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EXISTENCE OF SOLUTIONS FOR NONLINEAR
EVOLUTION EQUATIONS WITH INFINITE DELAY

QIXIANG DONG AND GANG LI

ABSTRACT. This paper is concerned with nonlinear evolution differential
equations with infinite delay in Banach spaces. Using Kato’s approximat-
ing approach, existence and uniqueness of strong solutions are obtained.

1. Introduction

Let X be a Banach real space with norm || - ||. Consider the nonlinear
abstract problem with infinite delay

(1.1) { u(t) + A(tyu(t) = F(t,up), te(0,T]

Uog = ¢7

where u : (—00,T) — X; for each ¢t € [0,T], A(t) : D(A(t)) C X = X; ¢ is
an element in a phase space (state space) B of functions mapping (—oc, 0] into
X. F:[0,T] x B— X, and u; € B defined by u:(0) = u(t + 6) for § < 0. By
a strong solution of (1.1), we mean a continuous function u : (—oco,T] — X,
which is absolutely continuous on [0,T], strongly differentiable for almost all
t €0, 7], and satisfies (1.1). We also say that u is a solution of (1.1) on [0, T.

In the literature devoted to equations with finite delay, the state space is
the space of all continuous functions on [—r,0], » > 0, endowed with the uni-
form norm topology. When the delay is unbounded, the selection of the state
space B plays an important role in the study of both qualitative and quantita-
tive theory. A usual choice is a semi-normed space satisfying suitable axioms,
which was introduced by Hale and Kato [7]. For a detailed discussion on the
topic, we refer to the book by Hino et al. [9]. In the last decades, the theory
of functional differential equations of various classes with delay has attracted
widespread attention. The development was initiated for equations with finite
delay by Travis and Webb [15, 16], and Webb [17, 18]. For later development,
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we mention here the work of some authors [2, 3] and [5]. As to the case of infi-
nite delay, an extensive theory is developed for (1.1), where A(t) (or A(t) = A)
is linear. For nonlinear case, we refer the readers to [6, 12, 14] and [4].

Concerning the case that A(t) are nonlinear, Kartsatos and Parrott [10]
showed the existence of strong solution of (1.1) with finite delay. By using
Kato’s approximating approach, they showed in a straightforward manner that,
under certain assumptions on X, F and A(t), u(t), the unique strong solution
of (1.1), actually exists as a uniform limit of {u,(¢)}, where u,(¢),n =1,2,...
are the unique strongly continuously differentiable solutions of approximating
equations

(1.2)
uno = ¢7
here A, (t) are the Yosida approximants.
In this paper, we extend this line of attack to evolution equations with
infinite delay. We adopt the phase space introduced by Hale and Kato [7].
By applying the method cited above, we obtain an existence and uniqueness

theorem of equation (1.1) with infinite delay. Our result extends and improves
those of Kartsatos et al. [10] and Dyson and Bressan [2, 3].

2. Preliminaries

In what follows, let X be a real Banach space with X*, the dual space of
X, being uniformly convex. We also assume that A(t) : D(A(t)) € X — X,
t € [0,T], are m-accretive. We impose the following conditions:

(D1) The domain of D(A(t)) = D is independent of ¢.

(D2) There is a nondecreasing function L : [0, +00) — [0, +00) such that for
all z € D and s,t € [0, T,

[A(t)z — A(s)z| <[t = s|L([lz])(L + [[A(s)z])-
(D3) There exists a constant B > 0, such that

||F(ta€) - F(taC)” < B”E - gHBa faC S Ba te [OaT]
(D4) There exists an increasing function g : [0, 4+00) — [0, +00) such that

1E(t,8) = Fs, O < [t = slg(l€l|), § € B, t,s €0, T].

