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PERTURBATION RESULTS FOR HYPERBOLIC EVOLUTION

SYSTEMS IN HILBERT SPACES

Yong Han Kang and Jin-Mun Jeong

Abstract. The purpose of this paper is to derive a perturbation theory
of evolution systems of the hyperbolic second order hyperbolic equations.
We give an example of a partial functional equation as an application of
the preceding result in case of the mixed problems for hyperbolic equa-
tions of second order with unbounded principal operators.

1. Introduction

The purpose of this paper is to derive a perturbation theory of the following
perturbed inhomogeneous second order hyperbolic equation:

{
u′′(t) + (A(t) +B(t))u(t) = f(t)

u(0) = u0, u′(0) = u1.
(1.1)

Phillips [11] started the study of properties of C0-semigroups which are con-
served under bounded perturbations, and perturbations of infinitesimal genera-
tors of analytic semigroups by a bounded operator is due to Kato [7]. Recently,
Belarbi and Benchohra [1] proved the existence of solutions for a perturbed im-
pulsive hyperbolic differential inclusion with variable times under the mixed
generalized Lipschitz and Carathéodory’s conditions.

Kato [8] was first to succeed in constructing the fundamental solution of
temporally inhomogeneous second hyperbolic equation:

{
u′′(t) + A(t)u(t) = f(t)

u(0) = u0, u′(0) = u1

(LE)
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in a Hilbert space H . For more general results see any of a number of source,
including [7] and Tanabe [12]. Applications to initial value problem of hyper-
bolic equations have been referred to Goldstein [4] and Yosida [14], in addition
[12]. Typical models can be found in the works of materials with biology, engi-
neering, population models, etc. (see e.t., [2, 13] and the bibliography therein).
As the second order nonlinear functional evolutions, Kalsatos and Markov in
[6] have analyzed some questions on existence of solutions for functional dif-
ferential inclusions of second order in time, and in [3] proved them in the case
where a damping term is added. In [5] they have studied the wellposedness
of solutions and the regularity properties of solutions for the mixed problems
for semilinear hyperbolic equations of second order with unbounded principal
operators.

In this paper, in order to give a construction of an evolution system of
A(t) + B(t), we will assume general conditions that A(t), for each t ∈ [0, T ],
is self adjoint and bounded and A(t)v for each v ∈ V is strongly continuous
differentiable on [0, T ].

Let V be a Hilbert space forming a Gelfand triple V ⊂ H ⊂ V ∗ with pivot
space H. Recall that

A(t)

(
u0

u1

)
=

(
0 −I

A(t) 0

)(
u0

u1

)
=

( −u1

A(t)u0

)
,

B(t)
(
u0

u1

)
=

(
0 0

B(t) 0

)(
u0

u1

)
=

(
0

B(t)u0

)

for any
(

u0

u1

)
∈ X = (V × H)T (or X̃ = (H × V ∗)T ), our problem can be

applied to second order time dependent equations by writing them as first order
systems. Consequently, we deal with constructing of the fundamental solution
of (LE) explained the arguments in given in [1, 7]. In addition to assumptions
of A(t), Tanabe [12] dealt with a singular perturbation of evolution systems in
a Banach space X with conditions that B(t) is strongly continuous and there
exists a real number λ0 satisfying λ0 ∈ ρ(A(t)) for all t ∈ [0, T ], such that

(1.2) A(t)B(t)(A(t) − λ0)
−1 ∈ L(X),

where L(X) denotes the set of all bounded linear operators from X into itself.
But in Section 4, we will give a perturbation approach under the more general
conditions that X is a Hilbert space and B(t)v for each v ∈ V is strongly con-
tinuous differentiable on [0, T ] instead of (1.2) even in special cases of second
order equations. In the last section we give an example of a partial functional
equation as an application of the preceding result in a mixed problem for hy-
perbolic case that

A(t) = −
n∑

i,j=1

∂u

∂xj
(aij(t, x)

∂u

∂xi
), B(t) =

n∑

i=1

bi(t, x)
∂u

∂xi
+ c(t, x)u,

where the matrix (aij(x, t)) is uniformly positive definite.
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2. Construction of fundamental solutions

Let H be a complex Hilbert space with inner product (·, ·) and norm | · |. Let
V be embedded inH as a dense subspace with inner product and norm by ((·, ·))
and || · ||, respectively. By considering H = H∗, we may write V ⊂ H ⊂ V ∗

where V ∗ denotes the dual space of V ; its inner product and norm will be
denoted by (·, ·)∗ and || · ||∗, respectively. For l ∈ V ∗ we denote (l, v) by the
value l(v) of l at v ∈ V . The norm of l as element of V ∗ is given by

||l||∗ = sup
v∈V

|(l, v)|
||v|| .

