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THE HYPONORMAL TOEPLITZ OPERATORS ON THE

VECTOR VALUED BERGMAN SPACE

Yufeng Lu, Puyu Cui, and Yanyue Shi

Abstract. In this paper, we give a necessary and sufficient condition for
the hyponormality of the block Toeplitz operators TΦ, where Φ = F+G∗,
F (z), G(z) are some matrix valued polynomials on the vector valued
Bergman space L2

a(D,C
n). We also show some necessary conditions for

the hyponormality of TF+G∗ with F +G∗ ∈ h∞ ⊗Mn×n on L2
a(D,C

n).

1. Introduction

Let D and T be the open unit disk and unit circle in the complex plane C re-
spectively and dA be the normalized Lebesgue area measure on D. h∞ denotes
the space of all bounded harmonic functions on D. L∞(D, dA) and L2(D, dA)
denote the space of essential bounded measurable functions and the space of the
square integrable functions on D with respect to dA, respectively. The Bergman
space L2

a consists of all analytic functions in L2(D, dA). We denote the space of
vector valued square integrable functions on D by L2(D,Cn) = L2(D, dA)⊗Cn

and the vector valued Bergman space on D by L2
a(D,C

n) = L2
a ⊗ Cn, respec-

tively, where ⊗ denotes the Hilbert space tensor product. In this paper FT

denotes the transpose of the matrix F and G∗ denotes the adjoint of the matrix
G.

Let Mn×n be the set of all n × n complex matrices. The block Toeplitz
operator with matrix symbol Φ(z) = [ϕij(z)]n×n ∈ L∞(D, dA) ⊗ Mn×n (the
space of matrix valued essential bounded Lebesgue measurable functions on D )
is defined by TΦh = P (Φh) and the block Hankel operator with matrix symbol
Φ(z) is defined by HΦh = (I − P )(Φh), where P is the orthogonal projection
from L2(D,Cn) onto L2

a(D,C
n). If we set L∞(D,Cn) = L∞(D, dA) ⊕ · · · ⊕

L∞(D, dA) and L2
a(D,C

n)=L2
a ⊕ · · · ⊕L2

a, then the block Toeplitz operator TΦ
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and the block Hankel operator HΦ have the following matrix representations :

TΦ =



Tϕ11 · · · Tϕ1n

...
...

Tϕn1 · · · Tϕnn


 and HΦ =



Hϕ11 · · · Hϕ1n

...
...

Hϕn1 · · · Hϕnn


 ,

where

Φ =



ϕ11 · · · ϕ1n

...
...

ϕn1 · · · ϕnn


 .

A bounded linear operator A on a Hilbert space is called hyponormal if
A∗A−AA∗ is a positive operator. There is an extensive literature on hyponor-
mal Toeplitz operators on H2(T) (the Hardy space on T)[2, 4, 6, 8, 12]. The
Bergman space is more complex than the Hardy space. So characterizations of
hyponormality of the Toeplitz operators are more difficult, and there are only
some results for the Toeplitz operators with certain symbols [1, 7, 9, 10, 11].
Since H2(T)⊗Cn shares a lot of nice properties of H2(T), there is also an ele-
gant characterization of the hyponormality of the Toeplitz operators with the
bounded symbols on H2(T)⊗Cn [3, 5]. In this paper, the hyponormality of the
block Toeplitz operators with certain symbols on L2

a(D,C
n) will be discussed.

H. Sadraoui first showed that if f, g ∈ H∞ (the space of bounded functions
on D), and f ′, g′ ∈ H2 (the space of Hardy space on D) such that Tf+g is
hyponormal on L2

a, then |f ′(z)| > |g′(z)| almost everywhere on T [11]. Later,
P. Ahern and Z. Cuckovic [1] generalized H. Sadraoui’s result by a mean value
inequality and Berezin transform to the following theorem.

Theorem 1.1 ([1]). Suppose that f, g are holomorphic in D, that ϕ = f + g is

bounded in D and that Tϕ is hyponormal on L2
a. Then

lim
z→ξ

(|f ′(z)|2 − |g′(z)|2) ≥ 0 ξ ∈ T.

In particular, if f ′ and g′ are continuous at ξ ∈ T, then |f ′(ξ)| ≥ |g′(ξ)|.

The condition in the above theorem is not sufficient, but for the Toeplitz
operators with certain trigonometric polynomial symbols and under some as-
sumptions, the condition is also sufficient:

Theorem 1.2 ([10]). Let ϕ(z) = f(z) + g(z), where f(z) = amzm + anz
n,

g(z) = bmzm + bnz
n (0 < m < n) with |an| ≤ |bn|. Then Tϕ is hyponormal on

L2
a if and only if |f ′(z)| ≥ |g′(z)| on T.