We recall the definition of a single-valued operator A : D(A) C X — X
being m-accretive. Let (x,y) denote the evaluation y(z) for z € X,y € X*.
Define

J(z) = {z" € X*: (z,2") = ||z]* = [|l="|*}.
The set J(zx) is nonempty for each x € X by the Hahn Banach theorem. The
mapping J is called the duality map of X. For a general Banach spaceX, the
duality map may be multi-valued. However, if X* is strictly convex, then the
duality map J is single-valued. If, moreover, X* is uniformly convex, then J is
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uniformly continuous on bounded subset of X. An operator A: D(A) C X —
X is called accretive if for every x1,z2 € D(A), we have

<ASC1 — ASCQ,SCl - SCQ> Z 0.

An accretive operator A is said to be m-accretive if R(I — AA) = X for some
A > 0. If A is m-accretive, then R(I + AA) = X for all A >0 .

Since for each t € [0, 7], A(t) is m-accretive, we can define Yosida approxi-
mates for n = 1,2, ... as follows:

(2.1) Tn(t) = (I + (1/n)A(t) ",
(2.2) An(t) = n(d — Jo)(2).

If Condition (C2) is satisfied, then the Yosida approximates are everywhere
defined, and

An(t) = A(t)Jn(t) = A()(I + (1/n)A(1) ™.
For the other properties, see, for example, Barbu [1] and Pavel [13].

Definition 2.1. A linear topological space of functions from (—oo, 0] into X,
with seminorm || - ||, is called an admissible phase space if B has the following
properties:

(A1) There exist a positive constant H and functions K (-), M () : [0, +00) —
[0, +00), with K continuous and M locally bounded, such that for any a,b € R
and b > a, if x : (—o0,b] — X, z, € B, and z(+) is continuous on [a, b], then for
every t € [a, b], the following conditions hold:

(i) x¢ € B;

(ii) ||lx(@®)|| < H||z¢|| for some H > 0;

(i) [lze < K (t — @) supyency 2(5)] + M(t — a)|zalls.

(A2) For the function z(-) in (A1), t — x4 is a B valued continuous function
for t € [a, b].

(B) The space B is complete.

Notice that property (B) is equivalent to say that the space of equivalence
classes B/| - ||z is a Banach space.

In the theory of retarded functional differential equations with infinite delay
we frequently need some additional properties on the space B to obtain some
results. Next we denote by Cog the space of continuous functions from (—oo, 0]
into X with compact support. It is clear from the axioms of phase space that
Coo C B. We consider the following axioms [9]:

(E1) If {¢,} is a Cauchy sequence in B which converges to a function &
uniformly on compact subsets of (—oo,0], then & € B and ||§, — &||lg — 0 as
n — oo.

(E2) If a uniformly bounded sequence {&,} in Cpp converges to a function
¢ in the compact-open topology then £ belongs to B and ||&, — £|ls — 0 as
n — oo.

The following property is useful for the existence of strong solution of non-
linear evolution equation.
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Lemma 2.2 ([8]). Assume that B satisfies axiom (E2). Let u: (—o00,a) = X,
a > 0, be a function of class C' such that ug = £ is bounded and continuous
on (—o0,0] and &' is bounded and uniformly continuous. Then the function
[0,a) — B, t — w; is differentiable and du,/dt = u} for t < a.

We also need the following Gronwall’s inequality.

Lemma 2.3 (Gronwall’s inequality). Let y(-),a(-), 5(-) be positive functions
defined on [a,b], satisfying

v <at)+ [ ' B(s)y(s)ds

for all t € [a,b], then

(2.3) y(t) < oft) exp( / B(s)ds)

for all t € [a,b]. In particular, if a(t) = a = constant > 0, then

t
y(t) < aexp(/ B(s)ds)
for allt € [a,b]. If in addition that B(t) = 8 = constant, then

y(t) < aexp(flt — al)
for allt € [a,b].

3. The existence of strong solutions

Now we state and prove our main result.

