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PERTURBATION RESULTS FOR HYPERBOLIC EVOLUTION
SYSTEMS IN HILBERT SPACES

YoNG HAN KANG AND JIN-MUN JEONG

ABSTRACT. The purpose of this paper is to derive a perturbation theory
of evolution systems of the hyperbolic second order hyperbolic equations.
We give an example of a partial functional equation as an application of
the preceding result in case of the mixed problems for hyperbolic equa-
tions of second order with unbounded principal operators.

1. Introduction

The purpose of this paper is to derive a perturbation theory of the following
perturbed inhomogeneous second order hyperbolic equation:

W W (1) + (A(D) + BO)u(t) = £(2)
uw(0) = ug, u'(0) =uy.
Phillips [11] started the study of properties of Cp-semigroups which are con-
served under bounded perturbations, and perturbations of infinitesimal genera-
tors of analytic semigroups by a bounded operator is due to Kato [7]. Recently,
Belarbi and Benchohra [1] proved the existence of solutions for a perturbed im-
pulsive hyperbolic differential inclusion with variable times under the mixed
generalized Lipschitz and Carathéodory’s conditions.

Kato [8] was first to succeed in constructing the fundamental solution of
temporally inhomogeneous second hyperbolic equation:

u"(t) + A(t)u(t) = f(t)

(LE) u(0) =ug, u'(0)=1wug

Received February 15, 2012.

2010 Mathematics Subject Classification. Primary 58J37; Secondary 35L15.

Key words and phrases. perturbation theory, hyperbolic equations, fundamental solution,
regularity, analytic semigroup.

This research was supported by Basic Science Research Program through the National
research Foundation of Korea(NRF) funded by the Ministry of Education, Science and
Technology(2012-0007560).

(©2014 The Korean Mathematical Society

13



14 Y. H. KANG AND J.-M. JEONG

in a Hilbert space H. For more general results see any of a number of source,
including [7] and Tanabe [12]. Applications to initial value problem of hyper-
bolic equations have been referred to Goldstein [4] and Yosida [14], in addition
[12]. Typical models can be found in the works of materials with biology, engi-
neering, population models, etc. (see e.t., [2, 13] and the bibliography therein).
As the second order nonlinear functional evolutions, Kalsatos and Markov in
[6] have analyzed some questions on existence of solutions for functional dif-
ferential inclusions of second order in time, and in [3] proved them in the case
where a damping term is added. In [5] they have studied the wellposedness
of solutions and the regularity properties of solutions for the mixed problems
for semilinear hyperbolic equations of second order with unbounded principal
operators.

In this paper, in order to give a construction of an evolution system of
A(t) + B(t), we will assume general conditions that A(t), for each t € [0,T],
is self adjoint and bounded and A(t)v for each v € V is strongly continuous
differentiable on [0, T].

Let V' be a Hilbert space forming a Gelfand triple V. .C H C V* with pivot
space H. Recall that

a0 ()= (ty 0) ()= (o)
50 (%)= (sty 0) (%) = (500)

for any (“‘;) € X =V xHT (or X = (HxV*T), our problem can be

u
applied to second order time dependent equations by writing them as first order
systems. Consequently, we deal with constructing of the fundamental solution
of (LE) explained the arguments in given in [1, 7]. In addition to assumptions
of A(t), Tanabe [12] dealt with a singular perturbation of evolution systems in
a Banach space X with conditions that B(t) is strongly continuous and there
exists a real number A\ satisfying A\g € p(A(t)) for all t € [0, T, such that

(1.2) A()B(£)(A(t) — o) ™" € L(X),

where £(X) denotes the set of all bounded linear operators from X into itself.
But in Section 4, we will give a perturbation approach under the more general
conditions that X is a Hilbert space and B(t)v for each v € V' is strongly con-
tinuous differentiable on [0, 7] instead of (1.2) even in special cases of second
order equations. In the last section we give an example of a partial functional
equation as an application of the preceding result in a mixed problem for hy-
perbolic case that

" du ou i ou
Alt) = — ]221 %j(aij(t, z)a_:ci)’ B(t) = ;bi(t, ma—xi + ¢(t, z)u,

where the matrix (a;;(z,t)) is uniformly positive definite.
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2. Construction of fundamental solutions

Let H be a complex Hilbert space with inner product (-, ) and norm |-|. Let
V be embedded in H as a dense subspace with inner product and norm by ((-, -))
and || - ||, respectively. By considering H = H*, we may write V. C H C V*
where V* denotes the dual space of V; its inner product and norm will be
denoted by (-,)« and || - ||+, respectively. For | € V* we denote (I,v) by the
value [(v) of [ at v € V. The norm of [ as element of V* is given by

l
. = sup 122,
e Tl

Therefore, we assume that V has a stronger topology than H and, for the
brevity, we may regard that

ulle < ful <lull, VueV.