The hyponormality of TΨ with Ψ ∈ L∞(T)⊗Mn×n on H2(T)⊗Cn shares the
extensions of Cowen’s result to H2(T) in [2, 5]. But the condition of Cowen’s
Theorem is not sufficiently explicit and is difficult to be verified. There are some
explicit conditions of the hyponormal block Toeplitz operators on H2(T)⊗Cn

under some extremal condition (see the section 4 in [5]).
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In this paper, we consider the hyponormality of TΦ with Φ = F + G∗ ∈
h∞⊗Mn×n. In Section 2, we discuss the hyponormality of TΦ with the matrix
with certain polynomials entries symbols. We obtain a necessary and sufficient
condition of the hyponormality of TΦ in Theorem 2.6. In Section 3, we obtain
some necessary conditions of the hyponormality of TΦ on L2

a(D,C
n) under the

assumption ‖F‖2 = ‖G‖2. The characterization of normal TΦ is complicated.
We also obtain a simple characterization of normal TΦ in Theorem 3.5.

2. Necessary and sufficient condition

In this section, we will discuss the hyponormality of block Toeplitz operators
on L2

a(D,C
n) with some trigonometric polynomial symbols.

Let Kz(w) =
1

(1−zw)2 (z, w ∈ D) be the reproducing kernel of the Bergman

space L2
a and kz(w) =

1−|z|2

(1−zw)2 be the normalized reproducing kernel in L2
a.

First the finite sum of two Hankel operator products on L2
a is a positive

operator will be discussed. There is the following proposition.

Proposition 2.1. Let fk = akz
M + bkz

N , gk = ckz
M + dkz

N (0 < M <
N), 1 ≤ k ≤ n. Suppose

∑n

k=1 |bk|
2 ≤

∑n

k=1 |dk|
2. Then

∑n

k=1(H
∗
fk
Hfk

−

H∗
gk
Hgk) ≥ 0 if and only if

∑n
k=1 |f

′
k(z)|

2 ≥
∑n

k=1 |g
′
k(z)|

2 on T.

Proof. We first prove the necessity. Since
∑n

k=1(H
∗
fk
H

fk
− H∗

gk
Hgk

) ≥ 0, we

have

〈

n∑

k=1

( H∗
fk
Hfk

−H∗
gk
Hgk )kz , kz〉 ≥ 0.

Note that

〈

n∑

k=1

(H∗
fk
H

fk
−H∗

gk
Hgk

)kz, kz〉

= 〈
n∑

k=1

(|fk(z)|
2 − |gk(z)|

2)kz , kz〉 −
n∑

k=1

(|fk(z)|
2 − |gk(z)|

2).

Letting z → ξ ∈ T and by [1, Theorem 2], we obtain
∑n

k=1 |f ′
k(z)|

2 ≥∑n
k=1 |g

′
k(z)|

2 on T.
We now prove the sufficiency.

Let h(z) =
∑∞

p=0 αpz
p ∈ L2

a with
∑∞

p=0
|αp|

2

p+1 < ∞. We have

〈

n∑

k=1

( H∗
fk
Hfk

−H∗
gk
Hgk )h, h〉

=
∞∑

p=0

∞∑

q=0

αpαq〈
n∑

k=1

( H∗
fk
Hfk

−H∗
gk
Hgk )zp, zq〉
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=

∞∑

p=0

|αp|
2〈

n∑

k=1

(H∗
fk
Hfk

−H∗
gk
Hgk)z

p, zp〉

+
∑

p6=q

αpαq〈

n∑

k=1

(H∗
fk
Hfk

−H∗
gk
Hgk)z

p, zq〉

=
∞∑

p=0

|αp|
2〈

n∑

k=1

( H∗
fk
Hfk

−H∗
gk
Hgk )zp, zp〉

+
∞∑

p=0

2Re
[
αpαp+N−M

n∑

k=1

(akbk − ckdk)〈HzN zp+N−M , HzM zp〉
]

≥

∞∑

p=0

|αp|
2〈

n∑

k=1

( H∗
fk
Hfk

−H∗
gk
Hgk )zp, zp〉

− 2

∞∑

p=0

|αpαp+N−M | ·
∣∣

n∑

k=1

(akbk − ckdk)
∣∣〈HzN zp+N−M , HzM zp〉.

Since
∑n

k=1 |f
′
k(z)|

2 ≥
∑n

k=1 |g
′
k(z)|

2 on T, we have

M2
[ n∑

k=1

(|ak|
2 − |ck|

2)
]
+N2

[ n∑

k=1

(|bk|
2 − |dk|

2)
]
≥ 2MN

∣∣
n∑

k=1

(akbk − ckdk)
∣∣.

Note that

〈
n∑

k=1

(H∗
fk
Hfk

−H∗
gk
Hgk)z

p, zp〉

=

n∑

k=1

(|ak|
2 − |ck|

2)‖HzM zp‖2 +

n∑

k=1

(|bk|
2 − |dk|

2)‖HzN zp‖2.

Denote η2(p) = 〈
n∑

k=1

(H∗
fk
Hfk

−H∗
gk
Hgk)z

p, zp〉. The hypothesis
∑n

k=1 | bk|
2 ≤

∑n
k=1 | dk|

2 and
‖H

zM
zk‖2

‖H
zN

zk‖2 ≥ M2

N2 (see [10]) implies that

η2(p) ≥
1

N2

[
M2

n∑

k=1

(|ak|
2 − |ck|

2) +N2
n∑

k=1

(|bk|
2 − |dk|

2)
]
· ‖HzN zp‖2

≥
2MN

N2

∣∣
n∑

k=1

(akbk − ckdk)
∣∣ · ‖HzN zp‖2

and

η2(p) ≥
1

M2

[
M2

n∑

k=1

(|ak|
2 − |ck|

2) +N2
n∑

k=1

(|bk|
2 − |dk|

2)
]
· ‖HzM zp‖2
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≥
2MN

M2

∣∣
n∑

k=1

(akbk − ckdk)
∣∣ · ‖HzM zp‖2.

