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THE NORMALIZED LAPLACIAN ESTRADA INDEX OF
GRAPHS'
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ABSTRACT. Suppose G is a simple graph. The {—eigenvalues 01,92, ..., 0n
of G are the eigenvalues of its normalized Laplacian ¢. The normalized
Laplacian Estrada index of the graph G is defined as {EE = (EE(G) =
Z;’“:le‘si. In this paper the basic properties of /E'E are investigated. More-
over, some lower and upper bounds for the normalized Laplacian Estrada
index in terms of the number of vertices, edges and the Randic index are ob-
tained. In addition, some relations between ¢EF and graph energy Fy(G)
are presented.
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1. Introduction

Let G = (V, E) be a simple graph with n vertices and m edges. The eigen-
values of the adjacency matrix A(G) are called the eigenvalues of G' and form
the spectrum of G. Suppose {A\1,\a,..., A\, } is the spectrum of G such that
AL < A < -+ < A\,. If G has exactly s distinct eigenvalues d1,...,ds and the
multiplicity of §; is t;, 1 < i < s, then we use the following compact form

5 b s
Spec(G)( ti tj S )

for the spectrum of G.
The Estrada index of the graph G is defined as EE = EE(G) = X eMi.
This graph invariant was introduced by Ernesto Estrada, which has noteworthy
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chemical applications, see [12, 13, 14] for details. We encourage the interested
readers to consult [2, 11, 16] for the mathematical properties of Estrada index.

The Laplacian matrix of G is defined as L(G) = D(G) — A(G), where A(G)
and D(G) are the adjacency and diagonal matrices of G, respectively. If 0 =
w < pg < -+ < uy, are the Laplacian eigenvalues of G, then the Laplacian
Estrada index, L—Estrada index for short, of G is defined as the sum of the
terms e, 1 < ¢ < n. This quantity is denoted by LEE(G). There exists a vast
literature that studies the L—Estrada index of graphs. We refer the readers to
(15, 19, 24] for more information.

The normalized Laplacian matrix £(G) = [{; jlnxn is defined as:

1 if i = j and deg(v;) # 0

_ 1 . . . . . . .
bij= W TER T if 1 # j and v; is adjacent to v;.

0 otherwise

The normalized Laplacian eigenvalues or ¢—spectrum of G are denoted by
0=0 <63 <--- <6,. The multiplicity of 47 = 0 is equal to the number
of connected components of G. Define p(G,0) = det(01,, — ¢(G)), where T, is
the unit matrix of order n. This polynomial is called the normalized Laplacian
characteristic polynomial. The basic properties of the normalized Laplacian
eigenvalues can be found in [8, 9]. The normalized Laplacian eigenvalues of
an n—vertex connected graph G satisfying the following elementary conditions:
¥ 8 =nand X762 = n+2R_1(G), where R_1(G) is Randic index of G, see
[6, 8, 9] for details.

We now define the normalized Laplacian Estrada index, simply called ¢{— Estrada
index, of G by the following equation:

(EE =(EE(G) =) _¢".
i=1

From the power-series expansion of e*, we have:

(EE = i%iak
k=0 " i=1

where we assumed that 0° = 1.

We now introduce some notation that will be used throughout this paper. The
complete graph on n vertices is denoted by K,,. The line graph [(G) of a graph
G is another graph I(G) that represents the adjacencies between edges of G. In
a graph theoretical language V(I(G)) = E(G) and two edges of G are adjacent
in [(G) if they have a common vertex. Suppose G denotes the complement of
G. For two graphs G and H, G U H is the disjoint union of G and H. The join
G + H is the graph obtained from G U H by connecting all vertices from V(G)
with all vertices from V(H). If G1,Gs, ..., G} are graphs with mutually disjoint
vertex sets, then we denote Gy + Go + - -+ + G by E?ZlGj. In the case that

G1=Gy=...= Gy =G, wedenote 3_5_, G; by G,
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The following results are crucial throughout this paper.

Lemma 1.1 (See [9] for details). Let G be a graph of order n > 2 that contains
no isolated vertices. We have

i) If G is connected with m edges and diameter D, then 63(G) > 525 > 0.

it) 0, (G) > -5 with equality if and only if G is the complete graph on n vertices.

