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ON GORENSTEIN COTORSION DIMENSION OVER
GF-CLOSED RINGS

ZENGHUI GAO

ABSTRACT. In this article, we introduce and study the Gorenstein cotor-
sion dimension of modules and rings. It is shown that this dimension has
nice properties when the ring in question is left GF-closed. The relations
between the Gorenstein cotorsion dimension and other homological di-
mensions are discussed. Finally, we give some new characterizations of
weak Gorenstein global dimension of coherent rings in terms of Gorenstein
cotorsion modules.

1. Introduction

Throughout this paper, R is an associative ring with identity and all modules
are unitary. For any left R-module M, as usual, pdz (M), idr(M) and fdr(M)
will denote the projective, injective and flat dimensions of M, respectively. We
use [.D(R) (resp., wD(R)) to stand for the left global dimension (resp., weak
global dimension) of a ring R. For unexplained concepts and notations, we
refer the reader to [1, 15, 23, 24].

As a generalization of the notion of projective dimension of modules, Aus-
lander and Bridger [2] introduced the notion of G-dimension, G-dimp (M), for
every finitely generated R-module M over a two-sided Noetherian ring. They
proved the inequality G-dimpg (M) < pdg (M), and equality holds if pd (M) is
finite. Several decades later, Enochs, Jenda and Torrecillas in [14, 18] extended
the G-dimension to modules that are not necessarily finitely generated and in-
troduced three homological dimensions, called Gorenstein projective, injective
and flat dimensions. These have been studied extensively by many authors
(see, for example, [4, 6, 8, 11, 15, 17, 21, 22, 26]).

Let R be a ring. Recall that a left R-module M is called Gorenstein flat in
[18], if there exists an exact sequence of flat left R-modules F = --- — F} —
Fy — FY - F' — ... with M = ker(F° — F!) such that I @ — leaves the
sequence F exact whenever [ is an injective right R-module. The Gorenstein
flat dimension of a left R-module M, denoted by Gfdg(M), is defined that
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Gfdr(M) < n if and only if M has a Gorenstein flat resolution of length n
(15, 21]). In [6], Bennis and Mahdou introduced the left weak Gorenstein
global dimension of R, l.wGgldim(R), which is defined as the supremum of the
Gorenstein flat dimensions of all left R-modules.

It is well known that the class of cotorsion modules plays an important
role in the progress of settling the “flat cove conjecture”, which was conjec-
tured by Enochs in [12]. A left R-module M is said to be cotorsion [26] if
Exty(F, M) = 0 for all flat left R-modules F. The cotorsion dimension of
M, denoted by cdr(M), is defined to be the smallest integer n > 0 such
that Extl" (F, M) = 0 for any flat right R-module F (if no such n exists,
set cdr(M) = 00), and the left global cotorsion dimension [.cot.D(R) of R is
defined as sup{cdr(M)| M is a left R-module} ([23]).

It has been shown that there are many nice results about Gorenstein flat
modules over (special) coherent rings. In [11], Ding and Chen character-
ized n-FC rings (i.e., R is left and right coherent with FP-id(gR) < n and
FP-id(Rr) < n for an integer n > 0) in terms of Gorenstein flat modules.
Holm proved in [21] that the class of all Gorenstein flat modules over a right
coherent ring R is closed under direct sums, direct summands and direct limits
([21, Proposition 3.2, Theorem 3.7]). Inspired by [7] (that is, Bican, Bashir
and Enochs in [7] proved the existence of flat covers for every module over
any ring), Enochs et al. proved in [16, 17] that the class of Gorenstein flat left
R-modules and its right orthogonal class (called Gorenstein cotorsion modules)
over right coherent rings form a complete hereditary cotorsion theory, thus all
left R-modules over a right coherent ring R have Gorenstein flat covers (see
[16, Theorem 2.12] and [17, Theorem 3.1.9]). In the same direction, Yang and
Liu [27] generalized the principal results of [16] to a larger class of rings, called
left GF-closed rings (i.e., R satisfies the class of Gorenstein flat left R-modules
is closed under extensions), they showed all left R-modules over left GF-closed
rings have Gorenstein flat covers.

