lam, [3]). Let M be a complete non-compact Riemannian man-
ifold and h be a function which is defined on M satisfying

hAh > —ah® + b|Vh|%.
Assume that A\ (M) > 0 and the Ricci curvature of M satisfies
Ricpr > —(b+ )M (M) 46
for some 6 > 0. If pr(R) h? = o(R?), then h = 0.
Q ]Lam’s theorem implies the following result which was proved by Li-Wang
5]).

Theorem 1.2 (Li-Wang, [5], Theorem 4.2). Let M™ be a complete non-compact
n-dimensional Riemannian manifold with \y(M) > 0 and the Ricci curvature
satisfies

n

Ricy > —
n—1

M(M)+0
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for some § > 0. Then
HY(L*(M)) == {w is a harmonic Z-form,/ |w|? < +oo} =0.
M

In the other direction, Dung and Seo ([2]) considered a complete stable minimal
hypersurface in a Riemannian manifold with sectional curvature bounded below
by a nonpositive constant and proved the following theorem.

Theorem 1.3. Let N be (n + 1)-dimensional Riemannian manifold with sec-
tional curvature Ky satisfying K < Ky where K <0 is a constant. Let M be
a complete noncompact stable non-totally geodesic minimal hypersurface in N.
Assume that

“K(@2n—1)(n—1) < A (M).

Then there are no nontrivial L? harmonic 1-forms on M.

The main purpose of this note is to study structure theorems for submani-
folds satisfying a weighted Poincaré type property. The submanifold satisfying
a weighted Poincaré inequality is studied in [1], recently. First, let us first recall
some definitions.

Definition. Let M™ be an m-dimensional complete Riemannian manifold.
We say that M™ has property (P,) if a weighted Poincaré inequality is valid
on M with some nonnegative weight function p, namely

/Mp<x> o < /M|V¢|2,

is valid for all compactly supported smooth functions ¢ € C§°(M). Moreover,
the p-metric, defined by

ds/2J = pds?;,
is complete.

In particular, if A; (M) is assumed to be positive, then obviously M possesses
property (P,) with p () = Ay (M) . The notion of property (P,) may be viewed
as a generalization of the assumption A; (M) > 0.

In this paper, motivated by all the above results, we prove the following
main theorem.

Theorem 1.4. Let N be (n+1)-dimensional Riemannian manifold, and M be
a complete noncompact stable minimal hypersurface in N with (P,) property
for some non-negative weight function p defined on M. Assume that
(1—9)p(x)
K > - lleeM
N(x) > Gn—D(n-1 for all x
for some 6 > 0, and Ky stands for sectional curvature of N. If p = o(r*=%)
for some 0 < a < 2, then there are no nontrivial L*> harmonic 1-forms on M.
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Note that we do not require M is non-totally geodesic. Moreover, we only
need to have the lower bound of K on M. Hence, this result is a generalization
and refinement of Theorem 1.3.

Corollary 1.5. Let N be (n + 1)-dimensional Riemannian manifold, and M
be a complete noncompact stable minimal hypersurface in N with A\ (M) > 0.

Assume that
A1 (M)
Kyn>———"7——"—+9§
N TG Dm=1) "
for some § > 0, and Ky stands for sectional curvature of N. Then there are
no nontrivial L? harmonic 1-forms on M.

This note is divided into two sections. Beside this section, in Section 2,
we prove the our main theorem and give an application to study a geometric
property of submanifolds.

2. Vanishing theorem on minimal hypersurfaces

We first recall some useful results which we shall use in this section. The
following lemma holds true on any complete manifold M.

Lemma 2.1 ([3]). Let M be a complete manifold and b > —1. Assume that h
is a nonnegative function on M and satisfies the differential inequality hAh >
—ah? + b|Vh|? in the weak sense, for some function a > 0. For any e > 0, we
have the following estimate

(b(1 —¢) + 1)/M |V(oh)|> < {b (% — 1) + 1} /M h2|Vo|? + /M a¢®h?

for any compactly supported smooth function ¢ € C§°(M). In addition, if

then

1
Vh2<—/ 2.
/Ml | Tb+1 Ma

In particular, if a is bounded, then h has finite Dirichlet integral if h € L?(M).

Leung (see [4]) proved the following estimate on the Ricci curvature of a
submanifold.

Lemma 2.2 ([4]). Let M be an n-dimensional complete immersed minimal
hypersurface in a Riemannian manifold N. If all the sectional curvatures of N
are bounded pointwise from below by a function K, then

n—1

Ric> (n— 1)K — |AJ2.

n
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We should note in [4], the author assumed that all the sectional curvatures
of N are bounded below by a constant k. But according to his argument, this
assumption was only used in the end of the proof, hence his method can be
used to prove the above lemma without any change. For harmonic 1-forms,
one has the Kato-type inequality as follows:

Lemma 2.3 ([6]). Letw be a harmonic 1-form on an n-dimensional Riemann-
ian manifold M. Then

1
1 2 2> - 2,
(1) Vol = [VIwl[* = ——[V]w]]

We shall generalize Theorem 1.3 to a complete stable minimal hypersurface
with (P,) property in a Riemannian manifold in which sectional curvature
bounded below by a nonpositive function as follows.

Theorem 2.4. Let N be (n+1)-dimensional Riemannian manifold, and M be
a complete noncompact stable minimal hypersurface in N with (P,) for some
nonnegative weight function p. Assume that

(1—20)p
KNZ*@n—nm—U

for some § > 0, and Ky stands for sectional curvature of N. If p = o(r?>=%)
for some 0 < a < 2, then there are no nontrivial L*> harmonic 1-forms on M.