Let a(t; u,v) be quadratic form defined on V' x V and let us also make the
following assumptions:

i) a(t;u,v) is bounded and uniformly Lipschitz continuous and %

is strong continuous with respect to ¢, i.e., there are some positive
constants cg, ¢; such that
|a(t; u, v)| < colfull [[v]],
|a(t; u,v) —a(s;u,v)| < erft — sl [|ul|[[v]],
|d/dt a(t; u,v)| = |a(t; u,v)] < cif|ul] [[o]];
i) a(t;u,v) is symmetric, i.e., a(t; u,v) = a(t; v, u);
iii) a(t;u,v) satisfies the Garding’s inequality, i.e.,

Rea(t;u,u) > d||u||?, &> 0.

Let us define A(t) the operator determined by a(t; u,v), i.e., we set
a(tyu,v) = (A(t)u,v), wu,veV.

Then it is easily seen that A(t) is an isomorphism V onto V* and for u € V|
we have

(2.1) Sful] < [|A®)ull« < collull-
The restriction of A(¢) to
D(Ag(t)={ueV; Alt)uc H}

is denoted by Ag(t). Then it is well known that D(Ag(t)) is dense in H by
Lax-Milgram theorem and it is easy to see that

Olull < |An(t)u| < collullpiam -

It is obvious that A(t) is an extension of the operator Ay (¢). Here and in what
follows we consider that D(A(t)) = V is independent of ¢ in terms of (2.1).
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Put X = (V x H)T, X = (H x V*)T. We define inner product of X and

X by
((<ch)> ’ (Z?) ))X = ((uo,v0)) + (u1,v1),
((;?) ’ (ZT)))} = (fo,90) + (f1,91)%

respectively. We introduce a new inner product (( , )): and norm || - ||; into

() (), = w000+ 00
1), -

for (“0) , (”O) € X, respectively. Let us introduce a new norm in V* as

and

W=

{a(t;uo, uo) + (u1,u1)}

U1 v1

follows. For f1,g1 € V*, putting
(flagl)*,t = a(t; A(t)ilfla A(t)ilgl) = (fla A(t)ilgl)a

it satisfies the inner product properties and its norm is given by

1 allee = (fr, ) = alt; A1) fu, AT )M = (f1, AT )2,
It is easily seen that the norm || - ||, is equivalent to || - || , i.e, we have
5
— s < - .
\/EO” et <A1l < \/—II [l t-

We also introduce a inner product ( , ); and norm |- |; into X as

((2) (), = g + ot 401 .40 1)
= (fo,90) + (f1, A(t) "' g1)

<f°> — (ol + A1)
fl t

The Hilbert spaces defined by the inner products mentioned above denote by

and
1/2

X; and )?t, respectively.
Let Ax (t) be an operator defined by

D(Ax (1)) = (D(An (1)) x V)T,

e () (ol ()=

In virtue of Lax-Milgram theorem we can also consider as

D(A(t)) = (V x H)T = X,
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() D)~ () conmrr-s

Now we consider the initial-value problem of the inhomogeneous second

hyperbolic equation(LE). Let x(t) = (3‘1’8) where uy(t) = Lug(t), and let

F(t)= (f?t)). Then the equation (LE) can be rewritten by

(2.2) x'(t) + A(t)x(t) = F(t)
' x(0) = xo,
where xg = (“‘f) We have known that Ay (t) and A(t) generate analytic

semigroups in H and V*, respectively, so the equation (LE) is considered in
the space both H and V*.
As seen in [5, Theorems 2.1 and 2.2], we obtain the following results.

Proposition 2.1. The linear operators Ax (t) and A(t) mentioned above are
the infinitesimal generators of Co-groups of unitary operators in Xy and Xy,
respectively. Moreover, Ax(t) and A(t) are stable on X and X, respectively.

For every (;;2) € D(Ax (1)) = D(An(t)) x V, we have

e (1) =3 Cantinn) = Gty )
From which and d/dt (Ag(t)u,v) = a(t; u,v), it follows that d/dt Ax (1) (U)

is strong continuous with respect to t. Thus the following Proposition is from
Corollary in Section 4.4 of [12] (or Theorem 2.3 of [11]).