Therefore, we assume that V has a stronger topology than H and, for the
brevity, we may regard that

||u||∗ ≤ |u| ≤ ||u||, ∀u ∈ V.

Let a(t;u, v) be quadratic form defined on V × V and let us also make the
following assumptions:

i) a(t;u, v) is bounded and uniformly Lipschitz continuous and da(t;u,v)
dt

is strong continuous with respect to t, i.e., there are some positive
constants c0, c1 such that

|a(t;u, v)| ≤ c0||u|| ||v||,
|a(t;u, v)− a(s;u, v)| ≤ c1|t− s| ||u|| ||v||,
|d/dt a(t;u, v)| = |ȧ(t;u, v)| ≤ c1||u|| ||v||;

ii) a(t;u, v) is symmetric, i.e., a(t;u, v) = a(t; v, u);
iii) a(t;u, v) satisfies the G̊arding’s inequality, i.e.,

Re a(t;u, u) ≥ δ||u||2, δ > 0.

Let us define A(t) the operator determined by a(t;u, v), i.e., we set

a(t;u, v) = (A(t)u, v), u, v ∈ V.

Then it is easily seen that A(t) is an isomorphism V onto V ∗ and for u ∈ V ,
we have

(2.1) δ||u|| ≤ ||A(t)u||∗ ≤ c0||u||.
The restriction of A(t) to

D(AH(t)) = {u ∈ V ; A(t)u ∈ H}
is denoted by AH(t). Then it is well known that D(AH(t)) is dense in H by
Lax-Milgram theorem and it is easy to see that

δ||u|| ≤ |AH(t)u| ≤ c0||u||D(AH(t)).

It is obvious that A(t) is an extension of the operator AH(t). Here and in what
follows we consider that D(A(t)) = V is independent of t in terms of (2.1).
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Put X = (V ×H)T , X̃ = (H × V ∗)T . We define inner product of X and

X̃ by (((u0

u1

)
,

(
v0
v1

)))
X

= ((u0, v0)) + (u1, v1),

and ((f0
f1

)
,

(
g0
g1

))
X̃

= (f0, g0) + (f1, g1)∗,

respectively. We introduce a new inner product (( , ))t and norm || · ||t into
X as (((u0

u1

)
,

(
v0
v1

)))
t
= a(t;u0, v0) + (u1, v1)

and ∥∥∥∥
(
u0

u1

)∥∥∥∥
t

= {a(t;u0, u0) + (u1, u1)}
1

2

for
(

u0

u1

)
,
(

v0
v1

)
∈ X , respectively. Let us introduce a new norm in V ∗ as

follows. For f1, g1 ∈ V ∗, putting

(f1, g1)∗,t = a(t;A(t)−1f1, A(t)
−1g1) = (f1, A(t)

−1g1),

it satisfies the inner product properties and its norm is given by

||f1||∗,t = (f1, f1)
1/2
∗,t = a(t;A(t)−1f1, A(t)

−1f1)
1/2 = (f1, A(t)

−1f1)
1/2.

It is easily seen that the norm || · ||∗,t is equivalent to || · ||∗ , i.e, we have

δ√
c0
|| · ||∗,t ≤ || · ||∗ ≤ c0√

δ
|| · ||∗,t.

We also introduce a inner product ( , )t and norm | · |t into X̃ as
((f0

f1

)
,

(
g0
g1

))
t
= (f0, g0) + a(t;A(t)−1f1, A(t)

−1g1)

= (f0, g0) + (f1, A(t)
−1g1)∗,t

and ∣∣∣∣
(
f0
f1

)∣∣∣∣
t

=
(
|f0|2 + ||f1||2∗,t

)1/2
.

The Hilbert spaces defined by the inner products mentioned above denote by

Xt and X̃t, respectively.
Let AX(t) be an operator defined by

D(AX(t)) = (D(AH(t))× V )T ,

AX(t)

(
u0

u1

)
=

(
0 −I

AH(t) 0

)(
u0

u1

)
=

( −u1

AH(t)u0

)
∈ (V ×H)T = X.