Therefore, direct calculation shows that

∞∑

p=0

|αp|
2η2(p)

=
N−M−1∑

p=0

|αp|
2η2(p) +

1

2

∞∑

p=N−M

|αp|
2η2(p) +

1

2

∞∑

p=N−M

|αp|
2η2(p)

=

N−M−1∑

p=0

[|αp|
2η2(p) +

1

2
|αp+N−M |2η2(p+N −M)]

+
1

2

∞∑

p=N−M

[|αp|
2η2(p) + |αp+N−M |2η2(p+N −M)]

≥

∞∑

p=0

|αpαp+N−M | · η(p) · η(p+N −M)

≥

∞∑

p=0

|αpαp+N−M | ·
∣∣

n∑

k=1

(akbk − ckdk)
∣∣ · ‖HzM zp‖ · ‖HzN zp+N−M‖

≥

∞∑

p=0

|αpαp+N−M | ·
∣∣

n∑

k=1

(akbk − ckdk)
∣∣〈HzN zp+N−M , HzM zp〉,

which completes the proof. �

The following theorem shows that if TΦ, the Toeplitz operator on L2
a(D,Cn)

with harmonic symbol Φ, is hyponormal, then Φ is normal.

Theorem 2.2. Let Φ(z) = F (z) +G∗(z) ∈ h∞ ⊗Mn×n. If TΦ on L2
a(D,C

n)
is hyponormal, then Φ∗(z)Φ(z) = Φ(z)Φ∗(z) almost everywhere on D.

Proof. Denote T = (Tij)
n
i,j=1 = T ∗

ΦTΦ − TΦT
∗
Φ, where Tij =

∑n
p=1[Tϕpi

Tϕpj
−

Tϕip
Tϕjp

]. Let xi = (0, . . . , 0︸ ︷︷ ︸
i−1

, kz, 0, . . .)
T ( 1 ≤ i ≤ n ). Since TΦ is hyponormal,

we get 〈Tiikz , kz〉 ≥ 0. Simple calculation implies that

〈Tϕpi
Tϕpi

kz , kz〉 = 〈 |fpi|
2kz, kz〉 + fpi(z)gpi(z) + gpi(z)fpi(z) + |gpi(z)|

2.

Denote z = rξ, 0 < r < 1, ξ ∈ T. Letting r → 1, we have

lim
r→1

〈Tϕpi
Tϕpi

kz, kz〉

= lim
r→1

〈|fpi|
2kz, kz〉 + lim

r→1
[fpi(z)gpi(z) + gpi(z)fpi(z) + |gpi(z)|

2 ]

= |ϕpi(ζ)|
2
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for almost all ζ ∈ T, where the second equality follows from the dominant
convergence theorem.

Therefore

lim
r→1

〈Tii kz, kz〉 =

n∑

p=1

(|ϕpi(ζ)|
2 − |ϕip(ζ)|

2) ≥ 0

for almost all ζ ∈ T. Note that

lim
r→1

k−1∑

i=1

〈Tii kz , kz〉+ lim
r→1

n∑

i=k+1

〈Tii kz, kz〉 =

n∑

p=1

(|ϕkp(ζ)|
2 − |ϕpk(ζ)|

2) ≥ 0

and

lim
r→1

〈Tkk kz , kz〉 =
n∑

p=1

(|ϕpk(ζ)|
2 − |ϕkp(ζ)|

2) ≥ 0.

Thus we deduce that

lim
r→1

〈Tkk kz, kz〉 =

n∑

p=1

(|ϕpk(ζ)|
2 − |ϕkp(ζ)|

2) = 0

for almost all ζ ∈ T and all 0 ≤ k ≤ n.
Letting ykm = (0, . . . , 0︸ ︷︷ ︸

k−1

, ckz , 0, . . . , 0︸ ︷︷ ︸
m−1

, kz, 0, . . .)
T , c = i,−i, 1,−1, we get

lim
r→1

〈Tk k+mkz , kz〉 =
n∑

p=1

[ϕpk(ζ)ϕp(k+m)(ζ)− ϕkp(ζ)ϕ(k+m)p(ζ)] = 0

for all 1 ≤ k ≤ n, 1 ≤ m ≤ n − 1. In conclusion, we have that if TΦ is
hyponormal, then Φ∗(ζ)Φ(ζ) = Φ(ζ)Φ∗(ζ) for almost all ζ ∈ T. Taking Poisson
integral of the above equality, it follows that Φ∗Φ = ΦΦ∗ almost everywhere
on D and the proof is complete. �

Corollary 2.3. Let Φ(z) = F (z) +G∗(z) ∈ h∞ ⊗Mn×n. If T ∗
ΦTΦ − TΦT

∗
Φ is

compact on L2
a(D,C

n), then Φ∗(z)Φ(z) = Φ(z)Φ∗(z) almost everywhere on D.