Naturally, many literature take the role of Gorenstein cotorsion modules into
consideration. Recall from [17] that a left R-module M is called Gorenstein
cotorsion if Ext}z(G, M) =0 for all Gorenstein flat left R-modules G. Clearly,
every Gorenstein cotorsion module is cotorsion. Many basic properties of the
Gorenstein cotorsion modules have been given in [13, 16, 17, 26, 27]. Especially,
in [17], Enochs and Lépez-Ramos gave some characterizations on such modules
(for more details, see [17, Sections 3.3 and 3.4]). It is an important question
to establish the corresponding Gorenstein versions of the numerous interesting
results about cotorsion dimension.

The aim of this article is to introduce a concept of Gorenstein cotorsion
dimensions of modules and rings and generalize some known results for cotor-
sion dimension in [23] to Gorenstein cotorsion dimension. In Section 2, the
definition and some basic results are given. Then in Section 3, we present
some general properties of the Gorenstein cotorsion dimension. It is shown
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that the Gorenstein cotorsion dimension has nice properties when the ring in
question is left GF-closed. The relations between the Gorenstein cotorsion di-
mension and other homological dimensions are discussed. In Section 4, some
applications of Gorenstein cotorsion modules are discussed. It is given some
new characterizations of weak Gorenstein global dimension of coherent rings
in terms of Gorenstein cotorsion modules. As a corollary, we also obtain some
characterizations of FC rings.

Next we recall some known notions and facts needed in the article.

Let C be a class of left R-modules and M a left R-module. Following [15],
we say that a homomorphism ¢ : M — C is a C-preenvelope if C' € C and the
abelian group homomorphism Hompg(¢,C’) : Hompg(C,C") — Hompg(M,C")
is surjective for each C’ € C. A C-preenvelope ¢ : M — C' is said to be a C-
envelope if every endomorphism g : C' — C such that g¢ = ¢ is an isomorphism.
Dually we have the definitions of a C-precover and a C-cover. In general, C-
envelopes (C-covers) may not exist, but if they exist, they are unique up to
isomorphism. A C-envelope ¢ : M — C' is said to have the unique mapping
property [9] if for any homomorphism f : M — C’ with C" € C, there is a
unique homomorphism g : C — C’ such that go = f. The concept of an
C-cover with the unique mapping property can be defined similarly.

For a class £ of left R-modules, we denote by £+ = {C : Exty(L,C) =
0 for all L € £} the right orthogonal class of £, and by + £ = {C': Ext(C, L) =
0 for all L € L} the left orthogonal class of £. A pair (£,C) of classes of left
R-modules is called a cotorsion theory [15] if £+ = C and +C = £. A cotorsion
theory (£, C) is called perfect [16] if every left R-module has a C-envelope and
an L-cover. A cotorsion theory (£,C) is said to be hereditary in [16] if whenever
0—-L —L— L"— 0is exact with L, L” € £, then L’ is also in L.

2. Preliminaries

We begin with the following definition.

Definition 2.1. Let R be a ring and M a left R-module.

The Gorenstein cotorsion dimension of M, denoted by G-cdr (M), is defined
to be smallest integer n > 0 such that Ext};™ (N, M) = 0 for all Gorenstein
flat left R-modules N. If no such n exists, set G-cdr(M) = co.

Put [.G-cD(R) = sup{G-cdr(M) | M is a left R-module} and call [.G-cD(R)
the left global Gorenstein cotorsion dimension of R. Similarly, we have
r.G-cD(R) (when R is a commutative ring, we drop the unneeded letters r
and 1).

Remark 2.2. (1) Clearly, the modules of Gorenstein cotorsion dimension 0
are just the well-known Gorenstein cotorsion modules. Moreover, if M is a
Gorenstein cotorsion left R-module and N is a Gorenstein flat left R-module,
then Exth(N, M) =0 for all 4 > 1.