In virtue of Lax-Milgram theorem we can also consider as

D(A(t)) = (V ×H)T = X,
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A(t)

(
g0
g1

)
=

(
0 −I

A(t) 0

)(
g0
g1

)
=

( −g1
A(t)g0

)
∈ (H × V ∗)T = X̃.

Now we consider the initial-value problem of the inhomogeneous second

hyperbolic equation(LE). Let x(t) =
(

u0(t)
u1(t)

)
where u1(t) = d

dtu0(t), and let

F (t) =
(

0
f(t)

)
. Then the equation (LE) can be rewritten by

{
x′(t) +A(t)x(t) = F (t)

x(0) = x0,
(2.2)

where x0 =
(

u0

u1

)
. We have known that AH(t) and A(t) generate analytic

semigroups in H and V ∗, respectively, so the equation (LE) is considered in
the space both H and V ∗.

As seen in [5, Theorems 2.1 and 2.2], we obtain the following results.

Proposition 2.1. The linear operators AX(t) and A(t) mentioned above are

the infinitesimal generators of C0-groups of unitary operators in Xt and X̃t,

respectively. Moreover, AX(t) and A(t) are stable on X and X̃, respectively.

For every
(

u0

u1

)
∈ D(AX(t)) = D(AH(t))× V , we have

(2.3)
d

dt
AX(t)

(
u0

u1

)
=

d

dt

( −u1

AH(t)u0

)
=

(
0

d/dtAH(t)u0

)
.

From which and d/dt (AH(t)u, v) = ȧ(t;u, v), it follows that d/dtAX(t)
(

u0

u1

)

is strong continuous with respect to t. Thus the following Proposition is from
Corollary in Section 4.4 of [12] (or Theorem 2.3 of [11]).

Proposition 2.2. Let A(t) (or AX(t)) be the operators mentioned above. Then
there exist fundamental solution U(t, s) (or UX(t, s)) satisfying

(a) U(t, s) is strongly continuously in s and t, and ||U(t, s)||
L(X̃) ≤ Meβ(t−s),

(b) U(s, s) = I , and U(t, s) = U(t, r)U(r, s) for s ≤ r ≤ t,
(c) ∂/∂tU(t, s)v = −A(t)U(t, s)v,
(d) ∂/∂sU(t, s)v = U(t, s)A(s)v in X̃ (or in X, respectively).

Let x(t) =
(

u(t)
u′(t)

)
and F (t) =

(
0

f(t)

)
. We can show that a solution x(t) of

(LE) is represented by

(2.4) x(t) = U(t, 0)x(0) +
∫ t

0

U(t, s)F (s)ds

using the fundamental solution U(t, s) constructed in Proposition B. Indeed,
we have

(∂/∂s)U(t, s)x(s) = U(t, s)x′(s) + U(t, s)A(s)x(s) = U(t, s)F (s),
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which, being integrated from 0 to t, yields (2.3). Let T > 0. Define

WT = {u : u ∈ L2(0, T,D(AH)), u̇ ∈ L2(0, T, V ), ü ∈ L2(0, T,H)},
||u||WT

= ||u||L2(0,T,D(AH )) + ||u̇||L2(0,T,V ) + ||ü||L2(0,T,H),

and

W̃T = {u : u ∈ L2(0, T, V ), u̇ ∈ L2(0, T,H), ü ∈ L2(0, T, V ∗)},
||u||

W̃T
= ||u||L2(0,T,V ) + ||u̇||L2(0,T,H) + ||ü||L2(0,T,V ∗),

where u̇ denote the derivative of u in the generalized sense. Since

A(t)−1 =

(
0 A(t)−1

−I 0

)
: X̃ → X

is a bounded operator. It holds A(t)Ut, s)A(t)−1 : X̃ → X̃ is bounded and
strong continuous jointly in s, t. Therefore, there is constant M > 0 such that

(2.5) ||U(t, s)||
L(X̃) ≤ M, ||A(t)U(t, s)A(s)−1||

L(X̃) ≤ M.

