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ON A CLASS OF SEMILINEAR ELLIPTIC SYSTEMS
INVOLVING GRUSHIN TYPE OPERATOR

NGUYEN THANH CHUNG

ABSTRACT. Using variational methods, we prove some results on the non-
existence and multiplicity of weak solutions for a class of semilinear elliptic
systems of two equations involving Grushin type operators with sign-
changing nonlinearities. We also shows that the similar results can be
obtained for systems of m equations, where m is arbitrary.

1. Introduction

In recent years, more and more mathematicians have studied the existence of
solutions for degenerate elliptic problems. This comes from the fact that they
arise in many areas of applied physics, including nuclear physics, field theory,
solid waves and problems of false vacuum. These problems are introduced as
models for several physical phenomena related to equilibrium of continuous
media which somewhere be perfect insulators (see [8, 19]). However, the study
have essentially based on the Caffarelli-Kohn-Nirenberg inequalities and their
variants, see for example [6, 7, 9, 11, 14, 26] and the references therein. In this
paper, we will study the existence of solutions for degenerate elliptic problems
involving Grushin type operator G5 = A, + |z[**A, for s > 0. To our knowl-
edge, the Grushin type operators were firstly introduced in [10], and developed
in [13, 15, 17, 22, 23, 24, 25].

Let Q € RY = RM x RM be a bounded domain with smooth boundary 952,
and 0 € Q. In this paper, we are interested in the semilinear elliptic system
with Grushin type operator

L, = AVF inQ,
(1-1) BW \Y% in
w = 0 on 012,

where

w=(u,v), Lapg= ( 78:0‘ 70G§ ) , Gy=A, +|z|**A, for s >0,
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82
Am Z ox 2’ Z a 2’
i=1
and VF = (F,, F,) stands for the gradient of a C1 function F: QxRxR — R
which may change sign, «, 8 > 0, A is a positive parameter. Denoting N(s) =
N1 + (s + 1) N2, we assume that N1, Na > 1 and N(«) > 2 and N(3) > 2

We point the fact that in [5], N. M. Chuong et al. studied the existence of
at least a weak solutions for problem (1.1), using the mountain pass theorem
combined with the Ekeland principle. They also observed on the behaviour
of the solutions when the parameter A — 0. The goal of this note is to give
some sufficient conditions on the nonlinear terms to get the non-existence and
multiplicity of weak solutions for (1.1). Thus, the results introduced here ex-
tend or complement the obtained results in [5]. Moreover, we do not require in
this paper the Ambrosetti-Rabinowitz type condition as in [5]. We also shows
that similar arguments can be applied to the systems of m equations, where
m is arbitrary. Our paper is inspired by the ideas introduced in [2, 3, 20], in
which the authors considered the problem with the p-Laplace operator —A,,.
Regarding systems of Hamiltonian form involving Grushin type operators, the
reader may find in the papers [4, 12].

Throughout this paper for (¢,s) € R?, we denote |(¢,s)|> = |t|> + |s]|?. We
assume that F' : @ x R x R — R is a C'-function, satisfying the following
conditions:

(f1) F(x,y,0,0) = 0 for a.e. (z,y) € Q, F(z,y,t,s) = F(z,y,0,s) for all

t <0,s €Rand ae. (x,y) € Q, F(a,y,t,8) = F(x,y,t,0) for all
teR,s§Oanda.e( y) € Q;
(f2) There exists a constant C > 0 such that

Ful, gt )| + | Fa( 1, )] < C(1+ 1]+ 1s1)

for all t,s € R and a.e. (z,y) € Q.
We say that a function v verifies the property (T') if and only if

() () < M|t + |s[?)

for all t,s € R, where M > 0 is independent of v. Let H;, ¢ = 1,2 be two
functions satisfying property I'. Motivated by an eigenvalue problem considered
in [2], we introduce the following assumptions on the behavior of F' at the origin
and at infinity:

(f3) It holds that

F t
lim sup M <0
(t,s)|—0  Hi(t,s)
uniformly in (z,y) €
(f4) It holds that
F t
lim sup M <0

(t,s)| oo Ha(t,s)
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uniformly in (z,y) € Q.