(2) Since every flat module is Gorenstein flat, it follows that cdgp(M) <
G-cdgr(M) < idg(M) for any left R-module M by [17, Remark 2.3]. If R is
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von Neumann regular, then the equalities cdg(M) = G-cdr(M) = idr(M)
hold.

Proposition 2.3. Let {N,};cr be a family of left R-modules. Then we have
G-cdr(] [ Vi) = sup{ G-cdr(N)|i € I}.
i€l
In particular, I
stein cotorsion.

i1 Ni is Gorenstein cotorsion if and only if each N; is Goren-

Proof. This follows from the isomorphism:

Exth(F, [ Vi) = [ [ Bxtiy (7, N7)
i€l el

for all n > 1 and all left R-modules F' by [24, Theorem 7.14]. O

In what follows, we write GF and GC for the categories of all Gorensein
flat left R-modules and all Gorenstein cotorsion left R-modules, respectively.
For a left R-module M, we use GC(M) and GF(M) to denote the Gorenstein
cotorsion envelope and Gorenstein flat cover of M, respectively. By the Waka-
mutsu’s Lemmas ([26, Lemmas 2.1.1 and 2.1.2]), we easily get the next two
results.

Lemma 2.4. If f : GF(M) — M is a Gorenstein flat cover of a left R-module
M, then ker(f) is Gorenstein cotorsion. Thus if M is Gorenstein cotorsion,
sois GF(M).

Lemma 2.5. If g : M — GC(M) is a Gorenstein cotorsion envelope of a left
R-module M, then coker(g) is Gorenstein flat. Moreover, if M is Gorenstein
flat, so is GC(F).

The following example illustrates cotorsion modules need not be Gorenstein
cotorsion in general.

Example 2.6. Let N be any right R-module, then N is pure injective by [15,
Proposition 5.3.7], and so N is cotorsion since every pure injective module is
cotorsion. We claim that NT is not Gorenstein cotorsion. If not, let G be a
Gorenstein flat left R-module, but not flat. One easily gets the isomorphism:
Torf'(N,G)t = ExtR(G, NT). Then Exth(G, N*) = 0 since N* is Gorenstein
cotorsion. Tt follows from [24, Lemma 3.51] that Torj'(N,G) = 0, and so G is
flat, a contradiction.

Proposition 2.7. Let R be a commutative ring. The following are equivalent:
(1) M is Gorenstein cotorsion.
(2) Homp(F, M) is Gorenstein cotorsion for any flat R-module F.
(3) Hompg (F, M) is Gorenstein cotorsion for any projective R-module F.
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Proof. (1) = (2) Let N be a Gorenstein flat R-module and F a flat R-module.
Then there exists an exact sequence 0 - K — P — N — 0 with P projective,
which yields the exactness of

0 >K®rF —>PrF —>N@rF —D0.
Note that N @ F is Gorenstein flat by [22, Proposition 2.11] since R is com-

mutative, it follows that
Homp (P ®r F, M) — Homp(K ®g F, M) — Extp(N @ F,M) =0
is exact, which gives rise to the exactness of
Homp(P,Homp(F, M)) — Homp (K, Homg(F, M)) — 0.
On the other hand, the sequence
HOIIlR(P7 HOHIR(F, M)) — HomR(K, HomR(F, M)) —
Extp(N, Hompg(F, M)) — Exty (P, Homg(F, M)) =0
is exact. Thus Exth(N,Homp(F, M)) = 0, which implies Homp(F, M) is
Gorenstein cotorsion.
(2) = (3) is trivial.
(3) = (1) holds by putting F' = R. O
We shall say that a ring R is left Gorenstein cotorsion if g R is Gorenstein
cotorsion. Let A4 be a nonempty collection of left ideals of a ring R. Following

[25], a left R-module X is called A-injective if each R-homomorphism f: A —
X with A € A extends to R, or equivalently Exth(R/A, X) = 0 for any A € A.

Proposition 2.8. Let R be a left GF-closed ring and A a nonempty collection
of left ideals of R. Then the following are equivalent:

(1) Every Gorenstein cotorsion left R-module is A-injective.

(2) R/A is a Gorenstein flat left R-module for any A € A.