In the rest of this section, we let Φ(z) = F (z) +G∗(z) ∈ h∞ ⊗Mn×n. Then
there is the following representation,

T ∗
ΦTΦ − TΦT

∗
Φ = T ∗

ΦTΦ − TΦ∗Φ + (TΦΦ∗ − TΦT
∗
Φ) + TΦ∗Φ−ΦΦ∗

= −H∗
ΦHΦ +H∗

Φ∗H∗
Φ∗ + TΦ∗Φ−ΦΦ∗

= H∗
F∗HF∗ −H∗

G∗HG∗ + TΦ∗Φ−ΦΦ∗ .

By the above equalities and Theorem 2.2, we know that TΦ is hyponormal if
and only if H∗

F∗HF∗ −H∗
G∗HG∗ ≥ 0.

In the rest part of this section, we let Φ(z) = F (z) +G∗(z), where F (z) =
AzM +BzN , G(z) = CzM +DzN(0 < M < N), A,B,C,D ∈ Mn×n and there
is the following matrix representation,

H∗
F∗HF∗ −H∗

G∗HG∗
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=




n∑
k=1

(H∗
f1k

H
f1k

−H∗
g1k

Hg1k
) · · ·

n∑
k=1

(H∗
f1k

H
fnk

−H∗
g1k

Hgnk
)

...
...

n∑
k=1

(H∗
fnk

H
f1k

−H∗
gnk

Hg1k
) · · ·

n∑
k=1

(H∗
fnk

H
fnk

−H∗
gnk

Hgnk
)



.

Corollary 2.4. Let F = diag[ f1, . . . , fn ] and G = diag[ g1, . . . , gn ]. Suppose
fk = akz

M+bkz
N , gk = ckz

M+dkz
N (0 < M < N) with |bk| ≤ |dk| 1 ≤ k ≤ n.

Then TF+G∗ is hyponormal if and only if |f ′
k(z)| ≥ |g′k(z)| on T for 1 ≤ k ≤ n.

Proof. The proof follows from the above matrix representation and the above
proposition. �

The following theorem gives a necessary condition for the hyponormal block
Toeplitz operators with harmonic symbols.

Theorem 2.5. Suppose F (z), G(z) ∈ [ H∞ ∩ C1(D) ] ⊗ Mn×n. If TF+G∗

on L2
a(D,C

n) is hyponormal, then F ′(z)[F ∗(z)]′ − G′(z)[G∗(z)]′ is a positive

semi-definite matrix for all z ∈ T.

Proof. Let x = (c1kz, . . . , cnkz)
T (ci ∈ C, 1 ≤ i ≤ n). By the precious the-

orem, we have 〈H∗
F∗HF∗ − H∗

G∗HG∗x, x〉 ≥ 0. Simple calculation implies∑n

p=1

∑n

q=1 cqcp〈
∑n

k=1(H
∗
fpk

Hfqk
−H∗

gpk
Hgqk )kz, kz〉 ≥ 0. By [1, Theorem 2],

we have
∑n

p=1

∑n

q=1 cqcp
∑n

k=1[f
′
pk(ξ)f

′
qk(ξ) − g′pk(ξ)g

′
qk(ξ)] ≥ 0 on T and this

completes the proof. �

The first main result of this paper is the following theorem.

Theorem 2.6. Let Φ(z) = F (z)+G∗(z), F (z) = AzM +BzN , G(z) = CzM +
DzN(0 < M < N). Suppose that DD∗−BB∗ is a positive semi-definite matrix

and |〈 [BA∗−DC∗]γ, γ 〉Cn ·〈 [BA∗−DC∗]δ, δ 〉Cn |
1
2 ≥ |〈 [BA∗−DC∗]γ, δ 〉Cn |,

where A,B,C,D ∈ Mn×n, 〈 , 〉Cn is the inner product in Cn and γ, δ ∈ Cn.

Then TΦ is hyponormal if and only if F ′(z)[F ∗(z)]′−G′(z)[G∗(z)]′ is a positive

semi-definite matrix for all z ∈ T.

Proof. Without loss of generality, we only need to proof the sufficiency for
n = 2.

Let y = (h1, h2)
T , where h1(z) =

∑∞
l=0 αlz

l with
∑∞

l=0 |αl|
2/(l + 1) <

∞, h2(z) =
∑∞

l=1 βlz
l with

∑∞
l=0 |βl|

2/(l + 1) < ∞. By [10, Lemma 2.1],

{HzM (zk)}∞k=0 are pairwise orthogonal in L2(D, dA) and {Hzk(zM )}∞k=0 are
also pairwise orthogonal in L2(D, dA), so

〈H∗
F∗HF∗ −H∗

G∗HG∗y, y〉

=

∞∑

k=0

{ |αk|
2

2∑

l=1

(|a1l|
2 − |c1l|

2) + |βk|
2

2∑

l=1

(|a2l|
2 − |c2l|

2)
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+ 2Re [ αkβk

2∑

l=1

(a2la1l − c2lc1l) ] } · ‖HzM zk‖2

+

∞∑

k=0

{ |αk|
2

2∑

l=1

(|b1l|
2 − |d1l|

2) + |βk|
2

2∑

l=1

(|b2l|
2 − |d2l|

2)

