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MULTIPLE SOLUTIONS FOR A p-LAPLACIAN SYSTEM
WITH NONLINEAR BOUNDARY CONDITIONS

JUN ZHOU AND CHAN-GYUN Kim

ABSTRACT. A nonlinear elliptic problem involving p-Laplacian and non-
linear boundary condition is considered in this paper. By using the
method of Nehari manifold, it is proved that the system possesses two
nontrivial nonnegative solutions if the parameter is small enough.

1. Introduction

This paper is devoted to the study of the following quasilinear elliptic prob-
lem with nonlinear boundary conditions:

—Apu+ m(z)|uP~2u = AF,(u,v), x €,
(1.1) —Apv + n(z)|v|P~20 = AF,(u,v), x €,
|Vu|p*2% = Gy(u,v), |Vv|p’2% = Gy(u,v), x € 09,

where p > 1, Q € RY is a bounded domain with smooth boundary 99 and

e A, denotes the p-Laplacian operator, defined by Az = div (|[Vz[P~2Vz);

e )\ € (0,400), m(x),n(z) € C(Q), and there exist positive constants mq
and ng such that m(z) > mg and n(x) > ng for all x € Q;

e v is the unit outer normal to 0€;

e F'G:R xR —[0,00) satisfy:

(H1) F,G € CYR x R); F(u,v) = F(|ul,]v|) and G(u,v) = G(|ul,v|);

F(u,v) # 0 and G(u,v) # 0;
(H2) There exist constants « € (p,p*) and 8 € (1, p) such that

F(tu, tv) = t*F(u,v) and G(tu, tv) = t?G(u,v)
for all t > 0 and (u,v) € R x R.
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Here p* denotes the Sobolev conjugate exponent of p, i.e.,

N
o= N_pp, p <N,

0, p> N.

Problem involving the p-Laplacian operator appears in pure mathematics
such as the theory of quasiregular and quasiconformal mapping [26, 39] as well
as in applied mathematics. Indeed, it intervenes in numerous fields in exper-
imental sciences: nonlinear reaction-diffusion problems, dynamics of popula-
tions, non-Newtonian fluids, flows through porous media, nonlinear elasticity,
petroleum extraction, torsional creep problems, etc (see, e.g., [21, 22, 42]). In
literature, there exist numerous papers dedicated to the study of such equations
and systems. In fact, the study of scalar equations had really started in the
middle of 80s by M. Otani [34] in one dimension and then in dimension N by
F. de Thélin [19]. Later, the results are generalized to other kinds of equations
or systems involving p-Laplacian in RY or bounded open set 2 C RV (see,
e.g., [1,3,4,5,6,7, 8,13, 18, 20, 23, 24, 27, 29, 30, 33, 35] and the references
therein).

In recent years, the existence of solutions for the semilinear/quasilinear el-
liptic equations with nonlinear boundary conditions have been widely studied
(see, e.g., [9, 12, 16, 17, 28, 36, 37, 41] and the references therein). In particular,
in [37], the authors studied the multiple solutions of the following systems:

(1.2)

— A () P20 = M) fuP req,
—Apv + m(x)|v[P720 = Aob(z)|v]" 2w, x € Q,
|Vulp=28 = Zeaful*2ulv)?, (Vo288 = Lglul*jo)’ 20,  z€0Q,

where @ ¢ RY, p > 2, is a bounded domain with smooth boundary 9%,
AL, A2 >0,and 2 < a+ 8 < p < v < p*. Motivated by the results of the above
works, we are interested in the existence of multiple nontrivial nonnegative
solutions for problem (1.1). We remark that problem (1.2) is a special case of
(1.1) with

1
a—+f

The main approach of this paper is the method of Nehari manifold, which
was first introduced by Nehari in [31, 32], and the method turned out to be very
useful in critical point theory (see, e.g., [1, 2, 10, 11, 14, 15, 25, 37, 38, 40, 41])
and eventually came to bear his name.

The rest of this work is organized as follows. In Section 2, we introduce some
preliminaries including definitions and some lemmas for later use. In Section
3, the proof of the main result is given.