Moreover, if R is a left Gorenstein cotorsion ring, then the above equivalent
conditions imply that GC(A) is a direct summand of rRR for any A € A.

Proof. (1) = (2) For any A € A, let M be any Gorenstein cotorsion left R-
module. The exactness of 0 - A — R — R/A — 0 gives rise to an exact
sequence

Homp(R, M) — Hompg (A, M) — Exty(R/A, M) — 0.
Since Homp(R, M) — Homp(A, M) — 0 is exact by (1), we have
Extr(R/A, M) = 0.

By the arbitrariness of the Gorenstein cotorsion M, we get R/A is Gorenstein
flat by [27, Theorem 3.4] since R is left GF-closed.

(2) = (1) Let M be a Gorenstein cotorsion left R-module. For any A € A,
the exactness of 0 - A — R — R/A — 0 induces an exact sequence

Hompg (R, M) — Hompg(A, M) — Exths(R/A, M) — 0.
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Note that Exty(R/A, M) = 0 by (2), and hence M is A-injective. Thus (1)
follows.

Assume that R is a left Gorenstein cotorsion ring, let R/A be Gorenstein
flat for any A € A, then the inclusion map A — rR is a Gorenstein cotorsion
preenvelope of A. It follows from [15, Proposition 6.1.2] that GC'(A) is a direct
summand of p R, as desired. (|

3. The Gorenstein cotorsion dimension of modules and rings

In this section, we study the Gorenstein cotorsion dimension of modules and
rings. The relations between the Gorenstein cotorsion dimension and other
homological dimensions are discussed. Some known results for cotorsion di-
mension of [23] are extended to Gorenstein cotorsion dimension.

The following proposition gives a characterization of the Gorenstein cotor-
sion dimension.

Proposition 3.1. Let R be a ring. The following are equivalent for a left
R-module M and an integer n > 0 :

(1) G-cdr(M) < n;

(2) Ext?;rl(N, M) =0 for any Gorenstein flat left R-module N;
(3) Ext;l;rj(N, M) = 0 for any Gorenstein flat left R-module N and all
jzL

(4) If the sequence 0 - M — G° — G' — .-+ — G"™1 = G™ — 0 is ezxact

with GO, ..., G"™1 Gorenstein cotorsion, then also G™ is Gorenstein cotorsion;
(5) There is an exact sequence 0 = M — G* - G — ... = G"" ! - G" —
0 is ezact with GY,...,G™ Gorenstein cotorsion;

Moreover, if R is a left GF-closed ring, then the above conditions are equiv-
alent to:

(6) G-cd(GF(M)) < n.

Proof. The proof consists entirely of standard arguments, and so it is omitted.
O

Yang and Liu proved in [27, Corollary 3.6] that if R is left GF-closed, then
every module has a Gorenstein cotorsion envelope. The following corollary is
a description of Gorenstein cotorsion dimension of a left R-module over such
rings, which is a generalization of [23, Corollary 19.2.2].

Corollary 3.2. Let R be left GF-closed. Then the following are identical for
a left R-module M :

(1) G-cdr(M).

(2) inf{k : there is an evact sequence 0 — M — G° — G' — ... — GF —
0, where G°,...,G* are Gorenstein cotorsion}.

(3) The integer n such that M admits a minimal Gorenstein cotorsion reso-
lution, that is, an exact sequence 0 — M — G° — G* — ... — G™ — 0, where
each G* is Gorenstein cotorsion, L' = coker(G*~2? — G*~') — G' is a Goren-
stein cotorsion envelope of L', G* #0,i=0,1,...,n, G 2=0,G"' = M.
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Proof. Similar to that of [23, Corollary 19.2.2]. O

Proposition 3.3. Let R be a ring and 0 - A — B — C — 0 a short exact
sequence of left R-modules. Then we have

(1) G-cdr(A) < sup{G-cdr(B), G-cdr(C) + 1} with equality if G-cdr(B) #
G-cdr(C).

(2) G-cdr(B) < sup{G-cdr(A), G-cdr(C)} with equality if G-cdr(A) #
G-cdr(C) + 1.