We denote by SP°(Q2), 1 < p < oo the set of element u € LP()) such that
g;i, |$|Sg—;j eLP(Q)foralli=1,2,...,Nj,and j =1,2,..., No. Then SP*(Q)
is a Banach space with respect to the norm

o= | [ (1 19l 4 a9 o]
Q

[[ul
where

o 0 0 o 0 0
V””(a_:cl’a_:cz""’ascm)’ Vy(a_yl’a_yz""’aym)'

The space S5*(2) is the closure of C§(Q) in the space SP*(€2). In the special
case when p = 2, we conclude the Hilbert spaces S%%(Q) and S3*(Q). In [22],
the authors proved that for all u € S3*(2),

) ([ itaoay) <o | [QTal 49,08 ]
Q Q

where ¢ = =5 — 7T, >0, s 2 0 an s) = N1+ (s + 2, provide
h 2N (s) C >0 s>0and N N 1N, ided

N(s)—2
that 7 > 0 is small enough. Furthermore, the embedding S5**(Q) into L9(Q) is
compact for 2 < ¢ < 2% = ]\2[?;)(5_)2 Therefore, in the space SS’S(Q), we can use

the following equivalent norm

[l

2 = [/ (IVzul® + |x|28|Vyu|2)dxdy]
Q

Next, for a, 8 > 0, we define the space H = Sg’o‘(Q) X Sg’B(Q). Then H is
a Hilbert space under the norm

[w]l = llull2.a + [[v]l2,5

and the inner product is
(U, v) gy :/ (Vzul~val+Vmu2~va2+|x|2avyu1~Vyvl+|z|2ﬁvyu2~vyvg)d:cdy
Q

for all u = (uy,v1), v = (v1,v2) € H.

Definition 1.1. We say that a function w = (u,v) € H is a weak solution of
system (1.1) if and only if
/ (vzu : vm@l + |$|2avyu : vy@l) dZCdy =A Fu(xa Y, u, ’U)(pl dxdya
Q

FU (:Ea Yy, u, ’U)(pQ dacdy

oS 55—

/ (va Vo + |2/#V,v - Vycpg) drdy = A
Q

for all p = (¢1,p2) € H.

The main results of this paper can be described in the following theorems.
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Theorem 1.2. Assume F': Q2 x R x R — R, satisfies
(1.3) |Fy(z,y,t,8)| + |Fs(z,y,t,8)| < C(t] +]s]), C >0

for all (t,s) € R? and a.e. (x,y) € Q. Then there is a constant A\, > 0 such
that system (1.1) has no nontrivial weak solution for any A < A..

Theorem 1.3. Assume that the conditions (f1)-(f4) are satisfied. Moreover,
if in addition we assume that there exist a ball B C © and tg, sqg > 0 such that
F(xz,y,to,50) > 0 for all (x,y) € B, then there exists a constant \* > 0 such
that system (1.1) has at least two nontrivial, nonnegative weak solutions for
any A > \*.

Our paper is organized as follows. In Section 2, we prove Theorems 1.2
and 1.3 using variational arguments. In Section 3, we make some comments
regarding extensions of system (1.1).

2. Proofs of the main results

Proof of Theorem 1.2. Let A1 o, A1,8 be the first eigenvalue of the operators
—G, and —Gg with Dirichlet boundary, i.e.,

f(z(|vmu|2 + |$|2O‘|Vyu|2) dxdy

)\1704 = inf

wes2® (2)\{0} o [ul? dady ’
Vv|? 28|V ,0|?) dad
ap= e Ja(Vel el Vo) dudy
ves® @)\ {0} Jo [v]? dady

Then we have
0< Aaﬁ = min{)\lﬁa, Alyﬁ}
(24) - fQ |:|Vm’u,|2 -+ |vz’u|2 + |x|2a|vyu|2 + |x|25|vyvl2 dl‘dy

Jo |lul? + o2 ddy

for all w = (u,v) € H\{0} (see [22]).