[ul*[ol?, A=A+ Ko

A1 Ao
Fu,v) = —a(x)|u]” + —=b(z)|v|”, Glu,v) =
(1) = ra@lul” + L@, Gl
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2. Preliminaries

Let W = WhP(Q) x WHP(Q) be a Banach space with norm

ol = ([ (7up +m@ayas+ [ (0P +n@op)ds "

Definition 2.1. We say that (u,v) € W is a solution to (1.1) if for any
(¢,0) €W,

/ (|VU|P—2VU.V¢+m(z)|u|p_2u¢) dx:)\/ Fu(u,v)¢dx+/ G (u,v)ods,
Q Q

09
/ (IVo[P=2Vu - Vo + n(z)|v|P2vp) do = )\/ Fy(u,v)pdz+ | Gy(u,v)eds.
Q Q o9

Let Jy : W — R be the corresponding energy functional to problem (1.1)
defined as

1 p _
Ia(u,v) = EH(U’U)” )‘/

F(u,v)dx —/ G(u,v)ds, (u,v) € W.
Q o0

Furthermore the nonnegative solutions of problem (1.1) correspond to the crit-
ical points of J. Define I : W — R as

I(u,v) = || (u,v)||” — )\a/QF(u,v)dac - ” G(u,v)ds, (u,v) e W.

It follows from condition (H2) that F,(u,v)u + F,(u,v)v = aF(u,v) and
Gy (u,v)u+ Gy (u,v)v = BG(u,v) for all u,v € R. Consequently,

I (u,v) = (Jy(u,v), (u,v)) for all (u,v) € W.
Let us denote the Nehari manifold by Ny, i.e.,
Ny = {(ur0) € W\ {(0,0)} : Ix(u,0) = 0},
It is easy to see that (u,v) € N if and only if

(2.1) [(w, v)||P = )\a/QF(u, v)dx + B . G(u,v)ds.

Accordingly, for (u,v) € N,

(I5 (u, ), (u,v)) = pl|(u,v)||” — Ao /Q F(u,v)dx — 3? - G(u,v)ds

2:2) —~(@= Pl +5a—5) [ Gluv)ds
o0
— (p— B, v)|P — A — B) /Q Flu, v)dz.
By (H2), F and G satisfy that, for all u,v € R,

(2.3) F(u,v) < M (jul? + [o?) %, Glu,v) < M (jul? + [o]")? .
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where

M := max{ max F(u,v), max G(u,v)} > 0.
lulp+|v[P=1 lulp+|v[P=1
Since « € (1,p*) and 8 € (1,p), it follows from Sobolev and Sobolev trace

inequalities that there exist positive constants C; and Cy such that
(2.4)

[l 0Py do < Call o), [ (410l ds < Callw )]
Q o0

for all (u,v) € W. By (2.3) and (2.4),

(2.5) /QF(u,v)dz < MCh||(u,v)]|*
and
(2.6) /BQ G(u,v)ds < MCQH(U,’U)Hﬁ
for all (u,v) € W.
Define -
) ()
’ ala — B)MCy Bl — B)YMCy
and

- () (i)
' ala = B)MCy ) \pla— B)MC, ’
where M is the constant in (2.3) and Cy, Cs are the constants in (2.4). Note

that 0 < A\ < A*.
Now we split NV, into three parts:
N3F = {(u,v) € Ny : (I4(u,v), (u,v)) > 0},
NY = {(u,v) € Ny : (I§(u, ), (u,v)) = 0},
Ny = {(u,v) € Ny : (I§(u,v), (u,v)) < 0},
and present some properties of N.

Lemma 2.2. Suppose that F and G satisfy (H1) and (H2). Then NY =0 for
all X € (0, A%).

Proof. Let A be a fixed number satisfying NY # (. Then for (u,v) € NY,

0 = (I4(u, ), (1, 0)) = (p — B)l|(ut, 0) [P + Aar( — 1) / Fu, v)de

(2.7) @

= (0 — )| (w, )| + Bla— B) / G(u, v)ds.
o0

By (2.5), (2.6) and (2.7),

1

(s ) <l < (e 2e) =
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and consequently

p—p a—p %_ .
= (a(aﬂ)Mcl) (ﬂ(aﬂ)Mcz) = 0

Lemma 2.3. Suppose that F' and G satisfy (H1) and (H2), and X € (0, \*).
Assume that (ug,vo) s a local minimizer for Jx on Nx. Then (ug,vg) is a
critical point of Jx, t.e., J{(uo,vo) = 0.

