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ORIGIN-SYMMETRIC CONVEX BODIES WITH MINIMAL
MAHLER VOLUME IN R?

YOUJIANG LIN AND GANGSONG LENG

ABSTRACT. In this paper, a new proof of the following result is given:
The product of the volumes of an origin-symmetric convex bodies K in
R2 and of its polar body is minimal if and only if K is a parallelogram.

1. Introduction

A well-known problem in the theory of convex sets is to find a lower bound
for the product of volumes P(K) = V(K )V (K*), which is called the Mahler
volume of K, where K is an n-dimensional origin symmetric convex body and
K* is the polar body of K (see definition in Section 2). Is it true that we
always have

(1.1) P(K) > P(BL),

where B = {z € R" : |z;] <1, 1 < i < n}? It was conjectured by K.
Mahler in [8] and K. Mahler himself in [9] proved the conjecture for n = 2 and
S. Reisner in [12] showed that parallelograms are the only minimizers. The
n = 3 case is still open. J. Saint-Raymond in [15], for n > 3, exhibited convex
bodies, different than B and its polar body, for which (1.1) is an equality.

For some particular classes of convex symmetric bodies in R™, a sharper
estimate for the lower bound of P(K) has been obtained. If K is an affine
image of convex body symmetric with respect to a coordinate hyperplane, J.
Saint-Raymond in [15] proved that P(K) > 4™/n!; the equality case, obtained
for 1 — oo spaces, is discussed in [10] and [13]. When K is a zonoid (limits of
finite Minkowski sums of line segments), it was proved by S. Reisner in [11],
[12] and [5] that the same inequality holds, with equality if and only if K is an
n-cube.
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Using the theory of cotype (which roughly speaking controls the size of long
random sums in a normed vector space), J. Bourgain and V. D. Milman in [1]
proved that there exists a universal constant ¢ > 0 such that P(K) > ¢"P(BL),
which is now known as the reverse Santal6 inequality. A slightly weaker “low-
tech” bound of P(K) > (logyn) "P(BY), n > 4, was given by G. Kuperberg
in [6], using only elementary methods. The best result currently known is again
by G. Kuperberg in [7], who showed that the lower bound is roughly (7/4)"
times the product-volume of a cube by using some Gauss-type linking integrals
associated to a Minkowski metric in R?",

The Mahler conjecture is still open even in the three-dimensional case. Ter-
ence Tao in [17] made an excellent remark about the open question.

In the paper, we give a new proof of Mahler conjecture in R?.

Theorem 1.1. If K C R? is an origin-symmetric convex body, then
P(K) =8,
with equality if and only if K is a square or diamond.

Remark 1. In [3], for L,-zonotopes, Campi and Gronchi considered the two

quantities “;g;; and V(Z,)V(Z,) and showed that both are minimized when
Z1 is a parallelotope, the second fact gave an interesting new proof of Mahler’s
conjecture in R2. The technique used by Campi and Gronchi is based on a
method introduced by Rogers and Shephard in [14] and previous results proved
by Campi and Gronchi in [2, 4] (They used the shadow system introduced by
Rogers and Shephard). Our proof is different from the previous proof done by
Campi and Gronchi, we first reduce to the problem to the case when K has an
axis of symmetry D and uses as a parameter the coordinate on D of the point

of K with maximal distance to D.

2. Definitions, notation, and preliminaries

As usual, S"~! denotes the unit sphere, B™ the unit ball centered at the
origin, o the origin and || - || the norm in Euclidean n-space R™. If z, y € R™,
then (z,y) is the inner product of = and y.

If K is a set, OK is its boundary, int K is its interior, and conv K denotes
its convex hull. Let R™\ K denote the complement of K, i.e., R®"\K = {z €
R™ : z ¢ K}. If K is a n-dimensional convex subset of R”, then V' (k) is its
volume V,, (K).

Let K™ denote the set of convex bodies (compact, convex subsets with non-
empty interiors) in R™. Let K denote the subset of ™ that contains the origin
in its interior. Let h(K, ) : S"~! — R, denote the support function of K € K7;
ie.,

(2.1) h(K,u) =max{u-z: v € K},ue S"
and let p(K, ) : S"~! — R, denote the radial function of K € K7; i.e.,
(2.2) p(K,u) =max{\ >0: )\UEK},UESn_l.



ORIGIN-SYMMETRIC CONVEX BODIES 131

If K € K], we define the polar body K* of K by
K'={zeR": z-y<1,vyeK}.
It is easy to verify that (see p. 44 in [16])

(2.3) h(K* u) =

and p(K*,u) =

p(K,u) h(K, u)’

3. Main result and its proof

Lemma 3.1. For any origin symmetric conver body K C R™, P(K) is linear
invariant, that is, for every linear transformation A : R"™ — R"™, we have
P(AK) =P(K).