By the assumption i) of a(s;u, v), it holds that for every u, v ∈ V ,

|d/ds (A(s)u, v)| = |ȧ(s;u, v)| ≤ c1||u|| ||v||,
that is, we have that for every u ∈ V , s 7→ d/dsA(s)u is strongly continuous in
V ∗ and so, ||d/dsA(s)||L(V,V ∗) is bounded on [0, T ]. Hence, noting that for every(

u0

u1

)
∈ X , it follows from (2.3) that d/dsA(s)

(
u0

u1

)
is strong continuous with

respect to t in X̃ and so, ||d/dsA(s)||
L(X,X̃) is bounded on [0, T ]. Therefore,

we may assume that

(2.6) || d
ds

A(s)A(s)−1||
L(X̃) ≤ M.

Now we give useful regularity results and the energy inequalities for our problem
(LE) (see [9, 11]).

Proposition 2.3. Assume that f ∈ C([0, T ];V ∗)∩W 1,2(0, T ;V ∗)(T > 0) and
the initial data (u0, u1) ∈ V × H. Then the solution u of (LE) exists and is
unique in

u ∈ W̃T ∩ C([0, T ];V ) ∩ C1([0, T );H).

Furthermore, the following energy inequality holds: there exists a constant CT

depending on T such that

||u||
W̃T

≤ CT (||u0||+ |u1|+ ||f(0)||∗ + ||f ||W 1,2(0,T ;V ∗)).

If f ∈ C([0, T ];H) ∩ W 1,2(0, T ;H) and (u0, u1) ∈ D(AH) × V , then the
solution u of (LE) exists and is unique in

u ∈ WT ∩ C([0, T ];D(AH)) ∩ C1([0, T );V ),

satisfying

||u||WT
≤ CT (||u0||D(AH ) + ||u1||+ |f(0)|+ ||f ||W 1,2(0,T ;H)).
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3. Perturbation for fundamental solutions

Consider the following perturbed inhomogeneous second order hyperbolic
equation:

(PE)

{
u′′(t) + (A(t) +B(t))u(t) = f(t)

u(0) = u0, u′(0) = u1,

where A(t) satisfies the conditions in Section 2. From now on, both AH(t) and
A(t) are denoted simply by A(t) without the risk of confusing. Let B(t) be
defined on [0, T ] as a strongly continuously differentiable satisfying

(3.1) B(t)u ∈ C1([0, T );H), |B(t)u| ≤ B|u| for all u ∈ H

for some constant B > 0. For
(

u0

u1

)
∈ (V ×H)T = X , let B(t) be an operator

defined by

B(t)
(
u0

u1

)
=

(
0 0

−B(t) 0

)(
u0

u1

)
=

(
0

−B(t)u0

)
∈ X.

Then we have that B(t) : H1
0 (Ω) × L2(Ω) → H1

0 (Ω) × L2(Ω) is a bounded
operator and strongly continuous differentiable with respect to t.

Theorem 3.1. Assume that {A(t) : 0 ≤ t ≤ T } satisfies the conditions in
Section 2. Assume also that B(t) is defined on [0, T ] as a strongly continuously
differentiable with values in B(X). Then there exists a fundamental solution
W(t, s) of (PE) satisfy the following results: for each x ∈ D(A(t)) = (D(A(t))×
V )T ,

(a) W(t, s) is strongly continuously in s and t, and ||W(t, s)|| ≤ Meβ(t−s),
(b) W(s, s) = I, and W(t, s) = W(t, r)W(r, s) for s ≤ r ≤ t,
(c) ∂/∂tW(t, s)x = −(A(t) + B(t))W(t, s)x,
(d) ∂/∂sW(t, s)x = W(t, s)(A(t) + B(t))x.

Proof. Let us denote U(t, s) the evolution fundamental system of

x′(t) +A(t)x(t) = F (t)

whose existence is proved by Propositions 2.2 and 2.3. For the sake of simplicity
in sense of (2.5), we assume that there are constants M0,M1 such that

(3.2) ||U(t, s)|| ≤ M0, ||A(t)U(t, s)A(s)−1|| ≤ M1.