If w = (u,v) € H is a non-trivial weak solution of system (1.1), it follows by
multiplying the first equation of (1.1) by u and the second by v, and integrating
by parts that

/Q(|Vgcu|2 + |$|2Q|Vyu|2) dr = )\/Q Fu(z,y,u,v)udzdy,

/Q(|VZU|2 + |x|25|Vyv|2) dr = )\/Q Fy(z,y,u,v)v dzdy,
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which implies by using (1.3) that
/Q(lvavul2 + Voo + 2> |V yul® + >V, 0]?) dady
(2.5) = )\/Q (Fu(x,y, u,v)u + Fy(x,y,u, v)v) dxzdy
<C [ (P + o) dedy

where C' is a positive constant. Thus, by taking A, = )“55 > 0, where A\, g is

given by (2.4), we conclude the proof of Theorem 1.2. O

In order to prove Theorem 1.3, we shall use critical point theory. For all
1, A € R, we consider the functional T : H — R given by

1
Ty(w) = 5 /Q(|Vmu|2 + | Vool + |22 Vyul? + |22 |V,0)%) dedy
(2.6) - )\/ F(xz,y,u,v)dxdy
Q
= J(w) - M(w), w=(u,v)€ H,
where
1
J(w) =3 / (IVoul® + [Vool? + |2V yul* + 27|V 0]*) dady,
(2.7) @

I(w):/F(ﬂﬁay,Uav)dmdy, w = (u,v) € H.
Q

A simple computation implies that T is well-defined and of C' class in H.
Thus, weak solutions of system (1.1) correspond to the critical points of T.
Moreover, we first have the following result.

Lemma 2.1. The functional T\ given by (2.6) is weakly semi-continuous in
H.

Proof. Let {wm} = {(tm,vm)} be a sequence that converges weakly to w =
(u,v) in H. By the semi-continuity of norm, it is sufficient to show that the
functional I is weakly continuous in H, i.e.,

(2.8) lim F(z,y, tm, vm) dedy = / F(z,y,u,v) dzdy.

Indeed, we have
/ {F(xa Y, Um, Um) - F(-T, Y, U, ’U):| dxdy
Q

= / VE(z,y, w~+ O (W —w)) - (W, —w) dedy
Q

/ Fu(z,y,u~+ 01 m(Um — 1), v + 02, (0, — 0)) (U — u) dedy
Q
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+ / FU(ZL', Yy, u+ el,m(um - U),’U + 92,m(vm - 'U))(vm - ’U) dxdy,
Q

where 0., = (01,m, 02,m) and 0 < 61 4, (), 02 (z) < 1 for all € Q. Now, using
(f2) and Holder’s inequality we conclude that

/[F(:Cayaumavm) - F(:E,y,u,v)] dl‘dy’

Q

< |Fu(z,y, w4 01 m (Um — 1), v + 02 (Vi — 0))||tbm, — u| dzdy
Q

+ [ |Fo(z,y,u + 01,m (U — ), v + O2 1 (U, — V)| |Um — v| dzdy
Q

IN

C’/( (1 + |u + 01,m (U — w)| + |0+ O2,m (v, — v))|)

(|um2 — u| + |vm — v]) dzdy

< C (1212 + llu+ 01 (ttm = w)llz2 + [0 + Ot (0 — V)|
(W = wllzz + llom = ollzz)-

On the other hand, since H — L?(Q) x L?(Q) is compact, the sequence {w, }
converges strongly to w = (u, v) in the space L?(Q)x L%(Q), i.e., {u, } converges
strongly to u in L?(Q) and {v,,} converges strongly to v in L?(2). Hence, it is
easy to see that the sequences {||u+601 1 (um—u)| L2} and {|[v+02 m(vm—0) |2}
are bounded. Thus, it follows that (2.8) holds true. O

Lemma 2.2. For any A € R, the functional T s coercive and bounded from
below on H.

Proof. For any A € R, by conditions (f2) and (f4), there exists a constant
Cy = C(XA) > 0 such that

Aas
2. AF t,s) < —=Hy(t
( 9) (xvya 75)_ AM 2(7S)+CA
for all t,s € R and a.e. x € Q). Hence, we have for all w = (u,v) € H that
1
Ii(w) = 5 /Q(|Vacu|2 + | Vaol? + 22|V yul® + 2|V 0 ]?) dady

— /\/ F(z,y,u,v)dxdy
Q

1 1 Ao
> Sl e+ ol — [ (G52 Halu,) + s ) dody
2 2 o\ 4

1 1
> ClulB o+ 7llel3 - sl

which helps us to show that T} is coercive and bounded from below in H. [
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Lemma 2.3. If w = (u,v) € H is a weak solution of system (1.1), then u >0
and v >0 in Q.