Proof. Let w be an L? harmonic 1-form on M, i.e.,
Aw =0 and / |w|?dv < .
M

In an abuse of notation, we will refer to a harmonic 1-form and its dual harmonic
vector field both by w. From Bochner formula, it follows

Alw|* = 2(]Vw|? + Ric(w,w)).
On the other hand, one sees that

Alw]? = 2(|w|Alw| +[V]w][?).
Thus we obtain

[l Al] - Rie(w,w) = [Veol? — V]| 2.

Applying Lemma 2.2 and Kato-type inequality (1) yields

1—0)p

n—1 1
2) it + 2 A+ S0 > Lo,

2n —1 —n-—
The stability of M implies that

IVo[* = (JAI* + Ric(en41))¢” ) >0
M
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for any compactly supported Lipschitz function ¢ on M. Since

n(l—4d)p —
_m S RlC(€n+1),

/M <|V¢|2 N <|A|2 N %) ¢2) > 0.

Replacing ¢ by |w|¢ gives

[, (1wteior - (14 - 20 ) o) 2o

Applying the divergence theorem, we get

®)
05— [ lutoaqulo) - [ (148 - 2L e

— [ oloPas— [ S (lulakl+ AP -2 [ ol (V] Vo)
M M M

”(1*5) 21 .12
T [,

/w (V(6l). Vo) - /w (Il + APl -2 /w ol (V1. V4)

”(1 *5) 21 12
T

_ 2 2 2 20, .12 n(l —4) 20 12
= [ IVl = [ g (lulatel + 4P + L [ il

we have

Using the inequalities (2) and (3), we obtain

(@
1-9 1 1
o< [ lwop+ S [ ptupo 2 [ @vii-1 [ japeiap
M n—1 Ju n—1Ju nJmMm

From the assumption on weighted Poincaré inequality, it follows

5 2 2 v 2
6 [ el < [ V()
= [ 16PIT6 + 6Tl + 2l (V6. Vi)

1 2 2 2,2
<(142) [ wrver+ase [ e

where we used Schwarz inequality and Young’s inequality for € > 0 in the last
inequality. Combining the inequalities (4) and (5), we have

1\ 1-—
og{(1+—) —6+1}/ |lw|?| V|
e/ n—-1 M



128 NGUYEN DINH SANG AND NGUYEN THI THANH

1-9 1 1
Hlavor= -} [ wipe - 1 [ japiee
n—1 n—1) Ju n Sy

Now fix a point p € M and consider a geodesic ball B,(R) of radius R centered
at p. Choose a test function ¢ satisfying that 0 < ¢ < 1, ¢ = 1 on B,(R),
¢=0on M\ B,(2R), and |V¢| < +.

Letting R — oo, then let ¢ — 0, and using the fact that [, [w]* < oo, we

finally obtain
[ 1Pl <o,
M
which implies that A?|w|? = 0. Therefore, by (2), we obtain

(L—=0)p, 1
1 ™
Combining Lemma 2.1, (6) with the P, property, we obtain

(n11(1—5)+1) /MmﬁQIWI2

(2p-a+1) [ vl

1-94 1 1

sy [P+ (77 (1) +1) [ v

for any € > 0 and any compactly supported smooth function ¢ € C3°(M). The
above inequality implies

n 1-6
(n—12n—1>/Mp¢2|‘”|2
1 /1
<51 [+ (2 (2-1) 1) [ wPIve
¢{1 on B(R),

0 on M\ B(2R),

such that |[V¢|? < % on B(2R)\ B(R). We also choose ¢ = R*/?~2 by using
the growth condition on p, the above inequality infers

n_1-9 / w]?
n—1 2n-1) Jpn"”

R—/? 1 Y C
< 1 / |w|2+ <j (R2 /21)+1) ﬁ/ |w|2.
n B(2R) n B(2R)\B(R)

Since |w| € L?(M), we let R — oo, finally we conclude that

/ Wl < 0.
M

Hence, |w| = 0. The proof is complete. O

1
6 Alw| > —— 2 _
(6) wlAlw] > ——[Vwl|

Let
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Corollary 2.5. Let N be (n + 1)-dimensional Riemannian manifold, and M
be a complete noncompact stable minimal hypersurface in N with A\ (M) > 0.
Assume that
A1 (M)
Ky>———7"7"—""——+49
NZ T D1 T

for some § > 0, and K stands for sectional curvature of N. Then there are
no nontrivial L? harmonic 1-forms on M.

Proof. As anotice in Section 1, since A\; (M) > 0, we conclude that M satisfies a
weighted Poincaré inequality with p = A (M). Obviously, the growth condition
is satisfied. By the assumption on sectional curvature of N, we see that there
is a constant ¢’ such that

(1 =0\ (M)
Env 2 =G m 1)

The proof is followed by using Theorem 2.4. O

Corollary 2.6. Let N be (n + 1)-dimensional Riemannian manifold, and M
be a complete noncompact stable minimal hypersurface in N with A\ (M) > 0.
Assume that
AL(M)
Ky>———"7"-"-"——-+49
N T D1 T

for some § > 0, and Ky stands for sectional curvature of N. Then M must
have only one end.

Proof. The proof is standard, for example, see [2]. We omit the detail. O
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