Proof. Let (ug,v9) be a local minimizer for 7y on Ay and A € (0,\*). Then
(up, vp) is a solution of the following optimization problem:

minimize Jy(u,v) = 0 subject to Ix(u,v) = 0.
Hence, by the theory of Lagrange multipliers, there exists a A € R such that
T (ug,vo) = AT} (ug, vo)-
Thus

(T (o, v0), (w0, v0)) = A(I} (1o, v0), (o, v0))-

(
Since (ug,vo) € N, (J3(uo,v0), (ug,v9)) = 0. On the other hand, by Lemma
2.2,

<I:\(u0a UO)’ (UO’ UO)) 7é 0.
Hence A = 0, and this completes the proof. 0

Lemma 2.4. 7, is coercive and bounded below on Ny for all X > 0.
Proof. For u € Ny, it follows from (2.1) and (2.6) that
i) = LJ o) - 2=F

(2.8) @ Jen

a—p a—p
> P MC: A
= [[(w, v)| - 2 (u, )17,

G(u,v)ds

which completes the proof since 8 < p < a. O
By Lemma 2.2, Ny = N7 UN; for 0 < A < A*, and define
=1 { T (u,v) : (u,v) € Ny,
vy = inf{T\(u,v) : (u,v) € Ny }.
Lemma 2.5. Suppose that F' and G satisfy (H1) and (H2). Then we have

(1) If X € (0, +00), then vy < 0;
(i) If A € (0,A), vy = do for some constant dy = do(X) > 0.

Proof. (i) Let (u,v) € Ny and X € (0,00). By (2.2),

P8 e w.v)de
LSl > A [ P,
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and, by (2.1),

I (u,v) = <% - %) I, )P + (% - 1> /\/Q F(u,v)da
<(z-3+5F) wor
-8

paf ’

Since B < p < a, Jx(u,v) < 0 for all (u,v) € Ny, and thus vy < 0 for all
A € (0,00).
(ii) Let (u,v) € Ny and X € (0,\,). By (2.2) and (2.5),

(P = Bll(w, 0)[[P < Aa(er = B) /Q F(u, v)de < Aa(a = B)MCy || (u, v)[|*,

and
29) o> ()
By (2.8) and (2.9),
I (u,v)
> I o)l | Lol - 2L,

p=58
a—p

> () () () (7))

Thus, for each A € (0, \,), there exists a positive constant dy = do(\) such that
vy = do. O

Lemma 2.6. Suppose that F and G satisfy (H1) and (H2). Let A € (0, \.)
and ( v) € W. Then we have

) If fQ u,v)dx > 0, there exists a unique to = ta(u,v) with

a—p

(p = B) (w, v)[|”

(a—p /Fuv

such that (tau, tav) € Ny and Jx(tau, tav) = sup,sq Ja(tu, tv).
(ii) If [oq G(u,v)ds > 0, there exists a unique t3 = t3(u,v) with

to > t] =t (u,v) = >0

Bla—p) G(u,v)ds v

[o19)

(@ = p)|[(u, v)[[P

0 <tg <ty=t5(u,v):=
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such that (tzu,tsv) € Ny and Jy(tsu, tsv) = info<i<es Tn(tu, tv).
Proof. (i) Fix (u,v) € W with [, F(u,v)dxz > 0. Then (u,v) # (0,0). Let

Ay () = 7P| (u,0)||P — Aat*~F /Q F(u,v)dz fort>0.
Then a(y,,)(0) = 0 and a(y,.)(t) = —o0 as t — +o0. Since