Proof. Indeed, if w = (u,v) € H is a weak solution of system (1.1), then we
have

0 = T{(w)(w")

= /(Vum - Vau~ +Vug - Vv~ +|x|2°‘Vuy -Vyu~ +|:C|2”‘Vvy . Vyv*)d:z:dy
Q
— )\/ (Fu(x,y,u,v)u7 + Fv(x,y,u,v)vf) dxdy
Q

= [ (19 P 1907 P o o290 P ol 9,07 ) oy

where w™ = (u~,v”) with v~ = min{0,u(z)} is the negative part of u and
v~ = min{0, v(x)} is the negative part of v. Moreover, since

315 > )\a’ﬁ/ﬂ (|u7|2 + |’Ui|2) dxdy,

it follows that w(x) > 0 and v(xz) > 0 for a.e. = € Q, i.e., w > 0 for a.e.
x €. O

0= [lu[|3,q + [lo7]

Lemma 2.4. There exists \* > 0 such that infg T\ < 0 for any A > \*.

Proof. Let us consider a sufficiently large compact subset B’ of B, where B
is a ball such that F(z,y,to,s0) > 0 for all (z,y) € B and some tg,s9 > 0.
Consider ug and vg, smooth functions with compact support in B, such that
uo(x,y) = to, vo(z,y) = so in B, 0 < ug(z,y) < to and 0 < vo(x,y) < s¢ for
all (z,y) € B\B’. Then we get

/F(‘rayaUOaUO)d‘rdy :/ F(‘r)yaUOaUO) d.Tdy+/ F(‘T’yaUOa’UO) d(Edy
Q B B\B'

> / Fla,y, to, s0) dady — C / (o2 + [vo]?) dardy
B B\B’

> / F(z,y.to, s0) dady — C(1+ [to[? + |50[2) | B\B|
>0,

provided that |B\B’| is small enough. Hence, denoting wy = (ug,vo) € H, we
have
1

Tx(wo) = §/§Z(|Vav@to|2 + [ Vavol? + |22V yuol® + ||V vo|?) dady

_)‘/ F(xayaUOaUO)dxdy
Q

IN

1 1
5”“’0”%,& + §||U0Hg,ﬁ - )‘/ F(:L'ayaUOa’UO) d(Edy <0
Q
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for A large enough. So there is a positive constant \* such that infy T < 0 for
all A > \*. O

Now, we fix A > A*. Then by Lemmas 2.1-2.4 the functional T’ has a global
minimum w; = (uy,v;) such that Th(w;) < 0 and thus system (1.1) has a
non-negative nontrivial weak solution wy; = (u1,v1) € H. In order to obtain
the second one, we use the mountain pass theorem [1]. To this purpose, we
first show that T has the mountain pass geometry.

Lemma 2.5. For any A € R, there exist p € (0, ||w1||g) and a constant r > 0
such that Tx(w) > r for all w = (u,v) € H with ||w||g = p.

Proof. For any A € R, it follows from (f2) and (f3) that there is C\ > 0, which
depends on A, such that

Ao
(2.10) AF(z,y,t,8) < 4—AfH1(t, s) + Ca(Jt]” + |s|9)
for all (z,y,t,s) € OxRxR, where 2 < p < 2% = %, 2<q< 2= ]\2,%()@2
Hence, by the Sobolev embeddings, it follows that
1
Tx(w) = 5/(|VIU|2 +[Vavl? + 27V yul® + |27 |V yo]?) dady
Q

—/\/F(x,y,u,v)d:cdy
Q

1 1 e,
> Sl + 310l s~ 322 [ Hwso)dady = s [ (il + o) dedy
1 — _ 1 — _
> (7Ol Nl + (5 - Clol?) Dol s

where C) is a positive constant. Since 2 < p < 2 = ]\2,21()0:)2, 2< <2 =

]3%()5_)2, there are two constants r > 0 and 0 < p < ||wy ||z such that Ty (w) > r

for all w € H with ||w||g = p. O

Lemma 2.6. The functional T satisfies the Palais-Smale condition in H.

Proof. Let {wy,} = {(tm,vm)} be a Palais-Smale sequence for the functional
T\ in H, i.e.,

(2.11) T\ (wp)| <€ for all m, T (wy,)—0in H™ ' asm — oo,

where H~! is the dual space of H.