Lemma 1.2 ([21] Theorems 2.2 and 2.3). Let G be a graph of order n with
no isolated vertices. Suppose G has minimum vertex degree equal to dp,;, and
mazimum vertex degree equal to dp,q,. Then ﬁ <R_1(G)< QdLrnin' Equality
occurs in both bounds if and only if G is a reqular graph.

Lemma 1.3. Let G be an n—vertex graph. Then 63 = --- = 0y, if and only if
G=ZK, orGEK,.

Proof. We know that é; = 0. Suppose that §o = --- = §,,. If G is connected
on n > 3 vertices, then by [7, Corollary 2.6.4] G has exactly two distinct
{—eigenvalues if and only if G is the complete graph. If G is not connected,
then d; = 0 and if §; = 0 and d;41 # O then by [9, Lemma 1.7 (iv)], G has
exactly ¢ connected components. So, all Laplacian eigenvalues are equal to zero,
which obviously implies that G = K,,. O

2. Examples

In this section, the normalized Laplacian Estrada index of some well-known
graphs are computed.

Example 2.1. In this example the normalized Laplacian Estrada index of com-
plete and cocktail-party graphs are computed. We begin with the complete
graph. The normalized Laplacian spectrum of K, and cocktail-party graph
CPz are computed as follows:

fS’pec(Kn):( (1) n”i:ll ) and KSpec(CPg):( (1)

IS
WIS g
e
(v}
—_
~_

So, (EE(K,) =1+ (n—1)enT and (EE(CP3) =1+ Ze+ (% — 1)en 2.

Example 2.2. The normalized Laplacian spectrum of the cycle C), consists of
1 — cos® where 0 <i<n—1. So,

n

n—1 n—1 27
1—cos 25t 1 —cos 2zt ne —cosx
(EE(Cy) = E e n =mne|— E e n | o~ — e dz.
=0 1=0

2m
Suppose Zy = / e~ ¥ dr ~ 7.954926524. Then (EE(C,,) = 52 Zo.
0
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Example 2.3. The normalized Laplacian spectrum of n—vertex path P, con-

sists of 1 — cosn’r_il, where 0 < ¢ <n — 1. Thus,

i}

n—1
(EE(P,) =) =
=0

e n—1 ] e n—2 ) e
1—cos ™ 1—cos ™ —1
:765 e "*1+f§ e -1 4+ —(e " +e
2 ¢ 2 < 2( )
=1 1=0
n—1

n—2
1+ e’ (n - 1)6 1 — cos =t 1 — cos Zio
= n—1 n—1
R R ;e +n71i§e )

1+ e? — e, 1 (7 1 (7
~ te 4 (TL )6(7/ e~ COST Jn. 4 7\/ efcosxdx)
0 0

2 2 ™ ™

1+e* (n—De, [T _ .o
— CO:s fd .
5 + - (/0 e x)

Therefore, (EE(P,) = 0.753004179 + 3.441523869n, for large n.
Consider the Petersen graph P on 10 vertices. Then the normalized Laplacian

5 2 5
spectrum of P is £Spec(P) = ( ? i ) .Hence, fEE(P) = 1+5e3 +4es.

2
3
5

Example 2.4. Take the star graph and add a new edge to each of its n vertices
to get a star-like graph Ths11 with n = 2t + 1 vertices. By [8], the {—eigenvalues
of a star-like graph are as follows:

0 1 1-¥2 142 2
gSpeC(T2t+1)_< 11 ¢-1 t+_12 1)

FIGURE 1. The Star-Like Graph T4 1.

_ 2 1
Therefore, fEE(G) =1+ e + e* + e(n — 3) cosh ok

Example 2.5. Suppose G is a m—petal graph on n = 2m + 1 vertices, V(G) =
{1}0,1}1, .. .,UQm} and E(G) = {’U()’Ui,llgi_lvgi}, for i > 1.

By [9], G has {—eigenvalues 0, % with multiplicity m —1, and % with multiplicity
m+1. Hence, (EE(G) = 14 (m—1)e2 +(m+1)e?. We now generalize this graph
as follows: Fix s,m > 2 and let H = {u}+(sK,,), see Figure 2 for an illustration.
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By [8], The {—eigenvalues of H are 0, % with multiplicity s — 1 and mTJ[l with

m+41

multiplicity s(m — 1)+ 1. Then, (fEE(H) = 14 (s —1)em + (s(m—1)+1)e"n .