Theorem 3.1. Assume that Conditions (D1)—~(D4) hold, ¢ € B is bounded
and continuously differentiable such that ¢(0) € D. Then there exists a unique
strong solution of (1.1) on [0,T] given by lim, o u,(t), where, for each n,
n=1,2,..., uy(-) is the unique continuously differentiable solution of (1.2) on

[0, 7.

The proof of Theorem 3.1 is accomplished by a series of lemmas. We
first verify that for each n, n = 1,2,..., equation (1.2) has a unique con-
tinuously differentiable solution w,(¢). Then the uniformly boundedness of
{un(t)} and {ul(t)} is established. Finally, we show that the strong limit
u(t) = limp 00 Un (t) exists uniformly on [0, 7], with ug = ¢, and satisfies (1.1)
for almost all ¢ € [0, 7.

Lemma 3.2. Assume that Conditions (D1)—(D4) hold, ¢ € B is bounded and
continuously differentiable such that ¢(0) € D. Then there exists a unique
strongly continuously differentiable solution uy(t) of (1.2) on [0,T].
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Proof. In a manner similar to that of [11] Lemma 4.1, it can be shown that for
all n and z € X, we have

(3.1) [An(t)z — An(s)zl| < [t = s|La([[z])(1 + [ An(s)2])),

where L; is a nondecreasing function. Inequality (3.1) shows that A, (t)z is
Lipschitz continuous in ¢ for every z € X. Also, A, (¢)z is uniformly Lipschitz
continuous in x for ¢ € [0, T]. Thus, there exists a unique strongly continuously
differentiable solution uy,(t) of the approximate equation (1.2) on [0, T7. O

Lemma 3.3. Assume that Conditions (D1)—(D4) hold. Also assume that
#(0) = a € D and ¢ is continuously differentiable. Then there exists K > 0,
such that ||u,(t)|| < K for alln =1,2,... and t € [0,T], where u,(t) are the
solutions of (1.2).

Proof. First we extend ¢ to t € (—oo,T] by defining

#(0), tel0,T],
‘“”{ (1), t e (—o0,0].

Then ¢, € B for all t € [0,T], by (A1)(i) (see Definition 2.1). Since F(-, ¢)
is continuous on [0,7], we can find M; > 0, such that ||F(t,¢)|| < M; for all
t € [0,T]. By the fact that u,(¢) is differentiable on [0, T], the accretiveness of
Ap(t) and (D3), we have

(t, (1), J (un(t) — a))
= = {(AnQun(t) = F(t,un, ), J (un(t) — a))
= = {AnQun(t) — An(t)a, J(un(t) — a)) = (An(t)a, J (un(t) — a))
+(F(t,un,) = F(t, ¢0), I (un(t) = a)) = (F(t; b1), I (un(t) — a))
< (IAn@)all + [[F(t; un,) = F (&, @)l + [ F (@) ) [lun(t) — all
< ([An®)all + Bllun, — ¢¢lls + Mi)llun(t) — al|,

From (3.1) we obtain

[An(t)a — An(0)all < tLi([lal))(1 +[|An(0)all
< TLy([lal)(1 + [[AQ)al),

which yields
[An(t)all < TLi([lall)(1 + [[A(0)all) + [|A(O)a]| = K.
Thus,

(3.2) (g, (1), I (un(t) = a)) < (K1 + Bllun, — ¢lls + M1)||un(t) - af.
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Since uy(t) is strongly absolutely continuous, so is |lu,(t) — al|. Thus,
4 |luy, (t) — af exists a.e. and

l[un(t) — al\%llun(t) —all = {up, (1), J (un(t) — a)).