(3) G-cdr(C) < sup{G-cdr(B), G-cdr(A) — 1} with equality if G-cdr(B) #
G—CdR(A).

Proof. The proof is similar to [19, Lemma 3.3] and omitted. O

The next proposition is the Gorenstein version of [5, Lemma 2.5].

Proposition 3.4. Let R be a left GF-closed ring and M a left R-modules.
Then we have

G-cdp(M) < idr(M) < G-cdr(M) + wGgldim(R).
Proof. By Remark 2.2(2), it suffices to show the inequality
idr(M) < G-cdr(M) + wGgldim(R).

In order to do so, we may assume that G-cdr(M) = n < oo and wGgldim(R) =
m < oo. For any left R-module N, take a partial projective resolution of V:

0—-G—Pyq1—--—>P—>P—N-—=0.

Then G is Gorenstein flat by [3, Theorem 2.8] since wGgldim(R) = m. Apply-
ing Homp(—, M) to the above exact sequence, we get

Extyt" (N, M) = Ext;™ (G, M) =0
by Proposition 3.1, which implies that idg(M) < n + m, as desired. (I

The following theorem gives a generalization of [23, Theorem 19.2.5].

Theorem 3.5. Let R be a left GF-closed ring. Then
(1)
1.G-c¢D(R) = sup{pdr(M)| M is a Gorenstein flat left R-module}
= sup{ G-cdr(M)| M is a Gorenstein flat left R-module}.

(2) If I.G-¢D(R) < oo, then
[.G-¢D(R) = sup{pdr(M)| M is a Gorenstein flat G-cotorsion left R-module}

= sup{pdr(GC(M))| M is a Gorenstein flat left R-module}
= sup{ G-cdr(P)| P is a projective left R-module}.
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Proof. (1) First we show that [.G-cD(R) < sup{pdz(F) | F is a Gorenstein
flat left R-module}. We may assume that sup{pdgp(F) | F' is a Gorenstein
flat left R-module} = m < co. Let N be any left R-module. It follows that
Exti T (F, N) = 0 for any Gorenstein flat left R-module F since pdz(F) < m,
and so G-cdg(N) < m. Thus [.G-cD(R) < m.

Clearly, sup{G-cdgr(F) | F is a Gorenstein flat left R-module} < I.G-cD(R).
Next we show that sup{pdp(F) | F is a Gorenstein flat left R-module} <
sup{G-cdgr(F) | F is a Gorenstein flat left R-module}. In fact, we can assume
that sup{G-cdr(F) | F is a Gorenstein flat left R-module} = n < co. Let N
be a Gorenstein flat left R-module and M any left R-module. Since R is left
GF-closed, there exists an exact sequence 0 - K — GF(M) - M — 0. By
Lemma 2.4, K is Gorenstein cotorsion. So we have the following exact sequence

Ext)H (N, GF(M)) — Exti™ (N, M) — Exts™?(N,K) = 0.
Note that Exts™ (N,GF(M)) = 0 since G-cdr(GF(M)) < n. Thus
Ext)HH(N, M) =0,

which shows pdg(N) < n, as desired.
(2) We note that Gorenstein cotorsion envelopes of Gorenstein flat left R-
modules are always Gorenstein flat by Lemma 2.5, it follows that

1.G-cD(R)
= sup{pdr(M) | M is a Gorenstein flat left R-module}
sup{pdy(M) | M is a Gorenstein flat and Gorenstein cotorsion
left R-module}
sup{pdr(GC(M)) | M is a Goresntein flat left R-module}.

WV

WV

Next, we will prove that [.G-cD(R) < sup{pdz(GC(M)) | M is a Goren-
stein flat left R-module}. Suppose that sup{pdr(GC(M)) | M is a Gorenstein
flat left R-module} = m < oo. For every Gorenstein flat left R-module M,
G-cdr(M) =t < oo since I.G-¢cD(R) < oco. By Corollary 3.2, M admits a
minimal Gorenstein cotorsion resolution

0->M-—->Gy— G — = Gi—1 =G — 0.