Proposition 2.2. Let A(t) (or Ax(t)) be the operators mentioned above. Then
there exist fundamental solution U(t,s) (or Ux(t,s)) satisfying
(a) U(t, s) is strongly continuously in s and t, and |U(t, 5)|| ;) < MePt=s),
(b) U(s,s) =1, andU(t,s) =U(t,r)U(r,s) for s <r <t
(c) 9/OtU(t, s)v = —A()U(L, s)v,
(d) 8/dsU(t, s)v = U(t,s)A(s)v in X (or in X, respectively).

Let x(t) = (5,((?)) and F(t) = (f?t)) . We can show that a solution x(t) of
(LE) is represented by

(2.4) x(t) = U(t,0)x(0) +/0 U(t,s)F(s)ds

using the fundamental solution U(¢,s) constructed in Proposition B. Indeed,
we have

(0/0s)U(t, s)x(s) =U(t, s)x'(s) + U(t, s)A(s)x(s) = U(t, s)F(s),
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which, being integrated from 0 to ¢, yields (2.3). Let T' > 0. Define
Wr ={u:uec L*0,T,D(Ay)), © € L*(0,T,V), ii € L*(0,T, H)},
ullwr = [lull20,7.D(ar)) + [@l[L20,1,v) + il 20,7, 11).
and
Wr = {u:ue L*0,T,V), i L*0,T,H), i € L*(0,T,V*)},
lulliz, = [lullz20,7,v) + lal|L2(0,7,m) + |il|L20,7,v+),

where 4 denote the derivative of u in the generalized sense. Since

ARt = <_OI A(’g_1> XX

is a bounded operator. It holds A(£)Ut, s)A(t)"* : X — X is bounded and
strong continuous jointly in s,¢. Therefore, there is constant M > 0 such that
(25) Uz M, AU s)IAS) 5 < M.
By the assumption i) of a(s;w,v), it holds that for every u,v € V|
|d/ds (A(s)u,v)| = |a(s;u, v)| < eafful| o],
that is, we have that for every u € V., s — d/dsA(s)u is strongly continuous in
V* and so, ||d/dsA(s)||z(v,v+) is bounded on [0, T]. Hence, noting that for every
(Z?) € X, it follows from (2.3) that d/ds A(s) (Z?) is strong continuous with

respect to ¢ in X and so, ||d/dsA(s)||£(X %) 1s bounded on [0,T]. Therefore,
we may assume that

d -1
(2'6) ||E‘A(S)A(5) ||L(f() <M.
Now we give useful regularity results and the energy inequalities for our problem
(LE) (see [9, 11]).

Proposition 2.3. Assume that f € C([0,T); V*)NW12(0,T; V*)(T > 0) and
the initial data (ug,u1) € V- x H. Then the solution u of (LE) exists and is
unique in .
uweWrnC([0,T);V)NCY[0,T); H).
Furthermore, the following energy inequality holds: there exists a constant Crp
depending on T such that
lulls, < Cr(lluoll + [us] + [ (O)|« + [1Fllwr20,15v+))-

If f € C([0,T); H) N WY2(0,T; H) and (ug,u1) € D(Ay) x V, then the

solution u of (LE) exists and is unique in
we WrNC(0,T]; D(Ar)) N CH([0,T); V),

satisfying

lullwz < Cr([luoll pearm) + lluall + [F O+ [ fllwr20.1:m))-
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3. Perturbation for fundamental solutions
Consider the following perturbed inhomogeneous second order hyperbolic

equation:

W () + (A() + BO)u(t) = £(2)
(PE) { u(0) =ug, u'(0)=uy,

where A(t) satisfies the conditions in Section 2. From now on, both Ay (t) and
A(t) are denoted simply by A(t) without the risk of confusing. Let B(t) be
defined on [0, 7] as a strongly continuously differentiable satisfying

(3.1) B(t)yu e C*([0,T); H), |B(t)u| < Blu| forall ue H

for some constant B > 0. For (:ﬁ) € (V x H)T = X, let B(t) be an operator
defined by

50 ()= (o o) () = o) <

Then we have that B(t) : H}(Q) x L2(2) — H(Q) x L?(Q2) is a bounded
operator and strongly continuous differentiable with respect to ¢.