+ 2Re [ αkβk

2∑

l=1

(b2lb1l − d2ld1l) ] }

+ 2

∞∑

k=0

Re { αkαk+N−M

2∑

l=1

(a1lb1l − c1ld1l)

+ βkβk+N−M

2∑

l=1

(a2lb2l − c2ld2l)

+ αkβk+N−M

2∑

l=1

(a1lb2l − c1ld2l)

+ βkαk+N−M

2∑

l=1

(a2lb1l − c2ld1l)}〈HzM zk, HzN zk+N−M 〉

=

∞∑

k=0

2∑

l=1

(|αka1l + βka2l|
2 − |αkc1l + βkc2l|

2 ) · ‖HzM zk‖2

+
∞∑

k=0

2∑

l=1

(|αkb1l + βkb2l|
2 − |αkd1l + βkd2l|

2 ) · ‖HzN zk‖2

+ 2
∞∑

k=0

Re {
2∑

l=1

[
(αka1l + βka2l)(αk+N−M b1l + βk+N−M b2l)

− (αkc1l + βkc2l)(αk+N−Md1l + βk+N−Md2l)
]
} 〈 HzM zk, HzN zk+N−M 〉.

By the hypothesis, F ′(z)[F ∗(z)]′−G′(z)[G∗(z)]′ is a positive semi-definite ma-

trix for all z ∈ T, that means, for any e1, e2 ∈ C,
∑2

i,j=1 Eij(z)ejei ≥ 0 on T,

where Ei,j =
∑2

p=1 f
′
ipf

′
jp − g′ipg

′
jp. It follows that

2∑

i,j=1

Eij(z)ejei =
2∑

p=1

(
|e1f

′
1p + e2f

′
2p|

2 − |e1g
′
1p + e2g

′
2p|

2
)
≥ 0.

Simple calculation implies that F ′(z)[F ∗(z)]′ − G′(z)[G∗(z)]′ is positive semi-
definite on T if and only if

[
M2

2∑

p=1

(
|e1a1p + e2a2p|

2 − |e1c1p + e2c2p|
2
)



THE HYPONORMAL TOEPLITZ OPERATORS 245

+N2
2∑

p=1

(
|e1b1p + e2b2p|

2 − |e1d1p + e2d2p|
2
) ]

≥ 2MN
∣∣

2∑

p=1

[
(e1a1p+e2a2p)(e1b1p+e2b2p)− (e1c1p+e2c2p)(e1d1p+e2d2p)

]∣∣.

Denote

η2k =
2∑

l=1

(|αka1l + βka2l|
2 − |αkc1l + βkc2l|

2) · ‖HzM zk‖2

+
2∑

l=1

(|αkb1l + βkb2l|
2 − |αkd1l + βkd2l|

2) · ‖HzN zk‖2.

Since DD∗ −BB∗ is positive semi-definite and
‖H

zM
zk‖2

‖H
zN

zk‖2 ≥ M2

N2 , we have

η2k
‖HzM zk‖2

≥
1

M2

{
M2

2∑

l=1

(
|αka1l + βka2l|

2 − |αkc1l + βkc2l|
2
)

+N2
2∑

l=1

(
|αkb1l + βkb2l|

2 − |αkd1l + βkd2l|
2
)}

≥
2MN

M2

∣∣
2∑

l=1

{ (
αka1l + βka2l

)(
αkb1l + βkb2l

)

−
(
αkc1l + βkc2l

)(
αkd1l + βkd2l

)} ∣∣.
Similarly, we have

η2k
‖HzN zk‖2

≥
2MN

N2

∣∣
2∑

l=1

{ (
αka1l + βka2l

)(
αkb1l + βkb2l

)

−
(
αkc1l + βkc2l

)(
αkd1l + βkd2l

)} ∣∣.
Denote γk = (αk, βk)

T and δk = (αk+N−M , βk+N−M )T . We have the following
inequality

ηkηk+N−M

≥ 2
∣∣

2∑

l=1

{ (
αka1l + βka2l

)(
αkb1l + βkb2l

)

−
(
αkc1l + βkc2l

)(
αkd1l + βkd2l

)} ∣∣ 1
2

·
∣∣

2∑

l=1

{ (
αk+N−Ma1l + βk+N−Ma2l

)(
αk+N−M b1l + βk+N−M b2l

)

−
(
αk+N−Mc1l+ βk+N−Mc2l

)(
αk+N−Md1l + βk+N−Md2l

)}∣∣ 1
2
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〈HzM zk, HzN zk+N−M 〉

= 2|〈A∗γk, B
∗γk〉C2 − 〈C∗γk, D

∗γk〉C2 |
1
2

· |〈A∗δk, B
∗δk〉C2 − 〈C∗δk, D

∗δk〉C2 |
1
2 〈HzM zk, HzN zk+N−M 〉.