Put

W0(t, s) = U(t, s), Wm(t, s) = −
∫ t

s

U(t, τ)B(τ)Wm−1(τ, s)dτ,(3.3)

W(t, s) =

∞∑

m=0

Wm(t, s),(3.4)
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for m = 1, 2 . . .. Then we have

(3.5) W(t, s) = U(t, s)−
∫ t

s

U(t, τ)B(τ)W(τ, s)dτ,

and the series on the right hand side of (3.4) is strongly convergent uniformly
in 0 ≤ s ≤ t ≤ T . Indeed, by (3.4)

∫ t

s

U(t, τ)B(τ)W(τ, s)dτ =

∫ t

s

U(t, τ)B(τ)
∞∑

m=0

Wm(τ, s)dτ

=

∞∑

m=0

∫ t

s

U(t, τ)B(τ)Wm(τ, s)dτ

= −
∞∑

m=0

Wm+1(t, s)

= −
∞∑

m=0

Wm(t, s) + U(t, s),

which yields (3.5). From (3.1), (3.2), it follows, by mathematical induction,
that

||U(t, s)|| ≤ M0,

||Wm(t, s)|| ≤ || −
∫ t

s

U(t, τ)B(τ)Wm−1(τ, s)dτ || ≤ Mm+1
0 Bm (t− s)m

m!
.

Hence
∑∞

0 Wm(t, s) is uniformly convergence.
First, we will show that ∂/∂tWm(t, s)A(s)−1 exists and is strongly continu-

ous on B(X) for all m = 1, 2, . . .. From (d) of Proposition 2.2 and Proposition
2.3, we have

(3.6) U(t, s) = ∂

∂s
U(t, s)A(s)−1

and

Wm(t, s)A(s)−1 = −
∫ t

s

U(t, τ)B(τ)Wm−1(τ, s)A(s)−1dτ(3.7)

= −
∫ t

s

∂

∂τ
U(t, τ)A(τ)−1B(τ)Wm−1(τ, s)A(s)−1dτ

= −A(t)−1B(t)Wm−1(t, s)A(s)−1

+ U(t, s)A(s)−1B(s)Wm−1(s, s)A(s)−1

+

∫ t

s

U(t, τ) ∂

∂τ
(A(τ)−1B(τ)Wm−1(τ, s)A(s)−1)dτ.

Here,

∂

∂τ
(A(τ)−1B(τ)Wm−1(τ, s)A(s)−1)(3.8)
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= A(τ)−1(−Ȧ(τ)A(τ)−1B(τ) + Ḃ(τ))Wm−1(τ, s)A(s)−1

+A(τ)−1B(τ) ∂

∂τ
Wm−1(τ, s)A(s)−1.

Now we shall show that the right side of (3.7) is differentiable with respect to
t and therefore W(t, s)A(s)−1 is differentiable. Noting that

∂

∂t
U(t, s) = −AU(t, s),

consider that

∂

∂t
Wm(t, s)A(s)−1

(3.9)

= − ∂

∂t
(A(t)−1B(t)Wm−1(t, s)A(s)−1)

−A(t)U(t, s)A(s)−1B(s)Wm−1(s, s)A(s)−1

+
∂

∂t
(A(t)−1B(t)Wm−1(τ, s)A(s)−1)

−
∫ t

s

A(t)U(t, τ) ∂

∂τ
(A(τ)−1B(τ)Wm−1(τ, s)A(s)−1)dτ

= −A(t)U(t, s)A(s)−1B(s)Wm−1(s, s)A(s)−1

−
∫ t

s

A(t)U(t, τ) ∂

∂τ
(A(τ)−1B(τ)Wm−1(τ, s)A(s)−1)dτ

= −A(t)U(t, s)A(s)−1B(s)Wm−1(s, s)A(s)−1

−
∫ t

s

A(t)U(t, τ)A(τ)−1{−Ȧ(τ)A(τ)−1B(τ) + Ḃ(τ)}Wm−1(τ, s)A(s)−1dτ

−
∫ t

s

A(t)U(t, τ)A(τ)−1B(τ) ∂

∂τ
Wm−1(τ, s)A(s)−1dτ.

From (2.6), (3.1) we know that −Ȧ(τ)A(τ)−1B(τ)+Ḃ(τ) is uniformly bounded,
and so there exists a constant M2 such that

(3.10) ||Ȧ(τ)A(τ)−1B(τ) + Ḃ(τ)|| ≤ M2.