Theorem 3.1. Assume that {A(t) : 0 < t < T} satisfies the conditions in
Section 2. Assume also that B(t) is defined on [0,T] as a strongly continuously
differentiable with values in B(X). Then there exists a fundamental solution
W(t, s) of (PE) satisfy the following results: for each x € D(A(t)) = (D(A(t))x
V) ’

(a) W(t, s) is strongly continuously in s and t, and ||[W(t, s)|| < MePt=9),

(b) W(s,s) =1, and W(t,s) = W(t,r)W(r,s) for s <r <t,

(c) 8/3tW(t s)x = —(A®@) + B(t))W(t, s)x,

(d) 8/0sW(t, s)x = W(t, s)(A(t) + B(t))x.

Proof. Let us denote U(t, s) the evolution fundamental system of
x'(t) + A(t)x(t) = F(t)

whose existence is proved by Propositions 2.2 and 2.3. For the sake of simplicity
in sense of (2.5), we assume that there are constants My, M7 such that

(32) (. 9)I] < Mo, [|A@U(E, 5)A(s) ™| < M.
Put

(3.3) Wo(t,s) =U(t,s), Wnl(t,s)= f/ U, 7)B(T)Wi—1(7, s)dr,

(3.4) W(t,s) = i Win(t, s

m=0



20 Y. H. KANG AND J.-M. JEONG

for m =1,2.... Then we have
(3.5) Wit s) = U(t, 5) / UL, 7)BF)W(, s)dr,

and the series on the right hand side of (3.4) is strongly convergent uniformly
in0<s<t<T. Indeed, by (3.4)

/ Ut, 7)B(r)W(r, s)dr :/ U, 7)B(r) Z Wy (1, s)dr
= Z/ U(t, T)B(T) Wy, (T, s)dT

= — Z Wm(tv S) +u(t’ 5)7
m=0

which yields (3.5). From (3.1), (3.2), it follows, by mathematical induction,
that

)| < Mo,
t t_ m
Wintt ) <11 [ B0 Wi )ir] < a2

Hence Yo" Wi, (t, s) is uniformly convergence.

First, we will show that 0/9t W,,,(t, s).A(s) ™! exists and is strongly continu-
ous on B(X) for all m = 1,2,.... From (d) of Proposition 2.2 and Proposition
2.3, we have

(3.6) Ut,s) = %L{(t,s)A(s)_l
and
(3.7) Win(t, s)A(s)"" = / Ut T)BF) W1 (7, 5) A(s)~Ldr

N */ 5 U VA T B(D) Wi (7, 5)A(s) ~Hdr
— — AW) T B\ W1 (t, 5)A(s) !
LU, 5>A(s) LB(s)Wn—1(s,5)A(s) !

/ U, ) )_1B(T)Wm 1(T, S)A(S)_l)dT.
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= A(T) " (= AT)A(T) T B(T) + B(7)) W1 (7, 8) A(s) !

+ A(T)_lB(T)aETWm_l (,8)A(s) L.

Now we shall show that the right side of (3.7) is differentiable with respect to
t and therefore W(t, s).A(s)~! is differentiable. Noting that

0
&U(t s) = —AU(t, s),

consider that

(3.9)
0 L
an(t, $)A(s)
= = AT BOWia(t,9) A9) ™)
— AUt 5)A(s) T B(s)Wy_1(s, 8)A(s) ™"

b (A B >wm L(m5)A(s)™)

/ Alt 8_ (A(T) ' B(T)Win_1(1,5).A(s) " Hdr
(U, 8)A(s) " B(8)Wim_1(s,5)A(s) ™

/ Alt ) =AM A()B() + B ) W1 (7, 5)A(s) "L dr
f/ A(t)U(t,T)A(T)ilB(T)a;aTWmfl(T,S)A(S)ildT.

From (2.6), (3.1) we know that —A(7).A(7) ! B(7)+B(r) is uniformly bounded,
and so there exists a constant M such that

(3.10) IA(T)A(T) "' B(7) + B(7)|| < Mo.
If m=1in (3.9), then

II—Wl(t 5)A(s) 7|

t t
d
< MlB||A(s)’1||+/ M1M2M0||A(s)’1||d7+/ M1B||EU(T, s)A(s)"|dr

< MBI A(s) ™| + MMz Mo [ A(s) [(t = s) + MTB(t — ).
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If m > 2, then Wy,—1(s,s) = 0 by (3.3) and hence