Since each G; is a Gorenstein cotorsion envelope of the Gorenstein flat left
R-module L;, for i = 0,1,...,t, we have pdr(G;) < m (i = 0,1,....,t) by
hypothesis, and so pdz(M) < m. Thus we get [.G-cD(R) < m by (1).

Finally, we prove that {.G-cD(R) = sup{G-cdgr(P) | P is a projective left R-
module}. Tt is clear that the inequality “>” holds by Definition 2.1. In order to
show the converse inequality “<”, let sup{G-cdr(P) | P is a projective left R-
module} = n < co. For any Gorenstein flat left R-module F', we may suppose
pd(F) =m < oo since I.G-cD(R) < co. Then, we have an exact sequence

0—-P,—>Pn1—> =P >FP—=>F—=0
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with each P; (0 < ¢ < m) projective, and G-cdgr(P;) < n by the hypothesis.
Hence G-cdg(F) < n by Proposition 3.3, and so [.G-cD(R) < sup{G-cdr(P) |
P is a projective left R-module}. This completes the proof. (I

Proposition 3.6. Let R be a left GF-closed ring. Then
l.cot. D(R) < 1.G-cd(R) < I.D(R).

Proof. It is clear that the inequality {.G-cd(R) < [.D(R) holds by Theorem
3.5(1). Now we shall show that l.cot.D(R) < [.G-cd(R). We may assume that
1.G-cd(R) = n < co. Let M be any left R-module. Then Ext%™ (G, M) =0
for all Gorenstein flat left R-modules G since G-cdr(M) < n. It follows that
ExtyT (F, M) = 0 for any flat left R-module F. Thus cdg(M) < n, and hence
l.cot.D(R) < n, as desired. O

Following [11], a ring R is said to be n-FC if R is a left and right coherent
ring with self-FP-injective dimension at most n on either side. A ring R is
called FC if it is 0-FC.

Remark 3.7. We note that a ring R is FC if and only if every R-module (left and
right) is Gorenstein flat by [11, Theorem 6], it follows that .G-cD(R) = I.D(R)
when R is an FC ring.

It is well known that a ring R is left perfect if and only if every flat left
R-module is projective if and only if every (flat) left R-module is cotorsion if
and only if every (flat) left R-module has a cotorsion envelope with the unique
mapping property. Here, we have:

Proposition 3.8. The following are equivalent for any ring R :

(1) I.G-¢cD(R) = 0.

(2) All Gorenstein flat left R-modules are Gorenstein cotorsion.

(3) All Gorenstein flat left R-modules are projective.

Moreover, if R is a left GF-closed ring, then the above conditions are equiv-
alent to:

(4) Fvery left R-module has a Gorenstein cotorsion envelope with the unique
mapping property.

(5) Every Gorenstein flat left R-module has a Goresntein cotorsion envelope
with the unique mapping property.

(6) For any left R-homomorphism f : My — My with My, My Gorenstein
cotorsion, ker(f) is Gorenstein cotorsion.

Proof. (1) = (2) is trivial.

(2) = (3) Assume that G is a Gorenstein flat left R-module and 0 —» N —
P — G — 0 is a short exact sequence, where P is projective. It is easy to
see that N is Gorenstein flat. Hence Exty(G,N) = 0 by (2), and thus G is
projective, as desired.

(3) = (1) Since (Proj,rM) are cotorsion pairs, this result holds directly

by (3).
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(1) = (4) = (5) and (1) = (6) are trivial. Now it remains to show that
(5) = (2) and (6) = (1).

(5) = (2) Let M be a Gorenstein flat left R-module. Then, we have the
following exact commutative diagram:

Note that opaoy = 0 = 0oy, so opa = 0 by (5). It follows that L = im(a) C
ker(or) =0, and so M is Gorenstein cotorsion. Thus (2) holds.

(6) = (1) Let M be any Gorenstein flat left R-module. The above commu-
tative diagram implies M = ker(a)) = ker(op«) is Gorenstein cotorsion by (6),
as desired. O

4. Applications of Gorenstein cotorsion modules

In this section, we give some new characterizations of weak Gorenstein global
dimension of coherent rings in terms of Gorenstein cotorsion modules.