So we obtain from (3.2) that

d
Zlun(t) —all < Ky + Bllun, — ¢ills + M

(3.3) :K2+B||Unt 7¢t”3’
where Ky = K7 + M;. Now we integrate (3.3) to obtain

t
(3.4) un(t) — a §K2t+B/ ltn, — 6sllsds, te€[0,T].
0

Set Kt = supg<;<7 K(t), where K (-) is the function in (A1). Then by (A1)(iii),
we have

[tun, — il < K(t) sup [[un(r) — (7]
0<r<¢

< Kp sup ||lun(7) —al.
0<r<t

Hence, from (3.4) we get

lm, — dulls < KnKot + BKr sup / i, — bosds
tJO

0<r<
(3.5) < KpKst + BKr /Ot ltm. — bsllsds, ¢ € [0,T].
An application of Gronwall’s inequality in (3.5) yields
(3.6) lun, — éills < KrKatexp(KrBt), te€l0,T)
and hence

[un, = ¢ells < Kr KT exp(KpBT), t€[0,T]
Therefor, by (A1)(ii),
[un(t) = all < Hlun, = ¢tlls, ¢ €[0,T]
from which follows the uniformly boundedness of {u,(t)}, taking
K = KrKsT exp(KpBT) + ||al. 0
Remark 3.4. From the proof of Lemma 3.3, it is easily seen that the constant K

defined above is also such that ||u,, — @l < K, ||un, || < K, and ||u,(t)|| < K
forallm =1,2,...and ¢t € [0,T].

Similar to Lemma 2.4 in [10], we have the following
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Lemma 3.5. Let w € C1([0,T]; X) be given. Then for any s € [0,T],

1 0+h)— h
hi%l+0i1$ps||w( +h) —w()|/

erists and equals

sup [lw'(0)]].
0<6<s

Lemma 3.6. Assume that the conditions of Lemma 3.3 hold. Then there exists
N > 0, such that ||u,,(t)|| < N for alln =1,2,... and t € [0,T]. Here uy(t)
are the solutions of (1.2).

Proof. Let z,(t) = un(t + h) — un(t), (0 < h < t). Then,

||Zn(t)||%||zn(t)|| (2 (8), J (zn (1))
— (An(t + h)un(t + h) = Ap(t)un(t), J(2n (1))
T (FE+hyun,,) = F(tun,), J(za(t))
= — (At + h)up(t + h) — An(t 4+ h)un(
(A (
(

t), J (zn(t))
n(Q)un(t) = An(t + h)un(t), J(2n (1))
F(t+ h,un,,,) = F(t+ h,un,), J(2n(t))
(F(t + hyupn,) — F(t,un,), J(za(t))
(hLy([lun @)D + | An () un (@)])
+ Bllun,,, — un, |5 + hg([[un, [18)[12n )]

a.e. on [0, T]. Here we have used the accretiveness of A, (t+h), inequality (3.1),
conditions (D3) and (D4).

By Remark 3.4, there exists K’ > 0, such that ||un, — ¢¢lls < K, ||un, |l <
K', and |ju,(t)]| < K’ for alln=1,2,... and ¢t € [0,T]. Since

+
(3.7) +
+

IN

[An @un (@) < llug O] + [1F(E, un, )|
< lun O + 1 F(t, un, — F(E, )l + [1F (8, 60l
< |jul, ()| + Bllwn, — é¢ll5 + M
< lun (t)|| + BK' + My,

inequality (3.7) yields

d
2112 @I < ACy + hCsllur, ()] + Bllwny, = un, |15,

where Cy = L1(K')(1 + BK' + M;) + g(K'),Cy = L1(K’). An integration
above gives

t
[zn (@) < [z (0)]] +h01T+h02/ [ ()l s
0

t
* B/ [tn.y — Un, ||lBds,
0
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that is

[un(t +h) = un(®)]I/h < [lun(h) —un(0)||/h+01T+02/0 [, ()| ds

t
(3.8) + B/O .., — tn, |15/ hls.