Since |〈 [BA∗ − DC∗]γk, γk 〉C2 · 〈 [BA∗ − DC∗]δk, δk 〉C2 |
1
2 ≥ |〈 [BA∗ −

DC∗]γk, δk 〉C2 |, we get |〈A∗γk, B
∗γk〉C2 −〈C∗γk, D

∗γk〉C2 |
1
2 · |〈A∗δk, B

∗δk〉C2 −

〈C∗δk, D
∗δk〉C2 |

1
2 ≥ |〈A∗γk, B

∗δk〉C2 − 〈C∗γk, D
∗δk〉C2 |. So

ηkηk+N−M

≥ 2
∣∣

2∑

l=1

[
(αka1l + βka2l)(αk+N−M b1l + βk+N−M b2l)

− (αkc1l + βkc2l)(αk+N−Md1l + βk+N−Md2l)
] ∣∣ 〈 HzM zk, HzN zk+N−M 〉.

Thus
∞∑

k=0

η2k =

N−M+1∑

k=0

η2k +

N−M−1∑

k=0

η2k+N−M +

∞∑

k=2N−2M

η2k

=

N−M+1∑

k=0

η2k +
1

2

N−M−1∑

k=0

η2k+N−M +
1

2

∞∑

k=N−M

η2k +
1

2

∞∑

k=N−M

η2k+N−M

≥
∞∑

k=0

ηkηk+N−M .

This completes the proof. �

Remark 2.7. The assumption that DD∗ − BB∗ is positive semi-definite can
not be removed. Let F , G be the diagonal matrices with the matrix entries as
f and g in [10, Remark 2.8] and we get the counterexample.

3. Necessary conditions with ‖F‖2 = ‖G‖2

For a matrix valued analytic function M ∈ L2(D, dA) ⊗Mn×n, let

M(z) = [mij(z)]n×n =
∞∑

k=0

Mkz
k

be the Taylor expansion of M(z). The 2-norm of M is defined by

‖M‖22 =

∫

D

tr[M∗(z)M(z) ]dA(z) =
∞∑

k=0

tr[M∗
kMk]

k + 1
,

where tr is the trace of matrix M .

Theorem 3.1. Let Φ(z) = F (z) + Φ(0) + G∗(z) ∈ h∞(D, dA) ⊗ Mn×n with

‖F‖2 = ‖G‖2. If TΦ is hyponormal, then P (tr[F ∗F − FF ∗](z)) = 0.
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Proof. Let hp = (0, . . . , 0︸ ︷︷ ︸
p−1

, zk + c, 0, . . .)T , p ≥ 1, k ≥ 0 and c ∈ C. Since TΦ is

hyponormal, then we have 〈T ∗
ΦTΦ − TΦT

∗
Φhp, hp〉 ≥ 0, and hence

n∑

p=1

〈H∗
F∗HF∗ −H∗

G∗HG∗hp, hp〉 =

n∑

p=1

(‖HF∗hp‖
2 − ‖HG∗hp‖

2) ≥ 0.

Note that

‖HF∗hp‖
2 =

n∑

q=1

‖Hfpq
zk‖2 + |c|2

n∑

q=1

‖fpq‖
2 +

n∑

q=1

2Re〈cfpq, Hfpq
zk〉.

By the hypothesis, we arrive

n∑

p=1

n∑

q=1

‖fpq‖
2 =

n∑

p=1

n∑

q=1

‖gpq‖
2.

Therefore,

n∑

p=1

n∑

q=1

(‖Hfpq
zk‖2 − ‖Hgpq

zk‖2)

+

n∑

p=1

n∑

q=1

2Re[c〈fpq, Hfpq
zk〉 − c〈gpq,Hgpq

zk〉]

=

n∑

p=1

n∑

q=1

(‖Hfpq
zk‖2 − ‖Hgpq

zk‖2) +

n∑

p=1

n∑

q=1

2Re[c〈|fpq|
2 − |gpq|

2, zk〉] ≥ 0.

Letting |c| → ∞, we get P (
∑n

p=1

∑n

q=1(|fpq|
2−|gpq|

2)) = 0, that is P ( tr[F ∗F−

GG∗](z) ) = 0. �

Corollary 3.2. Let F (z) =
∑I

k=1 Fkz
k, G(z) =

∑I

k=1 Gkz
k with ‖F‖2 =

‖G‖2. Suppose TF+G∗ is hyponormal on L2
a(D,Cn). Then

ν =




N1,1 N2,2 · · · NI,I

0 N1,2 · · · NI−1,I

... 0
. . .

...

0 · · · 0 N1,I







1
2
1
3
...
1

I+1


 = 0,

where Nl,k = tr [F ∗
kFl −G∗

kGl], l, k = 1, 2, . . . , I.

Proof. By Theorem 3.1, it is sufficient to show that if ‖F‖2 = ‖G‖2, then the
vector ν = 0 if and only if P ( tr[F ∗(z)F (z)−G(z)G∗(z)] ) = 0.