Wy (®) = (0 — BYPH(w, ) [P — Aaa — B)1e51 / F(u,v)da,
Q

105

we see that af, (1) =0 for t = ¢, af, , (t) > 0 for t € (0,¢]) and aj,, ,(t) <O

for ¢t € (t},+00). Moreover, by (2.5),

o) = (PN 0)l? (255

p=8

(A rwom) 11 (355)
(

(2.10)

p=8

a—p o _p ,6’
— Mcl) (2=2) hwo
On the other hand, by (2.6),

V

0<p G(u,v)ds
o0
< BMCs|(u, )7

p=8

< (:75) Gemrer) 10?

and, by (2.10),
I6; G(u,v)ds < ay,v)(t]).
[2}9)
Hence, there are unique t; = t1(u,v) and to = t2(u, v) such that

Q

0 <ty <t] <to, ) (t1) = ag,w(t2) =F ” G(u,v)ds and a'(uﬁv)(tg)
Clearly (tau,ta2v) # (0,0), and (tau, tav) € Ny since

Iy (s, £a0) = £2] (1, )| — At / Flu,v)dz — B2 | Glu,v)ds

Q o0
=15 <a(u,v)(t2) - 5/ G(u, v)ds> =0.
oQ

It follows from (2.2) that

(I\(t2u, t2v), (t2u, t2v)) = (p — B)t5|(u, v)[[” — Aaler — B)ty /Q F(u,v)dz

= tg—i_la/l(u’v) (tQ) < 0.

< 0.



106 JUN ZHOU AND CHAN-GYUN KIM
Thus (tau, t2v) € N . Moreover

d
Gt to) = 07w, - dat [
dt Q

=t <a(w) (t) -3 /BQ G(u, v)ds> ,

which implies that %JA(tu,tv) =0 for t =t; and t = to; %jA(tu,tv) < 0 for
t € (0,t1)U(tz,+00); L 75(tu, tv) > 0 for t € (t1,t2). From Lemma 2.5(ii) and
Jx(0,0) = 0, it follows that

I (tau, tov) = sup J(tu, tv).
t>0

(i) Fix (u,v) € W with [, G(u,v)ds > 0. Then (u,v) # (0,0). Let

F(u,v)dz — o1 / G(u,v)ds
o0

blu,wy (1) = 77| (u, v)[|P — pth—e /é)ﬂ G(u,v)ds for ¢t > 0.

Then b(y,,)(t) = —o0 as t — 07 and by, (t) = 0 as t — 4oc0. Since

By (£) = (0 — )P~V (w, ) [P — B(B — o)t~ / G, v)ds,

[219]

we see that b, () =0 for t =13, bf,, ,(t) > 0 for ¢ € (0,£3) and bf,, ,(t) <0
for t € (t5,+00). Moreover, by (2.6),
K\ *\p—a P p— 6
b (1) = (57w o) (225
(o — ) (u, )] ? )M a<pﬂ>
2.11 = U,V
(211 <ﬁ(aﬂ>fmc‘(u,v)ds S oy

a—p h «(P—8
= (ﬂ(aﬂ)MCQ) I o) (aﬁ)'
On the other hand, by (2.5),

0< )\a/ F(u,v)dx
Q
< AaMC||(u,v)]|¢

a—p

<o (222) meezs]

OgAa/F(u,v)d$<b(u7v)(t§) for 0 < A < Ay
Q

and, by (2.11),

Hence, there is a unique t3 = t3(u,v) € (0,¢3) such that

blu,v)(tsz) = )\a/ F(u,v)dz and bzu,v)(tg) > 0.
Q
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Clearly (t3u,tsv) # (0,0), and (tsu, t3v) € Ny since

I\(tsu, tzv) = th||(u, v)||? — Aat§ / F(u,v)dx — ﬂtﬁ G(u,v)ds
Q

99
:tg(w Aa/Fuvdx)zO.
Q

It follows from (2.2) that

(I3 (s, t30), (tsu, t3v)) = (p — )t (u, 0)[[” = B(B — @)t} /6Q G(u,v)ds
= 15710, 4 (t3) > 0.