Set K1 = supg< <7 K(s) and M7 = supg<,<7 M(s), where K(-) and M (-)
are the functions in (A1). Make use of (Al) to obtain

t t
Mt = lls/bds < K [ sup [1en(® + 1) =, (6)] /s
0

0 0<6<s

t
+ My / ltn,, — dolli/hds
0

t
< Kr / Sup [Jun (0 + h) — un(0) ] /hds
0

0<6<s
(3.9) + MpT||tun, — ¢olls/hds.
From inequality (3.5) we get that
[tn, = olls/h < [, — Gnll/h+lldn — dolls/h
(310) S KTK2 eXp(BKTT) + H(bh - (boHB/h

By Lemma 3.5, we have
t

t
(3.11) lim sup |Jun (0 + h) — un(0)||/hds = / sup |Jul,(0)|ds.
h—0+ Jo 0<6<s 0 0<60<s

Also we have that

I - = ||/

i g (1)~ (O) /= [, (0)]

< [|4n (0)un (0)[| + [|1F(0, )

(3.12) < ||A(0)al| + M.
An application of Lemma 2.2 yields that ||¢n — ¢||/h is bounded, i.e., there

exists My > 0 such that ||¢p, — ¢||/h < Mj for sufficiently small h. Thus we
can get from (3.8)-(3.12) that

/ e o
e ()] = T [t + B) — un(t)] /2
t
< Cy+ 0y / sup [l (0)]|ds
0 0<0<s

for allt € [0, T], where C5 = ||A(0)a||+M1+C1T+BMrT KpKs(exp(BKrT)+
M), Cy = Cy + BK7p, and hence

<0<s

t
sup [, (6)] < Ca+Ca [ sup [ (6)]ds
0<6<t 00
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for all t € [0,T]. Therefore, {u,(t)} is uniformly bounded, by Gronwall’s
inequality. (]

Lemma 3.7. Assume that the conditions of Lemma 3.8 hold. Then the strong
limidt imy,—s o0 un (t) exists uniformly on [0,T].

Proof. Let @pn(t) = um(t) — u,(t). Then we have, a.e. ¢

1d 2 /
e s O = (1), T e (0)
= (Am () um (t) — An(t)un (1), J (Tma(t)))
(3.13) + (F(t,um,) — F(t, un,), J(@mn(t)))-
Since Ay, (8)um, (t) = A() T (E)um (t), A (t)un(t) = A(t)Jn(t)un(t) and A(t) is
accretive,
(3.14) A () um (t) = An()un(t), J (Ymn(t))) = 0,

(
where Ymn(t) = Jm(t)um () — Jn(t)un(t). Adding (3.13) and (3.14), we get
a.e. t
1d 9
5 a0l

< (A Oum (t) = An()un (), J(Ymn (1)) = J(@mn(t)))

+ (F(t, um,) — F(t un,), J(@mn(t)))

< NAm(Oum (t) = An(@)unO Wmn (t)) = T (@mn ()]
(3.15) + Blltim, = tn,[|5 - [[um(t) — un(@)]-
By the uniform boundedness of {u,(t)} and {u],(t)}, we get
[An()un O] < llus, @ + 1 F(E un, )|
< @) + Bllun, — dlls + 1 F(t, )l

(3.16) < N+ BK'+ M, = M.
Hence, by (3.15), (3.16) and (A1)(ii),

I < 2Mol|T W (1)) — T ()]

+ Bllum, = un,||5llum(t) — un(t)]]
< 2MolJ (Ymn (1)) = J (@mn ()] + H B, — un, |-

From the absolute continuity of ||, (t)||* and the fact that x,,(0) = 0, we
obtain

(]2 = e (t) — un(D)]
T t
< 4My / 1T W (5)) — T (@ (5)) |1 + ABH / i, — un, ||3ds.
y (A1)(ii), we get

[, = tn, |5 < K7 llum(t) — un(®)]?
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T
< AMoK2 / 17 W (5)) — T (o () ds

t
+4BHK%/ 1, — un, || %ds.
0

An application of Gronwall’s inequality yields

T
(3.17) [ttm, =, |l < 04/0 1T (Wmn(8)) = J(2mn(s))||ds

for all ¢ € [0, 7], where Cy = 4MoK?2 exp(4BHK2T).
Now we observe that ||z (¢)|| = [Jum(t) — un(t)]] < 2K’. Also, by (3.16)
and the definition of .J,,(t), we have