Proof. For any u € S"~!, we have

PUAKY 1) = s = s = (K A'u) = (A7 K ),
Hence, (AK)* = A~'K*, therefore
P(AK) = V(AK)V((AK)*) = V(AK)V(AT'K™)

= [AJATV(K)V(K") = V(K)V(K") = P(K). O

Lemma 3.2. In R2?, for any origin symmetric convex body Ko, there exists a
convez body K, symmetric with respect to X-axis OX and K N OX = [—a,a,
satisfying P(K) = P(Kop).

Proof. Since K| is origin symmetric, any line through origin O cuts the bound-
ary of Ky into two points with parallel support lines to Ky. Since P(Kj) is
affinely invariant, we can suppose that these parallel support lines are orthog-
onal to X-axis. We define now

K ={(z,y) | (z,]y]) € Ko}
It is clear that K is symmetric with respect to X-axis and V(K) = V(Kj),
thus we just need to prove V(K*) = V(Ky").
* 1 *
V(Ky*) = 5/ p(Ko*,u)?du
S1

1
= —/ h(Ko,u) %du
2 /a1

= / h(Ko,u) %du
Sl

+
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1
= —/ p(K*,u)’du
2 Jo
(3.1) = V(K¥),
where St = S*N{(z,y) | y > 0}, which completes the proof. O

We define function f(xz) = max{y | (z,y) € K}, then f(x) is a concave
non-negative function on [—a,a] and K = {(z,y) | = € [—a,q],|y| < f(z)}.
We have the following theorem.

Lemma 3.3. If K = {(z,y) | = € [—a,a],|y| < f(x)}, where f(x) is a concave
non-negative function on [—a,al], then

K = {(y) | & €[] | < F),

where o

Fr(@) = it () | = €[-a,a]}.

Proof. We firstly prove that f* is also a concave non-negative function on
[-1 1], Because that f(x) > 0 and 1 — 22’ > 0, thus f*(=x ’) > 0 for any

a’a

2’ € [-1,1]. By the definition of f*(z’), for any —1 < zf,25 < 1 and

a’a

0 < A <1, we have
(1= Nz} + Axhy)
_ _ / !/
_ inf{l z((1 = N)z) + Axh)

| x € [—a,a]}

f(x)
_ i (1 =21 —az)) + X1 — z25)) velmaa

> (1-A)inf{~

| x € |—a a]}Jr/\lnf{

|z€[ a,al}

( )

(32) = (1=Nf"(21) + Af"(22),

which implies that f* is a concave function.
Next, we let

( )

K= {@y) | & €[5, 2Ll < @)

On the one hand, we prove K; C K*, for any (z/,y’) € K and (z,y) € K, we
have

xx’ + yy/
< ax' +yfr(a)
< azx' + yi1 —aa’
- f(x)
1 _ /
< a4 fla) e

f(=)
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(3-3) < L

which implies that K1 C K*.

On the other hand, we prove K* C K;. Let (¢/,y') € K* and —a < z < a,
then (x,0) € K, we have xzz’ < 1 for any —a < z < a, hence—5<$ < 1
For any (z, f( )) € K, Wehave:mc + f(x)y’ <1, then |f(x)y'| < 1—za’, thus

ly'| < 1f(x) , thus [y < mf{1 ” | z € [a,b]} = f*(2'), which implies that
K* C Kj. (|
From the above lemma, we have

(3.4) PK) = 4 < f(z)dz) : < ’ f*(x)dx) .
Let now tg € [—a,a], such that f(t9) = M is maximal on [—a, a]; then for any
2’ €10, 1], since

1—a'z _ 1—a't
(3.5) ' z'to

@) = Tlo)
for any x € [—a,to], thus

/

(3.6) @) = mf{ ( ) | @ € [to, al},
similarly for 2’ € [-1,0],
(3.7) f*(a') = inf{ (x)/ | © € [—a,to]}.

It follows that if we set
(3.8) Fr={(z,y) €K | y>0,2 >t}
(3.9) Fy={(z,y) e K | y =2 0,2 <to}
(3.10) Ff ={(z,y) e K" | y =2 0,2 >0}
(3.11) Fy ={(z,y) e K* | y 20,2 <0}
and let u; = 25§ =12, we have
(3.12) Muy > (x —to)M + f(z)(a — to) for = € [to, a]
(3.13) Muy > (to — )M + f(x)(a + to) for x € [—a, to).