Thus (t3u, tsv) € NyF. Moreover,

%j,\(tu,tv) = 77| (u, v)||P — Aat®! / F(u,v)dz — pt°~! G(u,v)ds
Q

[o19)
=t (b(uﬂ,) (t) — )\oz/ F(u,v)d:c) .
Q

So, 4 7\ (tu, tv) = 0 for t = t5; L 7, (tu, tv) < 0 for t € (0,t3); %I (tu,tv) >0
for t € (t3,t5). Hence, Jx(t3u,t3v) = info<i<ss Ta(tu, tv). O

3. Main result

Now we state our main result.

Theorem 3.1. Suppose (H1) and (H2) hold. Then problem (1.1) has at least
two nontrivial nonnegative solutions for A € (0, \y).

The proof of this theorem will be a consequence of the next two propositions.

Proposition 3.2. Suppose (H1) and (H2) hold and A\ € (0,A.). Then the

functional Jx has a minimizer (ug,vg) in Ny, and it satisfies

() jx\(uofuo)*v,\a

(ii) (ug,vg) is a nontrivial nonnegative solution of problem (1.1).

Proof. By Lemma 2.4, 7, is coercive and bounded below on V). By assumption
(H1) and Lemma 2.6(ii), Ny # 0. Let {(un,v,)} be a minimizing sequence for
T on Ny, e, limy s ioo T (Un, vn) = inf(u,v)eN; Ta(u,v) =~ < 0. Then,
by Lemma 2.4 and the Rellich-Kondrachov theorem, there exist a subsequence
of {(un,vn)}, denoted by itself, and (ug,vy) € W such that

(tn,vn) — (ug,vg) weakly in W,

Uy — ug, v, — vy strongly in L*(Q) and LP(0Q), respectively.
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Thus, by (2.3),

/QF(un,vn)dx — /QF(uf{,vsr)dx as n — +00,
(3.1)

G(tn,vn)ds — G(ug,vd)ds as n — +o0.
a9 o9

From the facts that

o
Taltam, o) = = E ) (ns va) P

a—p

«Q o0

G (U, vy )ds,

and
I (U, vp) = vj <0asn— +oo,
it follows that
G(ug,vg)ds > 0.

a0
In particular, (ug,vq) # (0,0). Now, we prove that (un,v,) — (uf,vg)

strongly in W. Suppose otherwise, then

+ .+ .
(32) (o) < tim a0
and
(3.3) I (ug, vg) < nh—>Ir<>lo I (U, vp) = 7;.

Since fa&z G(ug,vg)ds > 0, by Lemma 2.6(ii), there exists a unique t3 =

ts(ug,vg) € (0,t3(ug, vy )) such that (tsug, tsvd) € Ny and Ja(tsug , tsvg ) =
inngtSt;(uar,U;r) Ta(tug , tvg). Furthermore,

d
(3.4) Ejk(tuf{, tog) <0 fort e (0,t3).
Recall that b, ) (t) = 7| (u, v)||P — Bt?= [, G(u,v)ds for t > 0. Then
(3.5) b(ug,m(ts) = Aa/ﬂF(ub",vS‘)dz.

By (3.1), (3.2) and (3.5),

lim (b(umvn)(tg) - )\a/ F(un,vn)dx)
Q

n—-+o0o

= lim (t§a|(un,vn)||z’ﬁt§a/ G(un,vn)ds)\a/F(un,vn)dz)
o0 Q

n—-+oo
=57 lim ||(un,vn)||P — Bt'g_a/ G(ug,vg)ds — )\a/ F(uf,vg)dx
n—+00 o0 Q

> 170 (o) P — B / Glud, v )ds — Ao / Flud, o )de
o0 Q

= beug o (ts) — /\Oé/QF(USUUSF)de =0,
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which implies that, for n large enough,

(3.6) blup vy (t3) > )\a/ F(up, vy)dx.
Q
On the other hand, since (u,,v,) € Ny, by (2.2),

[ Gl » @Dl
a0 7 Bla—p5) 7
which implies that ¢ (u,,v,) > 1 by Lemma 2.6(ii). Moreover, we obtain

bt oy (1) = [ty ) |7 — /6 Gl vn)ds = ha / F(un, v,)de,

Q

and by, v,)(t) is increasing for t € (0,25 (un,v,)). Thus

(3.7) blup,vn) () < D(up o) (1) = )\a/ F(up, vy)dz for all t € (0,1].
Q

For n sufficiently large, by (3.6) and (3.7),
(3.8) 1<tz <ti(ug,v).
y (3.4) and (3.8),
Ia(tzug , tzvg) < Ta(ug,vg),

which contradicts (tsug, tsvg) € Ny by (3.3). Hence

(n,v) — (ug,vg) strongly in W,

and
In(tn,vy) = Ta(ug s vg) =73 as n — +oo.