Bennis in [4, Theorem 2.8] proved l.wGgldim(R) = r.wGgldim(R) for two-
sided coherent rings. The following theorem gives a generalization of [26, The-
orem 3.2.2].

Theorem 4.1. Let R be a two-sided coherent ring. Then the following are
equivalent for any integer n > 0 :

(1) wGgldim(R) < n.

(2) For all Gorenstein cotorsion left R-modules L, idr(L) < n.

(3) For all Gorenstein cotorsion right R-modules N, Gfdg(N) < n.

(4) For all injective right R-modules N, Gfdp(N) < n.

To prove this theorem, we need the following lemma.

Lemma 4.2 ([4, Corollary 2.3]). Let R be a GF-closed ring. Then fdp(E) =
Gfdgr(E) for any injective R-module E.

Proof of Theorem 4.1. (1) = (2) Let M be a left R-module. Then, by (1),
there exists an exact sequence

O—-F, —-F_ 11— —F—-F->M=0

with each F; (0 < ¢ < n) Gorenstein flat by [21, Theorem 3.14]. For any
Gorenstein cotorsion left R-module L, applying Hompg(—, L) to the above ex-
act sequence, one easily gets Ext’}fl(M,L) = Ext}z(Fn,L) = 0 since F,, is
Gorenstein flat, which implies that idg(L) < n.
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(2) = (1) Let --- - Fy — Fy — N — 0 be a flat resolution of a left
R-module N and K,, the nth Flat-syzygy. Then we have the following exact
sequence

0—-K,—>Fy1---—F, —Fy—N—=0.

For any Gorenstein cotorsion left R-module L, it follows that Extk(K,, L) =
Exty™ (N, L) = 0 since idg(L) < n by (2). Note that (GF,GC) is cotorsion
theory by [16, Theorem 2.11], and so K, is Gorenstein flat, as desired.

(1) = (3) = (4) are trivial. Next it remains to prove that (4) = (1).

(4) = (1) Let E be an injective right R-module. Then Gfdg(E) < n by
(4), and so fdg(E) < n by Lemma 4.2. Tt follows from [10, Theorem 3.8]
that FP-id(gR) < n since R is left coherent. Similarly, we have FP-id(Rr) <
n. Consequently, R is an n-FC ring. So the desired result follows from [11,
Theorem 7], and completing the proof. O

Specializing Theorem 4.1 to the case n = 0, we get the following characteri-
zations of FC rings.

Corollary 4.3. Let R be a two-sided coherent ring. Then the following are
equivalent:
(1) R is an FC ring (or equivalently wGgldim(R) = 0 by [11, Theorem 6]).
(2) Every Gorenstein cotorsion R-module (left and right) is injective.
(3) Every Gorenstein cotorsion R-module (left and right) is Gorenstein flat.
(4) Every injective R-module (left and right) is Gorenstein flat.

It is known that the Gorenstein cotorsion envelope of any Gorenstein flat
left R-module is always Gorenstein flat by Lemma 2.5. Next, we discuss when
the Gorenstein cotorsion envelope of any left R-module is Gorenstein flat.

Proposition 4.4. Let R be a two-sided coherent ring. Then the following are
equivalent:

(1) R is an FC ring.

(2) Every R-module (left and right) has a G-cotorsion envelope which is
Gorenstein flat.

(3) Every R-module (left and right) has a G-flat cover with the unique map-
ping property.

(4) Every G-cotorsion R-module (left and right) has a Gorenstein flat cover
with the unique mapping property.

(5) For any left R-homomorphism [ : My — My with My and Ms G-flat,
coker(f) is G-flat.

Proof. (1) = (3) = (4) and (1) = (5) are clear by [11, Theorem 6]. Next it
suffices to show that (4) = (2) = (1) and (5) = (1).