FIGURE 2. The Generalized Petal Graph.

Example 2.6. Let G be the graph constructed as follows. Fix m > 1. Take the
vertex set to be {uy, uz,us} UVy U Vo U V3, where each V; is a set of m vertices.
Then G has exactly 3(m + 1) vertices. Define the edge set of G by
EG)={wmz:2 € ViUV U{usz: 2z € VUV3} U{usz:z € Vo UV3}
3
U{u1u27u2u37u1u3} U U{xy T,y € Vi, T 7£ y}7
i=1

see Figure 3. By [7], the {—eigenvalues of G are 0, m with multiplicity 2

and m—ﬁ with multiplicity 3m. Hence, (EE(G) =1+ 2eTHTD | Ime it

AN

F1GURE 3. The Generalized Triangle-Petal Graph.

Example 2.7. The hypercube graph Q,, is a regular graph with 2™ vertices,
which correspond to the subsets of an n—element set. Two vertices A and B
are joined by an edge if and only if A can be obtained from B by adding or
removing a single element. The /—eigenvalues of the hypercube @, are % with
n
multiplicity (7), for 0 <i < n. So, (EE(Q,) = Z (?)eiz = (e" +1)".
i=0
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Example 2.8. The wheel graph on n + 1 vertices is defined by W,, = C,, + K;.
Thus, the normalized Laplacian spectrum is

Spec(W,,) = {0, %, 1-— 20052%, 1-— %cos%, 1= 20052(”;1)71-} .
Thus,
n—1 )
fEE(Wn) =14 6% + Z el—%cos%
i=1
n n—1
=14e3 + 3(2675608211 + Ze geosZt _ 9p 5)
i=1 =0
=1+e3 — e% + E(lie—%com:i n ln 16_%608221‘)
2 'niA iz

2

Define Ny = / e~ 35T o~ 7.000950642. Since, €3 ~ 3.79367, 5 ~ 1.39561,
0
(EE(W,) =~ 3.398055468 + 2 N = 3.398055468 + 3.028807202n, for large n.

Example 2.9. A Mobius ladder L,, of order 2n is a graph obtained by intro-
ducing a twist in a 3—regular prism graph of order n that is isomorphic to the
circulant graph, see Figure 4.

FIGURE 4. The Mobuis Ladder Graph.

In this example the normalized Laplacian Estrada index of a Mdbius graph
is computed. By [10], the normalized Laplacian eigenvalues of L, are §; =

1 &V 2005% , where 0 <7 < 2n — 1. So,

3 3
2n—2 2n—1
(EE(L,) = el Z e3cosTh | o3 Z e 5cos Tt
=0 i=0

i even i odd
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n—1 ) n—1 )
— 6% e—%cosz;'/1 + 6% Z e—%(zosi(zttp7r
i=0 1=0
2 2 4 27
nes _2 nes _2
~ 5 / e B3COST Jor | 5 / e~ 3COST I
T Jo T Jo
n 2 4
= —(e3 +e?)Ny.
2w
Note that,
n—1 ) 2n—1 ) n—1 ] 27
E e—%cosw _ E e—%cos% _ § e—%cos% ~ l e—%cosmdx.
i=0 i=0 i=0 27 Jo
= 1= 7=

Since, 3 ~ 3.79367, e3 ~ 1.94773. Then (EE(L,) ~ 6.397276157n, for large n.

3. The /—Estrada Index of Graphs

This section is concerned with the use of algebraic techniques in the study
of the normalized Estrada index of graphs. We begin with the following simple
theorem:

Theorem 3.1. Let G be a connected graph with n vertices. Then (EE(G) >
ne.

Proof. By Arithmetic-Geometric mean inequality [18], we have:

n Z(g
%EEE(G) > n/He‘S' =Vei ={en=e,

with equality if and only if for all 1 < i,j < n, €% = €% if and only if §; =
d;. This implies that all J; s are zero. This contradicts the fact that G is
connected. O

Theorem 3.2. Let G be a graph with n vertices and ¢ connected components.
Then, {EE(G) > ¢+ (n — c)em—<. Equality holds if and only if G is a union of
copies of cKg, for some fixed integers s.