Since T} is coercive on H, the sequence {wy, } is bounded in H. Since H is a
Hilbert space, there exists w = (u,v) € H such that, passing to a subsequence,
still denoted by {wm} = {(tm,vm)}, it converges weakly to w = (u,v) in H
and hence {w,,} converges strongly to w in L?(2,R?), i.e., {u,,} converges
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strongly to u in L2?(2) and {v,,} converges strongly to v in L?(Q2). By the
definition of T we have

(2.12)
T>I\ (wm)(wm - w)

= / (qum - (Vatum — Vau) + Vv, - (Vevy, — va)) dxdy
Q
+/ (|x|2avyum A(Vytm — Vyu) + |22V v - (Vyom — Vyv)) dxdy
Q

- )\/ (Fu(x,y,um,vm)(um - U) + F’U(zﬂyvuﬂ’mvm)(vm - U)) d.dey
Q

and
(2.13)
T (w)(w — wi)

= / (Vzu (Ve = Vapt) + Vv - (Vv — Vzvm)) dxzdy
Q
+ / (|x|2avyu (Vyu — Vyunm) + [2|* Vv - (Vo — Vyvm)) dxdy
Q

- )\/Q (Fu(x,y, u, 0)(u — Um) + Fy(x, y,u,v)(v — vm)) dzdy.
By (2.12) and (2.13) we get
Ty (i) (Wi — w) 4+ TX (0) (W — wyy,)

= /(|Vzum — Voul? 4 |Vavm — Veu|?) dedy
Q

(2.14) + /Q(|z|2a|vyum - Vyu|2 + |$|2B|Vyvm - Vy”|2> dxdy

- )\/ (Fu(xayaumavm) - Fu(-rayauav)) (um - ’U,) d.’L'dy
Q

- )\/ (Fv(wa yaumavm) - F’U(-Taya u,v)) (Um - ’U) dZCdy
Q
By (2.11), we get
(2.15) w}gnoo T\ (W) (W — w) + T, 5 (w)(w — wp,) = 0.

On the other hand, by using the condition (f2), Holder’s inequality and the
compact embeddings we deduce that

(2.16)

/ (Fu(xayaumavm) - Fu(-rayauav)) (um - ’U,) d.’L‘dy’
Q

< c/<2+ ton] + [+ 1] + [0 et — ] derdy
Q
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1
< C(220} + llumllze + lvml32 + e + [ol2 ) um — wll3s,

which tends 0 as m — oo and

/ (Fv(:c,y, U, Um) — By (2,9, u, v)) (U — ) dxdy’
Q

(2.17) < C’/(2+|um|+|vm| + Ju| + [v])|[vm — v| dzdy
Q

1
< O (220 + Jumllze + vmlZ2 + lullzz + 0132 ) lvm = ]2,

which tends 0 as m — oo.
By relations (2.12)-(2.17) we conclude that {w,,} converges strongly to w
in H. Thus, the functional T’ satisfies the Palais-Smale condition in H. (|

Proof of Theorem 1.3. By Lemmas 2.1-2.4, for all A > \*, system (1.1) admits
a non-negative, non-trivial weak solution w; as the global minimizer of T).
Setting

(2.18) c:= inf max Th(w),
vET wev([0,1])

where

I':={yeC(0,1],H) : v(0) = 0,~v(1) = wy }.
Lemmas 2.5-2.6 show that all assumptions of the mountain pass theorem in [1]
are satisfied, Th(w1) < 0 and |lwy|| > p. Then, € is a critical value of T}, i.e.,
there exists wy € H such that T3 (w2)(¢) = 0 for all ¢ € H or wy is a weak
solution of (1.1). Moreover, wy is a not trivial solution and ws # wy since
Tx(wz) =¢ > 0> Tx(wy). Theorem 1.3 is completely proved. O

3. Final comments

In this section, we make some comments regarding extensions of system
(1.1). While uniform elliptic problems (equations and systems) are intensively
studied in the last decades, the degenerate elliptic problems still contain some
unknown things, especially problems involving Grushin-type operators.