Note that

〈P ( tr[F ∗(z)F (z)−G(z)G∗(z)] ),Kw〉

= 〈tr[F ∗F −GG∗],Kw〉
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= 〈tr[
I∑

k=1

F ∗
k z

k

I∑

l=1

Flz
l −

I∑

k=1

G∗
kz

k

I∑

l=1

Glz
l],Kw〉

= 〈tr[

I∑

k=1

I∑

l=1

(F ∗
kFl −G∗

kGl)] z
kzl,Kw〉

= tr
[ I∑

k=1

I∑

l=1

(F ∗
kFl −G∗

kGl)
]
〈zkzl,Kw〉.

By the hypothesis, we know that
∑

l≥k

tr[F∗

kFl−G∗

kGl]
k+1 = 0, that is,

∑
l≥k

Nl,k

k+1 =
0. �

Lemma 3.3. Let F (z) = [fij ]n×n, G(z) = [gij ]n×n ∈ [ H∞ ∩C1(D) ]⊗Mn×n.

Suppose
∑n

q=1(|f
′
pq(ξ)|

2 − |g′pq(ξ)|
2) = 0 (1 ≤ p ≤ n) for ξ ∈ T. If TF+G∗ is

hyponormal, then F ′(ξ)(F ∗)′(ξ) = G′(ξ)(G∗)′(ξ) for ξ ∈ T.

Proof. Let xk = (0, . . . , 0︸ ︷︷ ︸
k−1

, kz, ckz, 0, . . .)
T (c ∈ C), k ≥ 1.

Since H∗
F∗HF∗ −H∗

G∗HG∗ ≥ 0, it follows that

〈

n∑

p=1

(H∗
fkp

H
fkp

−H∗
gkp

Hgkp
)kz , kz〉

+ 2Rec〈

n∑

p=1

(H∗
f(k+1)p

H
fkp

−H∗
g(k+1)p

Hgkp
)kz , kz〉

+ 〈

n∑

p=1

(H∗
f(k+1)p

H
f(k+1)p

−H∗
g(k+1)p

Hg(k+1)p
)kz , kz〉 ≥ 0.

By [1, Theorem 2], we have

n∑

p=1

(|f ′
kp(ξ)|

2 − |g′kp(ξ)|
2)

+ 2Rec [

n∑

p=1

(f ′
(k+1)p(ξ)f

′
kp(ξ)− g′(k+1)p(ξ)g

′
kp(ξ))]

+

n∑

p=1

(|f ′
(k+1)p(ξ)|

2 − |g′(k+1)p(ξ)|
2) ≥ 0 for ξ ∈ T.

It follows that 2Rec[
∑n

p=1(f
′
(k+1)p(ξ)f

′
kp(ξ)− g′(k+1)p(ξ)g

′
kp(ξ))] ≥ 0.

Taking c = 1,−1, i,−i, it implies

n∑

p=1

(f ′
(k+1)p(ξ)f

′
kp(ξ)− g′(k+1)p(ξ)g

′
kp(ξ)) = 0
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for ξ ∈ T. Similarly, letting yk,m = (0, . . . , 0︸ ︷︷ ︸
k−1

, kz, 0, . . . , 0︸ ︷︷ ︸
m−1

, ckz , 0, . . .)
T , k ≥

1,m ≥ 1, we have F ′(ξ)(F ∗)′(ξ) = G′(ξ)(G∗)′(ξ) for ξ ∈ T. �

The second main result of this paper is the following theorem.

Theorem 3.4. Let F +G∗ ∈ h∞ ⊗Mn×n with F (0) = G(0) = 0n×n. Suppose

‖F‖2 = ‖G‖2 and F ′, G′ ∈ H2 ⊗Mn×n. If TF+G∗ is hyponormal, then

(1) F (z)F ∗(z) = G(z)G∗(z) almost everywhere on D, and

(2) F ∗(z)F (z) = G∗(z)G(z) almost everywhere on D.

Proof. (1) Let xp = (0, . . . , 0︸ ︷︷ ︸
p−1

, 1, 0, . . .)T , p ≥ 1. Since TF+G∗ is hyponormal,

it follows that
∑n

q=1 ‖fpq‖
2 ≥

∑n

q=1 ‖gpq‖
2. Note that

∑n

p=1

∑n

q=1 ‖fpq‖
2 =∑n

p=1

∑n

q=1 ‖gpq‖
2. Hence

∑n

q=1 ‖fpq‖
2 =

∑n

q=1 ‖gpq‖
2.

The following familiar Green’s identity is from [1],

∫

D

u(z)dA− u(0) =

∫

D

∆u(z)K(z)dA(z),

where u(z) ∈ C2(D) ∩ L1(D, dA), K(z) = log 1
|z|2 − (1 − |z|2) ≥ 0 for z ∈ D.

Direct calculation implies that

0 =

n∑

q=1

‖fpq‖
2 −

n∑

q=1

‖gpq‖
2

=

∫

D

(

n∑

q=1

|fpq|
2 −

n∑

q=1

|gpq|
2) dA

= [
n∑

q=1

(|fpq|
2 − |gpq|

2)](0) +

∫

D

∆[
n∑

q=1

(|fpq|
2 − |gpq|

2)(z)]K(z) dA(z)

= 0 +

∫

D

[
n∑

q=1

(|f ′
pq|

2 − |g′pq|
2)(z)]K(z) dA(z).