If m = 1 in (3.9), then

|| ∂
∂t

W1(t, s)A(s)−1||

≤ M1B||A(s)−1||+
∫ t

s

M1M2M0||A(s)−1||dτ+
∫ t

s

M1B|| ∂
∂τ

U(τ, s)A(s)−1||dτ

≤ M1B||A(s)−1||+M1M2M0||A(s)−1||(t− s) +M2
1B(t− s).
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If m ≥ 2, then Wm−1(s, s) = 0 by (3.3) and hence

|| ∂
∂t

Wm(t, s)A(s)−1||

≤
∫ t

s

M1M2M
m
0 Bm−1 (τ − s)m−1

(m− 1)!
||A(s)−1||dτ

+

∫ t

s

M1B|| ∂
∂τ

Wm−1(τ, s)A(s)−1||dτ

≤ M1M2M
m
0 Bm−1||A(s)−1|| (t− s)m

m!
+M1B

∫ t

s

|| ∂
∂τ

Wm−1(τ, s)A(s)−1||dτ.

By mathematical induction, it satisfies the following that

|| ∂
∂t

Wm(t, s)A(s)−1||

≤ Mm
1 Bm||A(s)−1|| (t− s)m−1

(m− 1)!

+M1M2M0B
m−1

m−1∑

i=0

Mm−1−i
0 M i

1||A(s)−1|| (t− s)m

m!
+Mm+1

1 Bm (t− s)m

m!
.

Hence, we have

|| ∂
∂t

Wm(t, s)A(s)−1||

≤ Mm
1 Bmm||A(s)−1|| (t− s)m−1

m!

+M1M2M0B
m−1m{max{M0,M1}}m−1||A(s)−1|| (t− s)m

m!

+Mm+1
1 Bm (t− s)m

m!

for allm, so that
∑∞

m=0 ||∂/∂tWm(t, s)A(s)−1|| is uniformly convergence. Thus

∂

∂t
W(t, s)A(s)−1 =

∂

∂t

∞∑

m=0

Wm(t, s)A(s)−1

exists and is strongly continuous. Noting that

W(t, s) = U(t, s)−
∫ t

s

U(t, s)B(τ)W(τ, s)dτ

and U(t, s) = ∂/∂sU(t, s)A(s)−1, it holds

W(t, s)A(s)−1

(3.11)

= U(t, s)A(s)−1 −
∫ t

s

∂

∂τ
U(t, τ)A(τ)−1B(τ)W(τ, s)A(s)−1dτ
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= U(t, s)A(s)−1 −A(t)−1B(t)W(t, s)A(s)−1 + U(t, s)A(s)−1B(s)A(s)−1

+

∫ t

s

U(t, τ) ∂

∂τ
(A(τ)−1B(τ)W(τ, s)A(s)−1)dτ.

from which it follows

∂

∂t
W(t, s)A(s)−1(3.12)

= −A(t)U(t, s)A(s)−1 − ∂

∂t
A(t)−1B(t)W(t, s)A(s)−1

−A(t)U(t, s)A(s)−1B(s)A(s)−1 +
∂

∂t
(A(t)−1B(t)W(t, s)A(s)−1)

−
∫ t

s

A(t)U(t, τ) ∂

∂τ
(A(τ)−1B(τ)W(τ, s)A(s)−1)dτ

= −A(t)U(t, s)A(t)−1 −A(t)U(t, s)A(s)−1B(s)A(s)−1

−
∫ t

s

A(t)U(t, τ) ∂

∂τ
(A(τ)−1B(τ)W(τ, s)A(s)−1)dτ.

Put Ã(t) = A(t) + B(t), Then from (3.11) we obtain that

Ã(t)W(t, s)A(s)−1(3.13)

= A(t)U(t, s)A(s)−1 + B(t)U(t, s)A(s)−1 − B(t)W(t, s)A(s)−1

− B(t)A(t)−1B(t)W(t, s)A(s)−1 +A(t)U(t, s)A(s)−1B(s)A(s)−1

+ B(t)U(t, s)A(s)−1B(s)A(s)−1

+

∫ t

s

A(t)U(t, τ) ∂

∂τ
(A(τ)−1B(τ)W(τ, s)A(s)−1)dτ

+ B(t)
∫ t

s

U(t, τ) ∂

∂τ
(A(τ)−1B(τ)W(τ, s)A(s)−1)dτ.

Therefore from which and (3.12) it follows that

∂

∂t
W(t, s)A(s)−1 + Ã(t)W(t, s)A(s)

−1

= B(t){U(t, s)A(s)−1 −W(t, s)A(s)−1 −A(t)−1B(t)W(t, s)A(s)−1

+ U(t, s)A(s)−1B(s)A(s)−1+

∫ t

s

U(t, τ) ∂

∂τ
(A(τ)−1B(τ)W(τ, s)A(s)−1)dτ}.