Firstly, the operator G; = A, + |z|**A, can be naturally extended to the
more complicated form

Agy + Z |‘T0|28iAZ¢

i=1
in the domain Q = {(zo,21,...,Zm): 2; € RYii=0,1,...,m}. Then system
(1.1) becomes
(3.19)
Agou+ Y7 ol Agu = AF, (20,21, ..., Tm,u,v)  in Q,
Agov+ 20 oo Ay,v = AF, (20,21, .., T, u,v)  in €,

u=v = 0 on 09},
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where Q € RV = RM x RM is a bounded domain with smooth boundary 99,
0 € Q, and X is a positive parameter. Following [5, 22], the critical exponent
for this case is
No + 221(81 + 1)Nz +2
No+ 32 (si +1)N; =2
In [5], the authors studied the existence of a nontrivial solution for (3.19) in
the superlinear case. More precisely, the nonlinear term was assumed to satisfy
the Ambrosetti-Rabinowitz type condition in [1], see the condition (H2) of [5].
In this work, we do not use this condition. Putting « = (2o, z1,...,Zm), we
can preserve the hypotheses (f1)-(f4) and proceed with the functional energy

1 - v
1) = 5 [ (Vaotl? + 3 ol [V.uf?) da
=1

1 m
5 [, (Bl o
Q i=1

Secondly, it should be noticed that using the same argument used above, we
can deal with the system of m unknowns

Ve, v

2) dx — /\/ F(z,u,v)dz.
Q

(e
where w = (u1,u2, ..., Un)
—Gl, 0 0
Lonsoacom = b . ’ , Gy = Ag+z[**A, for s >0,
0 0 —Ga,,

and VF = (F,,, Fu,,...,F,, ) stands for the gradient of a C! function F :

. . N1 92 Ny 92
Q x R™ — R which may change sign, A, = > . 927 and A, = 37572, o7
More precisely, we assume that F : Q x R™ — R is a C'-function, satisfying
the following conditions:

(f1) F(x,y,0,0,...,0) = 0 for a.e. (z,y) € Q, and F(x,y,t1,...,ti—1,t,
ti+1,. . ,tm) = F(Z‘,y,tl,.. .,ti,l,O,tiH,.. .,tm) for all ti S 0, tj ceR
for all j # i and a.e. (z,y) € Q,i,5=1,2,...,m;

(f2)" There exists a constant C' > 0 such that

m

S IFL gttt < C(14 3111
1=1 1=1

for all t = (t1,ta,...,tm) € R™ and a.e. (x,y) € Q.
We say that a function v verifies the property (I') if and only if

() Y(trstay e tm) < MY Jt]?
=1
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for all ¢t = (t1,ta,...,tm) € R™, where M > 0 is independent of ~.
Let H;, 1 = 1,2 be two functions satisfying property I’ and denote

m 1
|t|gm = (Z |ti|2)2, t = (t1,ta,... tm) € R™.
1=1

We introduce the following assumptions on the behavior of F' at origin and at
infinity:

(f3)" Tt holds that

F('rvyatlthv"'vtm)

lim su <0
|t\Km~>13 Hl(tlatQa---7tm) o
uniformly in (z,y) € Q;
(f4)" Tt holds that
F ti,to, ..., tm
limsup (‘Taya 1,02, ) ) S 0

ltlam oo H2(t1,t2,. .. tm)

uniformly in (z,y) € Q.

Then, using the similar arguments as in the proofs of Theorems 1.2 and 1.3,
we can obtain the following results.

Theorem 3.1. Assume F : Q x R™ — R, satisfies
(321) Z|Ft1(x7yat17t27at’m)|§CZ|t’L|7 >0
i=1 i=1

for allt = (t1,t2,...,tm) € R™ and a.e. (x,y) € Q. Then there is a constant
A« > 0 such that system (3.20) has no nontrivial weak solution for any A < A.

Theorem 3.2. Assume that the conditions (f1)'-(f4)" are satisfied. Moreover,
if in addition we assume that there exist a ball B C Q andt? > 0,i=1,2,...,m
such that F(z,y,t9,t9,...,t9) > 0 for all (x,y) € B, then there exists a con-
stant A\* > 0 such that system (3.20) has at least two non-trivial, non-negative
weak solutions for any A > \*.

It is clear that our arguments in this paper are applicable to elliptic problems
involving the Caffarelli-Kohn-Nirenberg inequalities in order to obtain better
results in [7, 16, 18]. Finally, the study of existence of solutions for problem
(1.1) with critical exponents is an interesting topic, see [21, 25].
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