19 Wit 5)AGs) )

/MleMmB’" 1((7717)“%1() Hldr

/MlB|| (7, 8)A(s) 7Y |dr
SMMwmmHm«>m( +M1/H— Wi 1(7,5).A(s)~ -

By mathematical induction, it satisfies the following that

12 Wit 9 As) 7|
t — S)mfl
< m pm -1 (
< M B AG) I
m—1
m— m—1—i 7 ri - t—s)™ m mt_s)m
+ MMy MoB™ Y T M T M| A(s) 1||%+ M B ( —
i=0
Hence, we have
12 Wit ) A() ™|
m m -1 (tis)mil
< My BTl |AG) I
t . m
+ MlMgMoBmilm{maX{Mo, Ml}}milHA(S)il” ( m(f)
4 M{nJrle (t - S)
m!
for all m, so that >~ °_ |0/t Wh,(t, s)A(s)’1 || is uniformly convergence. Thus
0
aW(t s =5 Z Wi (t, 3)

exists and is strongly continuous. Noting that
t
W(t,s) =U(t,s) — / U(t, s)B(r)W(t, s)dr

and U(t, s) = 0/0sUt,s)A(s)~ !, it holds
(3.11)

W(t, s)A(s) ™

=U(t,s)A(s)"? f/ a—Z/[(t,T).A(T)illS(T)W(T, s)A(s) " tdr
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=U(L,s) )_1 AT BHOW(t, 5)A(s) ™ + U(t, 5)A(s) " B(s)A(s) !
/ U, ) LB(r)W(r,5)A(s) " )dr.

from which it follows

(3.12) %W(t,s)A(s)_l

I
I
PN
—~
~—
—~
~—
PN
—
»
~
L
I
PN
—~
~
~
L
oy
—~
~
~
=
~
»
~—
P
—
©»
~
L

I
\
§>
=
\_/
A
\_/
PN
—~
~
~—
L
\
PN
—~
o~
~—
<
—~
S+
»
~—
PN
—~
v
~
=
=
—~
v
~
PN
—~
w
~
L

Put A( ) = A(t) + B(t), Then from (3.11) we obtain that
(3.13)  A[LWI(t, s)A(s) "
= AU, 8)A(s)"F + B(tU(t, s)A(s) ™! — Bt)W(t, s)A(s) !
B(t)A( )TIBH)W(L, 5)A(s) " + AU, 5).A(s) " B(s) A(s) !
B(t)U(t, s)A (S) B(s)A(s) ™
/ Alt (1) B(r)W(r,5).A(s) " dr

+ B(t )/ Ut, ) 687_ (A(T)B(r)W(r, 5)A(s) " dr.

Therefore from which and (3.12) it follows that

%W@@<> AWt ) A(s) ™
SO " W DA~ A BN )
+U(t,s)A 1—|—/ U(t LB(r)W(r, 5)A(s)"1)dr}.

By (3.11) the right side of (3.13) equals zero. Thus, it is evident that W(¢, s)x
is differentiable in s and ¢ and satisfies

%W(t s)x = —(A(t) + BE)W(t, 9)x,

%W(t s)x = W(t, s)(A(t) + B(t))x
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for each x € D(A(t)) = (D(A(t)) x V)T (or x € (V x H)T = X). Hence such
an operator valued function W(t, s) is a fundamental solution of 9/0tx(t) +

(A(t) + B(t))x(t) = 0. O

Remark 3.2. Let us assume also that B(t) is defined on [0,7] as a strongly
continuously differentiable with values in B(X). Then for eachx € (V x H)T =
X, there exists a fundamental solution W(t, s) of (PE) satisfying (a), (b), (c),
and (d) in Theorem 3.1 in X.

4. Mixed problem of hyperbolic equations

Let ©Q be bounded domain in R™ with smooth boundary 0€2. We define the
following spaces:

Hl(Q){u:u, gu (Q), i1,2,...,n},
L

ou 0%u
H?(Q) = fu, — L3(Q), i,5=1,2,...
@ ={uiu Gh G € @), L= 12,

Hy(Q) ={u:ue H (Q), ulpn =0} = the closure of C5°(Q) in H'(Q)

where 8/0z; u and 8% /0x;0z; u are the derivative of u in the distribution sense.
The norm of H}(2) is defined by
1/2
2d$} .

Hw={m:@”’

Hence Hg () is a Hilbert space. Let H~1(Q)=HJ(2)* be a dual space of
HY(Q). For any | € H71(Q2) and v € HJ(£2), the notation (I,v) denotes the
value [ at v. In what follows, we consider the regularity for given equations in
the space L?(f2) in place of H in Section 2. Then the space instead of V is
HY{Q) = {ue HY(Q);u =0 on 9Q}.