(4) = (2) Let M be a left R-module. There is an exact sequence 0 — M —
GC(M) — L — 0 with L Gorenstein flat by Lemma 2.5. Then, we have the
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commutative diagram with exact row:

GF(K

QK fm

0_>If—>F_>MGC( )—0
0
where F — GC(M) and GF(K) — K are Gorenstein flat covers of GC(M)
and K, respectively. But op€ox = 0 = op0, it follows that o = 0 by
(4), and so K = im(ok) C ker(§) = 0. Therefore GC(M) is Gorenstein flat.
Similarly, we can prove the case of right R-modules, and thus (2) follows.

(2) = (1) We only prove the case of left R-modules. Let N be a Goren-
stein cotorsion left R-module and M any left R-module. There is an exact
sequence 0 - M — GC(M) — L — 0 with L Gorenstein flat. Then GC(M)
is Gorenstein flat by (2). Thus we have the exactness of

Extl(GO(M), N) — Exth (M, N) — Ext%(L, N).

Note that Exty(GC(M), N) = Ext%(L, N) = 0 by Proposition 3.1, we have
Exty(M, N) =0, and so N is injective. Hence (1) follows by Corollary 4.3.

(5) = (1) Assume that M is a Gorenstein cotorsion left R-module. We
consider the following commutative diagram with exact row:

GF(K)

o S

0——=K——>GFM)—=M—0
o e

l

0

which implies that M = coker(a) = coker(aeg) is Goresntein flat by (5).
Similarly, we have the case of right R-modules. Consequently, the desired
result follows directly from Corollary 4.3. O

The next proposition gives a description of weak Gorenstein global dimension
of communicative coherent rings in terms of Goresntein cotorsion modules.

Theorem 4.5. Let R be a commutative coherent ring and n a nonnegative
integer. Then the following are equivalent:

(1) wGgldim(R) < n.

(2) GidgHompg(A, B) < n for any Gorenstein cotorsion module A and any
injective module B.

(3) Gfdr(A®Rr F) < n for all Gorenstein cotorsion modules A and all flat
modules F'.

(4) GfdgHompg(F,B) < n for all flat modules F and for all Gorenstein
cotorsion modules B.
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Proof. (1) = (2) Let A be a Goresntein cotorsion left R-module and B an
injective left R-module. Then Gfdg(A4) < n by (1), and so we have a Gorenstein
flat resolution of A:

0—>F,—F,q1— - —F—A—0,
which gives rise to the exactness of the sequence
0 — Homp (A, B) = Hompg(Fy, B) — --- — Hompg(F,, B) — 0.

Note that each F; is Gorenstein flat and B is injective, it follows that Hom g (F;,
B) is Gorenstein injective by [20, Lemma 4.6]. Consequently, GidgHompg(A, B)
< n, and so (2) follows.

(2) = (1) Let A be a Gorenstein cotorsion R-module and let --- — F; —
Fy — A — 0 be a flat resolution of A. Take K = im(F,, — F,,—1). Then we
get the exactness of

0O->K—F, 14— —Fp—>A—0.
For any injective R-module B, the sequence
0 — Hompg(A, B) — Hompg(Fy, B) — -+ — Homp(F,_1, B) - Homg(K,B) — 0

is exact. Since GidgHomp(A, B) < n and each Hompg(F;, B) is injective by
[24, Theorem 3.44], it follows that Homp (K, B) is Gorenstein injective for all
injective R-modules B. Therefore, K is Gorenstein flat by [20, Lemma 4.6].
Thus Gfdg(A) < n, and so (1) holds by Theorem 4.1.

(1) = (3) and (1) = (4) are obvious.

(3) = (1) and (4) = (1) follow by taking F' = R and Theorem 4.1. O

Corollary 4.6. The following are equivalent for a commutative coherent ring
R:

(1) R is an FC ring.

(2) For each G-cotorsion R-module A, Hompg(A, B) is G-injective for all
injective modules B.

(3) For each G-cotorsion R-module A, AQrF is G-flat for all flat R-modules
F.

(4) For each flat R-module F, Hompg(F, B) is G-flat for all G-cotorsion
R-modules B.
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