By (3.11) the right side of (3.13) equals zero. Thus, it is evident thatW(t, s)x
is differentiable in s and t and satisfies

∂

∂t
W (t, s)x = −(A(t) + B(t))W (t, s)x,

∂

∂s
W (t, s)x = W (t, s)(A(t) + B(t))x
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for each x ∈ D(A(t)) = (D(A(t)) × V )T (or x ∈ (V ×H)T = X). Hence such
an operator valued function W(t, s) is a fundamental solution of ∂/∂tx(t) +
(A(t) + B(t))x(t) = 0. �

Remark 3.2. Let us assume also that B(t) is defined on [0, T ] as a strongly

continuously differentiable with values in B(X̃). Then for each x ∈ (V ×H)T =
X , there exists a fundamental solution W(t, s) of (PE) satisfying (a), (b), (c),

and (d) in Theorem 3.1 in X̃.

4. Mixed problem of hyperbolic equations

Let Ω be bounded domain in R
n with smooth boundary ∂Ω. We define the

following spaces:

H1(Ω) =

{
u : u,

∂u

∂xi
∈ L2(Ω), i = 1, 2, . . . , n

}
,

H2(Ω) =

{
u : u,

∂u

∂xi
,

∂2u

∂xi∂xj
∈ L2(Ω), i, j = 1, 2, . . . , n

}
,

H1
0 (Ω) = {u : u ∈ H1(Ω), u|∂Ω = 0} = the closure of C∞

0 (Ω) in H1(Ω)

where ∂/∂xi u and ∂2/∂xi∂xj u are the derivative of u in the distribution sense.
The norm of H1

0 (Ω) is defined by

||u|| =
{∫

Ω

n∑

i=1

(
∂u(x)

∂xi
)2dx

}1/2

.

Hence H1
0 (Ω) is a Hilbert space. Let H−1(Ω)=H1

0 (Ω)
∗ be a dual space of

H1
0 (Ω). For any l ∈ H−1(Ω) and v ∈ H1

0 (Ω), the notation (l, v) denotes the
value l at v. In what follows, we consider the regularity for given equations in
the space L2(Ω) in place of H in Section 2. Then the space instead of V is
H1

0 (Ω) = {u ∈ H1(Ω);u = 0 on ∂Ω}.
Consider the mixed problem for the hyperbolic equation:





∂2

∂t2u(t, x)−
∑n

i,j=1
∂

∂xj
(aij(t, x)

∂u
∂xi

) +
∑n

i=1 bi(t, x)
∂u
∂xi

+ c(t, x)u

= f(t), 0 ≤ t < ∞, x ∈ Ω,

u(t, x) = 0, 0 ≤ t < ∞, x ∈ ∂Ω,

u(0, x) = u0(x),
∂
∂tu(0, x) = u1(x), x ∈ Ω.

(4.1)

We deal with the Dirichlet condition’s case as follows. The matrix (aij(x, t))
is uniformly positive definite, i.e., there exists a positive constant δ such that

n∑

i,j=1

aij(x, t)ξi ξ̄j ≥ δ|ξ|2

for all x ∈ Ω, t ∈ [0, T ] and for all real vectors ξ. Let

aij ,
∂

∂xj
aij ,

∂

∂t
aij ,

∂2

∂t∂xj
aij ,

∂

∂t
bi, c ≥ 0,

∂

∂t
c
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be all continuous and bounded on Ω× [0, T ], and

aij ,
∂

∂xj
aij , c

satisfy uniformly Lipschitz’s condition with respect to t.

For each t ∈ [0, T ] and u, v ∈ H1
0 (Ω), let us consider the following sesquilinear

form:

a(t;u, v) =

n∑

i,j=1

∫

Ω

aij(t, x)
∂u

∂xi

∂v

∂xj
dx.

Then there exist constants c0, c1 > 0 such that

|a(t, u, v)| ≤ c0||u||||v||,
∣∣∣∣
d

dt
a(t, u, v)

∣∣∣∣ =
∣∣∣
∫

Ω

n∑

i,j=1

ȧij(t, x)
∂u

∂xi

∂v

∂xj
dx

∣∣∣≤ c1||u|| · ||v||

and it holds G̊arding’s inequality;

a(t;u, u) =

∫

Ω

n∑

i,j=1

aij(t, x)
∂u

∂xi

∂u

∂xj
dx ≥ δ

∫

Ω

∣∣∣ ∂u
∂xi

∣∣∣
2

dx = δ||u||2.