Proof. Using a similar method as in [3, Theorem 3], we obtain §; =--- =36, =0
and dcy1 + -+ - + 9, = n. Therefore,

" Seqp1++én
(BEG) =c+ 3 ¢ 2ot (n— o5,
1=c+1

where the last inequality is obtained by applying the Arithmetic-Geometric mean
inequality. Suppose G = ¢Kg, s > 2. Then, n = c¢s, and the normalized
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S

e o as (0 =
Laplacian spectrum of G is as follows: < ¢ o(s—1) ) Further,

(EE(G)=c+ Z es 1 =c+ (n—clene.
i=c+1
This shows that the equality holds for G. Conversely, let equality hold for G.
Then all of non-zero normalized Laplacian eigenvalues of G must be mutually
equal. Then, the normalized Laplacian spectrum of the graph H is 0, § with

multiplicity s — 1, where § > 0 and s is a positive integer. Therefore, H = Kj,
and then G = cKj, as desired. O

Theorem 3.3. If G is a connected r—regular graph with n vertices, then {EE(QG)
> 1+ (n—1)en-1, with equality if and only if G = K,,.

Proof. The ¢—spectrum of G is 0, 1 — %, for 2 < i < n. Then ¢EFE(G) =

n
—Ai . . . . .
1+e Z e ™ . By arithmetic-geometric mean inequality, we get
i=2

n
- 1

(lEE(G) —1)e~! = Ze > (n— 1)(1‘[@%“)“,,1

n
1 E : )
T(n—1) )‘%
e i=2

=(n-1)

=(n-— 1)6”%1,
where the last equality follows from X7 ,\; = —r. Therefore, /EE(G) > 1 +
(n — 1)emT with equality if and only if Ay = --- = \,,. By assumption, this is
equivalent to G = K,,. O

Theorem 3.4. If G is an r—regular bipartite graph, then LEE(G) < eEE(G)%.

Proof. The ¢—eigenvalues of G are 0, 1 — )‘7 for 2 < i <n. Thus,

n n n

(EB(G) =Y ()P =e Y (e ) < e(Yy e )P = eEB(G)?

=1 =1 i=1

where the last equality follows from X7 je* = ¥ e~ Since G is bipartite,
the eigenvalues of G are symmetric around zero. The equality is attained if and
only if A\; = --- = A, and this is equivalent to G = K,,, which is impossible. O

Theorem 3.5. Let G be a connected with n > 2 vertices, m edges and diameter
2n 1 n
D. Then (EE(G) > 1+ eznD 4 ¢G-D 2D 4 (n — 3)en-1,

Proof. Since G is connected, §; = 0 and 02,5, > 0. Then,
(EE(G) = e 4% 4.4 eOn
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n—1
>14e”2 4+ 4 (n— 3)(H e‘si)ﬁ
=3

n—38p—3n

=1+e24e 4 (n—3)e n3

Define f(z,y) =14 e +e¥ + (n—3)e 75 , 2,y > 0. Then we have:

n—r—y

fw:ez_e n=3

n—z—y
fy = ey —e n=3
z 1 n—z—y
fx:}c =e" + e n=3
n —
f y + ]_ 'nfzgy
vy n—3 ’
1 n—z—y
fZE = f r = e n—3
Y Y n—3

Moreover, if f, = f, = 0 then (n —2)z+y = nand so z +y = 2. If
x+y:%,thenfzz>0and

e T [e” + e%] > 0.

2 j— n—1
fwwfyy_ zy — €771 +n73
2n

From the above, we conclude that f(z,y) has a minimum at z +y = =
and that the minimum value is 1+ e + 71~ % + (n — 3)em-1. Hence f is an
increasing function for > 0. By Lemma 1.1(i), 62(G) > 515 > 0. Thus,

(EE(G) > 1+ 7D + e (n—3)enT1,
proving the result. O

Theorem 3.6. If G is an r—reqular graph with n vertices, then

1 -2 r
(EE((G)) < LEE(G)™ T + %e

with equality if and only if G = K,. In particular, for r—regular graphs,
(EE((G)) < \/LEE(G) if and only if r = 2.