Let yp = (0, . . . , 0︸ ︷︷ ︸
p−1

, kz, 0, . . .)
T , p ≥ 1. Since TF+G∗ is hyponormal, by [1,

Theorem 2], it follows that limz→ξ∈T

∑n

q=1[|f
′
pq|

2 − |g′pq|
2](z) ≥ 0.

limz→ξ∈T

n∑

q=1

[|f ′
pq|

2 − |g′pq|
2](z),

= limz→ξ∈T lim
r→1

n∑

q=1

[|(f ′
pq)

r|2 − |(g′pq)
r|2](z)

= lim
r→1

limz→ξ∈T

n∑

q=1

[|(f ′
pq)

r|2 − |(g′pq)
r|2](z)
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= lim
r→1

n∑

q=1

[|(f ′
pq)

r|2 − |(g′pq)
r|2](ξ)

=

n∑

q=1

[|f ′
pq|

2 − |g′pq|
2](ξ) for almost all ξ ∈ T,

where f r(z) = f(rz) ( 0 < r < 1) for all z ∈ D. Taking the Poisson integral of
the above equality, it follows that

∑n
q=1(|f

′
pq|

2−|g′pq|
2)(z) ≥ 0, this implies that

∑n
q=1(|f

′
pq|

2−|g′pq|
2)(z) = 0 for almost all z ∈ D. Denote f ′

pq(z) =
∑∞

k=1 a
(pq)
k zk

and f̂ ′
pq(z) =

∑∞
k=1 a

(pq)
k zk. The above equality is equal to

n∑

q=1

f ′
pq(z)f̂

′
pq(z)−

n∑

q=1

g′pq(z)ĝ
′
pq(z) = 0 a.e. on D.

It follows from a well-known result in several complex variables
(
that is, if

f(z, w) is holomorphic in D× D and f(z, z) = 0, then f(z, w) ≡ 0 for (z, w) ∈
D× D

)
, then

n∑

q=1

f ′
pq(z)f̂

′
pq(w) −

n∑

q=1

g′pq(z)ĝ
′
pq(w) = 0 a.e. on D× D.

So

0 =

∫ z

0

n∑

q=1

f ′
pq(u)f̂

′
pq(v)−

n∑

q=1

g′pq(u)ĝ
′
pq(v) du

=

n∑

q=1

fpq(z)f̂ ′
pq(v)−

n∑

q=1

gpq(z)ĝ′pq(v)

=

∫ w

0

n∑

q=1

fpq(z)f̂ ′
pq(v)−

n∑

q=1

gpq(z)ĝ′pq(v) dv

=

n∑

q=1

fpq(z)f̂pq(w) −

n∑

q=1

gpq(z)ĝpq(w).

Thus
∑n

q=1 |fpq|
2(z) =

∑n
q=1 |gpq|

2(z) (p ≥ 1) for almost all z ∈ D. By Lemma

3.3 and the previous proof, we get F (z)F ∗(z) = G(z)G∗(z) for almost all z ∈ D.
(2) Note that (F +G∗)(F ∗+G) = (F ∗+G)(F +G∗). Taking Laplace trans-

form ∆ of the above equality, we get F ′(z)F ′∗(z)−G′(z)G′∗(z) = F ′∗(z)F ′(z)−
G′∗(z)G′(z). Using a similar argument as in the proof of (1), one can prove the
conclusion. �

The following corollary generalizes [10, Theorem 3.3].

Theorem 3.5. Let F +G∗ ∈ h∞ ⊗Mn×n with F (0) = G(0) = 0n×n. Suppose

‖F‖2 = ‖G‖2, F
′, G′ ∈ H2 ⊗ Mn×n and detF , detG are not identically zero.

Then the following statements are equivalent:
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(1) TF+G∗ on L2
a(D,Cn) is hyponormal,

(2) TF+G∗ on L2
a(D,Cn) is normal,

(3) there exists a constant unitary matrix U such that F (z) = G(z)U.

Proof. (2) ⇒ (1) is trivial.
(3) ⇒ (2). Since

H∗
F∗HF∗ −H∗

G∗HG∗ = H∗
(GU)∗H(GU)∗ −H∗

G∗HG∗

= H∗
U∗G∗HU∗G∗ −H∗

G∗HG∗

= H∗
G∗(U∗)∗HU∗G∗ −H∗

G∗HG∗

= H∗
G∗UU∗HG∗ −H∗

G∗HG∗ = 0,

we get TF+G∗ is normal.
(1) ⇒ (3). By Theorem 3.4, it follows that F (z)F ∗(z) = G(z)G∗(z) for

almost all z ∈ D. Since detF, detG are not identically zero analytic functions,
we have G−1(z)F (z) = G∗(z)(F ∗)−1(z). Note that G−1(z)F (z) is analytic
and G∗(z)(F ∗)−1(z) is co-analytic. So there exists a constant matrix U such
that G−1(z)F (z) = G∗(z)(F ∗)−1(z) = U . Therefore F (z) = (UF ∗(z))∗U =
F (z)U∗U and G∗(z) = U(G(z)U)∗ = UU∗G∗(z). Hence U is a unitary matrix
and hence F (z) = G(z)U.

�
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