By Lemma 2.2, (u g ) €NV and (ug, vg) is a local minimizer for Jy on
N Since Ty (ud,vg) = T (Jugd |, lvg]) and (|ug], |vg|) € Ny, by Lemma 2.3,
we may assume (ua' , vg’ ) is a nontrivial nonnegative solution of (1.1), and thus
the proof is complete. O

Proposition 3.3. Suppose (H1) and (H2) hold and A\ € (0,A.). Then the
functional Jy has a minimizer (uq ,vy ) in Ny and it satisfies

() Talug,vg) =73

(ii) (ug,vy ) is a nontrivial nonnegative solution of problem (1.1).
Proof. By assumption (H1) and Lemma 2.6(i), Ny # 0. Let {(un,v,)} be a
minimizing sequence for J\ on Ny, i.e.,

lim Jx(un,v,) = inf  Tx(u,v).
n—+00 (u,0)ENY

Then by Lemma 2.4 and the Rellich-Kondrachov theorem, there exists a sub-
sequence of {(un,vy)}, denoted by itself, and (v, v, ) € W such that

(Un, vn) = (ug ,vy ) weakly in W,

Up = Uy, Unp — ¥y strongly in L*(€2) and LP(09), respectively.
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Thus, by (2.3),
/ F(up,v,)dx — / F(ug ,vg )dz as n — 400,
Q Q

/ G(up,vy)ds — G(ug ,vy )ds as n — +o00.
o0 o0

Moreover, by (2.2),

(3.9) /Q Flun, vn)dz > #ﬁﬂ)

By (2.9) and (3.9), there exists a positive number D such that

/ F(up,vy)dx > D,
Q

| (wn, v3) ||

which implies
(3.10) / F(ug ,vy )dz > D.
Q

Now we prove that (un,vn) — (ug ,v, ) strongly in W. Suppose otherwise,
then

(3.11) I(ug s v)ll < Tim |, vn)[-

n—+oo
By Lemma 2.6(i) and (3.10), there exists a unique to = ta(uo,vo) such that
to >t (uo, vo), (taug ,tavy ) € Ny and

Ia(taug ,tavy ) = sup Jn(tug , tvg ).
>0

Since (un,vn) € Ny, 5 (tn, vn) < 1 and agy, v,)(1) = B [5q G(tn, vy)ds for all
n € N. Thus ta(un,v,) = 1 and T (un,vs) > Tx(tatn, tav,) by Lemma 2.6(i).
On the other hand, by (3.11),

Ia(taug ,tavy ) < ngl}rloo I (totn, tavy,)

and thus

In(taug ,tavy ) < Hm Jx(un,vn) =7, -

li
n—-+oo
This is a contradiction to the fact that (taug ,t2v, ) € Ny . Hence
(Un, vp) = (ug ,vy ) strongly in W as n — +oc.
This implies
In(Un,vn) = Ta(ug vy ) =7, as n — +o0.
By Lemma 2.2, (uy,vy) € Ny and (uy,v, ) is a local minimizer for Jy on
Ni. Since Ji(ug, vy ) = Ta(lug |, |vg |) and (Jug |, [vg |) € Ny, by Lemma 2.3,
we may assume that (ug, v, ) is a nontrivial nonnegative solution of (1.1), and
thus the proof is complete. t
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Proof of Theorem 3.1. By Propositions 3.2 and 3.3, we obtain problem (1.1)
has two nontrivial nonnegative solutions (ug, vy ) and (ug,v, ) such that (ug,
vg) € Ny and (ug,vy) € Ny . Since Ny NNy =0, (ud,vd) and (ug,vgy)
are distinct, and thus the proof is complete. O
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