Define the operator A(t) by

(A(t)u, v) = a(t;u, v) =

∫

Ω

n∑

i,j=1

aij(t, x)
∂u

∂xi

∂v

∂xj
dx,

D(A(t)) = {u : u ∈ H2(Ω) ∩H1
0 (Ω)} = {u : u ∈ H2(Ω), u|∂Ω = 0}.

The operator A(t) in L2(Ω) is defined as the following that for any v ∈ H1
0 (Ω)

there exists f ∈ L2(Ω) such that

a(t;u, v) = (f, v)

then, for any u ∈ D(A(t)), A(t)u = f and A(t) is a positive definite self-adjoint
operator. Let u be fixed if we consider the functional H1

0 (Ω) ∋ v → a(t;u, v),
this function is a continuous linear. For any l ∈ H−1(Ω), it follow that (l, v) =
a(t;u, v). We denote that for any u, v ∈ H1

0 (Ω)

a(t;u, v) = (Ã(t)u, v),

that is, Ã(t)u = l. The operator Ã(t) is one to one mapping from H1
0 (Ω) to

H−1(Ω). The relation of operators A(t) and Ã(t) satisfy the following that for
any u ∈ D(A(t)),

D(A(t)) = {u ∈ H1
0 (Ω), Ã(t)u ∈ L2(Ω)}, A(t)u = Ã(t)u.

From now on, both A(t) and Ã(t) are denoted simply by A. Put

D(B(t)) = H1
0 (Ω), B(t)u =

n∑

i,j=1

bi(x, t)
∂u

∂xi
+ c(x, t)u,
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and for
(

u0

u1

)
∈ H1

0 (Ω)× L2(Ω),

A(t)

(
u0

u1

)
=

(
0 −I

A(t) 0

)(
u0

u1

)
=

( −u1

A(t)u0

)
,

B(t)
(
u0

u1

)
=

(
0 0

B(t) 0

)(
u0

u1

)
=

(
0

B(t)u0

)
.

Then B(t) is a bounded operator from X = (H1
0 (Ω) × L2(Ω))T to itself and

strongly continuous differentiable with respect to t. Since

|B(t)u0| ≤ max{(|b1|, |b2|, . . . , |bn|, |c|}(
∑

|∂u0

∂xi
|2 + |u0|2)

1

2 ≤ c||u0||H1

0
(Ω),

we have ∥∥∥B(t)
(
u0

u1

)∥∥∥
X

≤ c

∣∣∣∣
(
u0

u1

)∣∣∣∣
X

(B(t) ∈ B(X)).

Then we treat (4.1) as the initial value problem for the abstract second order
equations

{
u′′(t) + (A(t) +B(t))u(t) = f(t)

u(0) = u0, u′(0) = u1.
(4.2)

Now we can apply the results of Theorem 4.1 and Remark 3.2 as follows.

Theorem 4.1. Assume that {A(t) : 0 ≤ t ≤ T } is defined as mentioned above
and B(t) is defined on [0, T ] as a strongly continuously differentiable with values
in L(L2(Ω)). Let us assume that f ∈ C([0, T ];H−1(Ω)) ∩W 1,2(0, T ;H−1(Ω))
(T > 0) and (u0, u1) ∈ H1

0 (Ω) × L2(Ω). Then, there exists a fundamental
solution W(t, s) of (4.2) satisfying (a), (b), (c), and (d) in Theorem 3.1 and
the solution u of (4.1) exists and is unique in

u ∈ W̃T ∩ C([0, T ];H1
0 (Ω)) ∩ C1([0, T );L2(Ω)), T > 0

where

W̃T = L2(0, T ;H1
0(Ω)) ∩W 1,2(0, T ;L2(Ω)) ∩W 2,2(0, T ;H−1(Ω)).

Furthermore, the following energy inequality holds: there exists a constant CT

depending on T such that

||u||
W̃T

≤ CT (1 + ||u0||+ |u1|+ ||f(0)||∗ + ||f ||W 1,2(0,T ;H−1(Ω))).
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