[0 (6) = (] < o (0 (6) — et ()] (£t (1) — 1)
< A (un ()] + [ An(O)un (0]

m-4+n

M07

mn

which tends to zero as m,n — co. By the uniform continuity of J on bounded
subset of X, given € > 0 we have that, || J(ymn(t)) — J(@mn ()] <&, 0 <t < T,
for all sufficiently large m,n. Thus, from (3.16), we have

lim wy,, = us
n— o0

uniformly in ¢ € [0, T]. Since

[ (t) = un(®)]| < Krllum, —un,ls,
the above limit implies that ||wm,(t) — un ()] — 0 uniformly in ¢ € [0,7T] as
m,n — oo. This implies in turn that
lm w,(t) = u(t)

n—oo

exists uniformly in ¢ € [0, T7. O

Since uy,(t) is Lipschitz continuous with Lipschitz constant independent of n
(Jlur, ()] < N), the limit u(¢) is also Lipschitz continuous with «(0) = ¢(0) = a.
From u,, — u: we also conclude that ug = ¢.

Lemma 3.8. Let the conditions of Lemma 3.3 hold. If u(t) = lim, e un(?)
(Lemma 3.7), then u(t) € D for all t € [0,T], and A(t)u(t) is bounded and
weakly continuous. Moreover, the function —A(t)u(t) + F(t,u;) is Bochner
integrable and u(t) is an indefinite integral of —A(t)u(t) + F(t,ut). The strong
derivative u'(t) also exists a.e. t, and equals —A(t)u(t) + F (¢, ut).

The proof of Lemma 3.8 follows as in Kato’s paper [11], and so it is omitted.
Now the proof of Theorem 3.1 has been accomplished.
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Let ¢ € B satisfy the conditions of Theorem 3.1. Then, there is a corre-
sponding unique solution of (1.1), that we denote by u(t, ¢).

Theorem 3.9. Assume that the conditions of Theorem 8.1 hold. Then the
mapping ¢ — u(t, ) is a Lipschitz continuous function of ¢ in the sense that,
there exists a constant L > 0, such that

lu(t, @) —ut, ¥)| < Ll¢ — ¥l|s
for allt € [0, T] and ¢,¢ € B satisfying the conditions of Theorem 3.1.

Proof. We denote u(t) = u(t, ®), v(t) = u(t,v), and z(t) = u(t) — v(t). Then
x(t) is Lipschitz continuous, by Lemma 3.6, and hence ||z (t)| is differentiable
a.e. on [0,7]. Thus we have

— (At)u(t) — A@)v(t), J (z(t)))
+ <F(ta ut) - F(tavt)a J(‘T(t)»
Bllut = vl sllu(t) = v(®)]],

(o)l

IN

a.e., and so
d
1@l < Bllue —vells

a.e. on [0,T]. An integration of this inequality gives
t
()] = llu(t) —o@®)[| < [[¢(0) = (0)]| + B/O [us — vs | Bds

t

(3.13) < H|6 = dlls+ B [ .~ v.]uds
0

for all ¢t € [0,T]. From (A1)(iii) and (3.18), we have

[ue —vtlls < Kr sup [lu(@) —v(0)[| + Mr| ¢ — |5
0<9<t

t
< (KrH + M6 — b5 + KTB/ e — vl sds.
0

Consequently,

e — vells < Csllé — s,

for allt € [0, T], by Gronwall’s inequality, where Cs = (KT H+ M) exp(K1BT).
Therefor, by (A1)(ii), we have

Ju(t) —v(@®)| < HC5|¢ — Y|
for all ¢ € [0, 7). O
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