Consider the mixed problem for the hyperbolic equation:

2
%u(t,x) - ZZJ‘:1 ag (a” (t, :c) ) + Zz 1 (t,x)g—;‘i + c(t, r)u

(4.1) = f(t), 0<t<oo, z€,
' u(t,x) =0, 0<t<oo, ze€I,
U(O,SC) = ’LLO(SC), %U(O,ZL') = ul(x)v z €.

We deal with the Dirichlet condition’s case as follows. The matrix (a;;(z,t))
is uniformly positive definite, i.e., there exists a positive constant § such that

n

Z aij(z,t)&E > 0l¢)?

ij=1

for all z € Q, t € [0,T] and for all real vectors £. Let
S I e WP
YT Qg ot otoxy; T ot T T ot
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be all continuous and bounded on Q x [0,T], and

0

Qij a—zjaija ¢
satisfy uniformly Lipschitz’s condition with respect to t.
Foreach t € [0,T] and u,v € H}(Q), let us consider the following sesquilinear
form:
ou v
a(t; u,v) aij(t, ) =— ——dx.
Z / il Ox; Oz

7,j=1
Then there exist constants ¢y, ¢; > 0 such that

|a(t, u, )| < co[ull[|v]],

du v
-/ Zazm——daokclnun ol

and it holds Garding’s mequahty;

a(t;u,u) /Za”t:c@a—ud >5/’ ‘d:vf5||u||2
Q

Define the operator A(t) by

’ tuv

ou v
(A(t)u,v) = a(t;u,v) = /Zawtx—u Ud
Q ij=1 Lj
D(A(t)) ={u:ue€ H* Q) NH(Q)} = {u:uec H*(Q), ulsn =0}

The operator A(t) in L?(€2) is defined as the following that for any v € H}(Q)
there exists f € L?(Q) such that

a(t;u,v) = (f,v)
then, for any u € D(A(¢)), A(t)u = f and A(t) is a positive definite self-adjoint
operator. Let u be fixed if we consider the functional HJ () 3> v — a(t;u,v),

this function is a continuous linear. For any | € H~1(Q), it follow that (I,v) =
a(t;u,v). We denote that for any u,v € Hg(Q)

alt;u,v) = (A(t)u,v),

that is, A(t)u = I. The operator A(t) is one to one mapping from HL(Q) to
H~Y(Q). The relation of operators A(t) and A(t) satisfy the following that for
any u € D(A(t)),

D(A®t)) = {u € HYQ), A(t)ue L*(Q)}, A(t)u = A(t)u.
From now on, both A(t) and A(t) are denoted simply by A. Put

D(B(t)) = H(Q) Yu = Z bi(w, 1) 5 — + clw, t)u,

7,7=1
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and for (gg) € HE Q) x L2(Q),

A0 ()= (aty 0) () = Camo):
50 (1) = (0 )()( )

Then B(t) is a bounded operator from X = (HJ(£2) x L2 )T to itself and
strongly continuous differentiable with respect to t Slnce

8’[1,0 1
|B(t)uo| < max{(|b1], [ba],- .., [bnl, ]} ZI—I2+ [uol*)® < clluoll my (0

HB(t) <Z§’> HX <c ‘ (Z‘i) ‘X (B(t) € B(X)).

Then we treat (4.1) as the initial value problem for the abstract second order
equations

u"(t) + (A(t) + B(1))u(t) = f(t)
(42) { u(0) = uy, u'(0) = uy.

we have

Now we can apply the results of Theorem 4.1 and Remark 3.2 as follows.

Theorem 4.1. Assume that {A(t) : 0 <t < T} is defined as mentioned above
and B(t) is defined on [0,T] as a strongly continuously differentiable with values
in L(L*(Q)). Let us assume that f € C([0,T]; H~Y(Q)) N W12(0,T; H~Y(Q))
(T > 0) and (ug,u1) € HY(Q) x L*(Q). Then, there exists a fundamental
solution W(t, s) of (4.2) satisfying (a), (b), (c), and (d) in Theorem 3.1 and
the solution u of (4.1) exists and is unique in

ue Wr N C([0,T); HY(Q)) N CH[0,T); LX), T >0
where
Wy = L2(0,T; H:(Q)) n W20, T; L2(Q)) N W20, T; H-(R)).
Furthermore, the following energy inequality holds: there exists a constant Crp

depending on T such that
lulli, < Cr(+[luoll + [us] + [ (O)|« + [1fllwr2 0,151 (2)))-
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