Proof. By [4, Theorem 3.8], the eigenvalues of {(G) are —2 with multiplicity
#, and \;(G) +r —2 for 1 < i < n. Since the line graph of G is (2r —
2)—regular, and p;(I(G)) = 2r — 2 — X\;(I(G)) for 1 < i < n, the normalized

Laplacian eigenvalues of I[(G) are —“gwith multiplicity "(TQ_ 2 and shis for 1 <
i < n. Thus, we have:
- #y —2) _»
(EE(I(G)) = e + %e

i=1

= gyl n(r—2) -
S (Ze ')27‘—2 + Ter—l
i=1
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-9 .
— LEE(G)¥ + %e

From [24, Lemma 1.2] it follows that the above equality holds if and only if G
is an empty graph. O
Corollary 3.7. Letl(G) = I}(G) and I*+1(G) = I(I*(Q)). If G is r—regular then
(EE(I*1(Q)) = EEE(Z’“(G))?"I:*2 + Me’kfih where 1¥(G) is r,—regular

k—1
with ng vertices, r, = (r — 2)2% + 2 and nj, = 3¢ H(Qir — 2071 1 9),
i=0

Corollary 3.8. If G is 2—regular and bipartite, then (EE(I(G)) < /EE(G).

A fullerene graph of order n is a cubic 3—connected planar graph with exactly
12 pentagonal faces and 5 — 10 hexagonal faces.

Corollary 3.9. If F,, is an n—vertex fullerene graph, then
(EE((F,)) < LEE(F,)? + 2.24n.

Consider G is r—regular graph with n—vertex and m-edges, and the eigen-
values of G are r = A\ (G), \2(G), ..., \n(G). A para-line graph of G, denoted
by C(G), is defined as a line graph of the subdivision graph S(G) (i.e., S(G)
is the graph obtained from G by inserting a vertex to every edge of G.) of
G. The para-line graph has also been called the clique-inserted graph. Note
that para-line graph is r—regular and the number of vertices of C'(G) equals nr.

The eigenvalues of the para-line graph C(G) of G are Tty T224(Ai(G)+1) for
1 < i < n, —2, with multiplicity m — n, and 0, with multiplicity m — n, see
[22, 23] for details.

Theorem 3.10. Let G be a r—regular graph with n vertices and m edges. Then
; 2)e+(n(r2— 2)
Proof. By above discussion, the normalized Laplacian eigenvalues of the para-
line graph C(G) of G are
0 1 r+2 r42—1/r244(\ (G)+1)  m4+24+4/r2+4(X (G)+1)
( 1 =2 aod) 9<i<n 9<i<n )

(EE(C(G)) > 144

+1)e# +2(n—1)e%+(n—1)(r2+6)—4r.

2
By definition,

_2 _2 T n r 2 B
(EE(C(G)) =1+ n(r > )e " (n(T2 ) 4 1)e +2 +Z€ +21¢W.

=2
In the other hand,

n n
r4+244/r2+4(3;(G)+1) r+2 ) -
Ze HA0y _ Q(n _ 1)67% + Z e:l: r244(X;(G)+1)

=2 =2
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=2(n— 1)6% + Zanco:sh(\/r2 +4(\(G)+ 1))

=2

>2(n—1)eT + Y (12 +4)(G) + 6)
=2

=2(n—1)e? + (-1 +6)+4Y N(G)
=2
r42

=2(n—1)ez +(n—1)(r*+6)—4r,

n
where the last equality follows from Z Ai(G) = —r. Therefore,
i=2
n(r —2)
2

n(r —2)e

> +1)e#+2(n—1)e%+(n—1)(7’2+6)74r.

(EE(C(G)) > 1+

+(
O

Corollary 3.11. Let C°(G) = G, C*(G) = C(C*Y(G)), k > 1. Then

ny(r —2)e
2

4 — T
nk(TQ 2) +1)e B

(EE(CH(G)) > 1+ +( *F2(nf—1)e > +(nf—1)(r>+6)—4r,

where C*(Q) is r—reqular with n, = nr¥, vertices for k > 0.

Theorem 3.12. Let G be an r—regular graph. Then

(EE(G) <14en1 " "EE(G) — 1.
Equality holds if and only if G is an empty graph.

Proof. By [10, Theorem 2.6], if the spectrum of G contains r = Ay, Aa, ..., Ay,
then the spectrum of G is n—r—1 and —1—)\;, where 2 < i < n. Since Wi =1r—MN\;
and complement of G is (n—r—1)—regular, the normalized Laplacian eigenvalues
of G are 0 and 2=£i_ where 2 < < n. Thus,

n—r—17

1

(EE(G) =1+ ) (")
i=2
=14 en-r—1 Z(Q*Mi)ﬁ
=2
<1+ em(ZeM)m
=2
—1+em1 " Y/EEG) - 1.