Lemma 3.4. Let v; = 2|F|M, i = 1,2. Then we can get the following three
inequalities:

t t
(3.14) ”1(U1+t0)22*;07 U2(U2*t0)22+50;

(3.15) a—tg <u < 2(& — to), a+tyg <ug < 2(& + to);
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1 1ty 1 1t
(3.16) SSus<-(2-7) - << -2+ )
Proof. Let
Ar = () = (e
uy +to” M(uy + to)
and

-1 to +a
A = =
2 (-T2392) (u2 — tO’ ]\4(u2 — tO) B
next, we prove 4; € F* and 0 < y; < f*(x;) i = 1,2. Because 2|Fy| > M (a—to)

and x; = ul_lHO = 2\F1\A44-Mto’ hence 0 < 1 < % and y1 > 0. By y1 = m
and f*(z1) = inf{ 1}7(?)1 | « € [to,a]}, we prove that M("u:tﬁto) < 1}7(%1 for any
x € [to, al.
a—tp 1—2xx1
M(uy +to) = f(x)
— f(z)(a—to) < (1—zx1)M(us +to)
2| F}
— f(z)la—ty) < (1 —ax)M( |]\41| +to)
— f(z)(a—ty) < (1 —zx1)(2|F1| + Mto)
x
—tg) < (1-— 2| F Mt
= fz)(a—to) <( u1+t0)( |F1| + Mto)
x
— fz)la—ty) <(1- W)@'Fl' + Mty)
- tto
Mx
—ty) < (1= ———)(2|F Mt
= fz)(a—to) <( 2|F1|+Mt0)( [Py + Mto)
<~ f(z)(a —to) <2|F1| + Mty — Mz
(317) S 2|F1| > M(.T —to) + f(x)(a —to)

which is (3.12), hence y; < f*(x1), hence A; € Fy. Similarly, we can get
Ay € FQ*

According to Figure 3, we can get 2|F}| > z1*(0) + f*(21)1, and because
f*(0) = 37 and y1 < f*(21), hence

U1 Z1 Y1

3.18 — > 4+
( ) M~ M * a
Similarly, we can get

U2 T2 Y2
3.19 =>4 2=
( ) M~ M + a

The above two inequalities are equivalent to (3.14).
From Figure 2, we can get (3.15) easily.
Next, we prove (3.16). Because

F* () = inf{

1—x

—xt 17110
0 | t €[—a,a]} < ———

M
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% %17110
* < —d
= /O f‘(:c)_/0 @

11 to
(3.20) Al <5222
and |Fy| > %ﬁ%, hence
1 1 4
-<u<-(2--)
a a a
Similarly,
0 0
1—$t0
* <
_1 Fie) < /,; M du
1 1 to
(3.21) Bl < g 224 10)
and |Fy| > § 77 %, hence
1 1 t
= <u <=(24 )
a a a
We have proved (3.16). O

Theorem 3.5. If Ky C R? is an origin-symmetric convex body, then
P(K) =8,
with equality if and only if K is a square or diamond.

Proof. Let K C R? be a convex body symmetric with respect to X-axis OX
and K N OX = [—a,a] and P(K) = P(Ko). By (3.4), (3.14) and let ¢ = 12,

we have

P(K) (u1 4+ u2)(v1 + v2)
UIV1 + U1V2 + UV + UV2

t t
(2— EO —wvito) + u1ve + ugvy + (2 + EO + vato)

Y

4 — ’Ulto —+ u1v2 + ugv1 + ’Ugto

(Y v
4 —+ —2(u1v1 + ’Ulto) —+ —1(UQ’U2 — ’L)Qto)
U1 V2

to. 1.t
44+q2-2+-24+2
+q( a)+q( +)

11 1
22 — 44 (5 —to+2(q+ D).
(3.22) +a(q q)to + (q+q)

Y

va2>v1,thenq>1andi—q<0,then

1.1 1 3
(3.23) P(K) z4+a(5—q)a+2(q+a) =d+a+ >4+ 2V/3,
and it follows from (3.16) that

t
(3.24) l<q=2<2+2<3.
V1 a
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vag<v1,thenq<1and%fq>0,then

1.1 1 1
(3.25) P(K)24—}—5(5—q)(—a)+2(q+a)=4+3q+a >4+ 2V3,

and it follows from (3.16) that

1
(3.26) 1>q=2>

>
U1 2 —

Wl =

ols

If vo = v1, we have
1
(3.27) P(K) 24+2(q+§) > 8.

In the following, we prove the case of equality in (3.12). If K is a square
or a diamond, it is clear that the equality holds. On the other hand, if the
equality holds, then equalities in (3.14) hold, which implies that K is a square
or a diamond. O
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