Clearly, equality holds if and only if G is an empty graph. O
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Theorem 3.13. Let G and G5 be r— and s—regular graphs on n and m ver-
tices, respectively. Suppose 0 = 61(G1) < J2(G1) < -+ < 0,(G1) < 2 are the
{—eigenvalues of G1 and 0 = §1(G2) < 62(Ga) < -+ < 6,(G2) < 2 are the
{—eigenvalues of Go. Then

(EE(G1 + G2) <1+ emir ((EE(Gy) — 1) 7+
+ ents ((EE(Gg) — 1)+ 4 emtr Tats |
with equality if and only if G1 = K,, and Gy = K,

Proof. From [6, Theorem 12], the normalized Laplacian eigenvalues of G1 + G»
are as follows:

0 m+r5 (Gl) n+sd;(Gz) +
n+s m+r n+s .
( I 2 < i < n 2<j<m 1 )
Hence,
8;(G1) 56;(G2)
ZEE(G1+G2) _1+em+r Ze m+r1 J’_en+5 Zeﬁ +em+r+n+5
1=2 =2
n m
<14 e#(z BACIN +eﬁs(z (G2 ats | emirtats
i=2 i=2

n

=1+ emit ((EE(Gy) — 1)mir + ents ((EE(Gy) — 1)7ts 4 emir T nts

where the last equality follows from §;(G1) = 0 and 6;(G2) = 0. The equality
is attained if and only if §,(G1) =0, 2 <4 < n, and §,;(G2) =0, 2 < j < m. So,
G1 =2 K, and Gy = K,,. This completes the proof. O

Apply Theorems 3.12 and 3.13 to evaluate the /—Estrada indices of the com-
plete bipartite graphs, star graphs, CP, + 2K, and K, o+ 2K;. Start with the
complete bipartite graph K, ,,,. We have:

(EE(K,m) =tEE(K, +K,)=e*+(n+m—2)e+1,
(EE(S,) = EEE(Kl + K1) =2+ (n—2)e+1,
(EE(CP, +2K,) =e"n +(n—2)e" " +ne+1,
) =

(EE(K,_5+2K,) = en- = + (n—3)en T +ne+ 1.

Corollary 3.14. If G;, 1 < j <k, is an r—regular n—vertex graph, then

k
n(k—1) r
(BE(Y. G;) < 1+ em-0 (LEE(Gy) — 1) 0=

j=1

k—1
n(k—2)+r

+ BW(KEE(Z G]) _ 1)n(k D¥r 4 en(k 1)+T.

j=1
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Corollary 3.15. If G is an r—regular graph n—vertex graph, then

r

(EE(GW) <1+ e7i-0 ((EE(G) — 1) 7=

n n(k—=2)+r nk
+ en&=DF ((EE((k — 1)G) — 1) »G=DFr 4 enr-DFr,
Theorem 3.16. If G is connected graph with n vertices, then
Vn(n —1)e2 + 4R_1(G) + 5n < LEE(G) < e" + R_1(G) + g(g —n)—1.

Proof. Using a similar method as [15, Proposition 7], we have:

(EE(G) = (‘Sk?
i=1 k=0
5 1
< HRAG) )Y 56
k>3 i=1
="+ R_1(G) + g(s —n) -1,

resulting in the upper bound. If Z 5k = (Z ;)% then 6; = 0, where 2 < i < n.
i=1 i=1
Thus, G = K,. Obviously, the right equality is impossible. On the other

hand, /EE(G)? = Z e 42 Z e%e% and so, by the arithmetic-geometric
i=1 1<i<j<n
inequality

2 Z e%ed > n(n —1)( H e‘s’ie‘;j)"m{l)

1<i<j<n 1<i<j<n
n
= n(n = D[ ey 17D
i=1
=n(n—1)e

By means of a power-series expansion, we get

N 26, )"
S

i=1 k>0

(26;)F
k!

=3n+2(n+2R_1(G)) + Z
k>3

>4R_1(G) + 5n.
Therefore, (EE(G)? = n(n—1)e?+4R_1(G)+5n. This implies the lower bound.

26;)k —
If Z ( Z') =0, then §; =0 for 2 < i <n. Thus, G = K,. The left equality is
E>3 ’
clearly impossible, proving the result. O
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Theorem 3.17. If G is a connected graph with n > 2 vertices, then

(EE(G) > 2+ +/n(n—1)e? — 6n + 4.
Proof. Usmg a similar method as in [19, Proposition 3.3], one can observe that

for k > 2, Z 26;) ko> 4Z6k with equality for all £ > 2 if and only if §; =
=1 =1

.=0,=0,1ie,G=K,. Then

n

> (26"
=2+ )y S o

i=1 k>0 k>2

§ :626

n

>
>4y L

k>2
= 2n + 4((EE(G) — 2n).

In Theorem 3.16, it was shown that 2 Z %% > n(n —1)e?. Thus,
1<i<j<n

(EE(G)? > 4EE(G) +n(n — 1)e? — 6n.

Note that e® > (1+z), soif n > 2 then n(n—1)e?—6n+4 > 3n(n—1)—6n+4 > 0.
Therefore,

(EE(G) > 2+ +/n(n—1)e2 — 6n + 4.

Since the graph is connected, the equality can not be attained. O

Theorem 3.18. If G is a connected graph with n vertices, then (EE(G) <
n—1+eVv dwr?m.

Proof. By definition,

eflﬁEE Ze 1<n+ZZ‘5

i=1k>1
k
:n+ZHZ(|éi—1\2)z
E>1 0 i=1
E
STH-ZH(ZW—HZ)Z
k>1 i=1

N

1
:n+zg(2R_1 G

k>1
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—n—l-l-z 2R
k>0

=n— 1—i—eV2R*1(G)7

and by Lemma 1.2, e " WWEE(G) <n—1+eV T . Also, the equality occurs if
only if G = K,,, which is impossible. O

Corollary 3.19. If G is an r—regular connected graph with n vertices, then
(EE(G) <n—1+eV7.
Theorem 3.20. If G is connected graph with n vertices, then

(EE(G) >n—1+eVnt2E(® _\/n L 9R |

n
Proof. Recall that Z 62 =n+2R_1(G). Using a similar method as [24, Propo-

i=1
n n

sition 3.1], for an integer k > 3, (Z SHF > (265)2, and then Zéf <

i=1 i=1 i=1

(Z 512)% =(n+ QR_l(G))% It is easily seen that

(EE(G)=2n+Y % zn: 5"

E>2 =1

22n+(n71)zg'( n+2R_1(G))"

k>2
=n—1—+/n+2R_1(G) 4 eVnT2E1(G)

with equality if and only if at most one of 01,0, ...,d, is non-zero, or equiva-
lently G =2 Ko U K,,_5 or G = K,,, which is impossible. U

Theorem 3.21. If G is connected graph with n vertices, then

n+2R_1(G)
(EE(G)>n+1+(n—-1)eV " m1  —\/(n—1)(n+2R_1(Q)),
with equality if and only if G = K,,.

Proof. Using a similar method as given in [19, Proposition 3.4] and by an in-
equality from [16, p. 26], where ai,as,...,a, are non-negative numbers and
m < k with m, k #£ 0, we have:

1

(5) <

SRR
-
S
ST
N——
=
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Equality is attained if and only if a1 = az = --- = ap. In above inequality, we
substitute m =2, p=n—1, a; =6;, 2 <7 <n and k > 2. Then we have:

k
1) ( n+2R_1(G)> |

[N |

n—1

which is an equality for £ = 2 whereas equality holds for £ > 3 if and only if

0o = +-+ = 0,. By Lemma 1.3, this is equivalent to G = K,, or G = K,,. Since
G is a connected graph, G & K,,. Clearly,

(EE(G) :2n+2%25ﬁ
E>2 =1
22714'(71—1)2%( n+2R_1(G)

)k
k>2

nt2R_1(G) 2R
:2n+(n—1)(ev%_,/%_ll@_l)

14 =1V T = 1)(n £ 2R (G)),

n—1

with equality if and only if the lower bound for Z 5f above is attained for k > 3,

i=2
if and only if G = K,,. O

4. Bounds for the /(—Estrada Index
We recail that the normalized Laplacian energy of the graph G is defined as
E(G) = Z |6; — 1| [8]. In this section, the relationship between the {—Estrada
index andi :t;le normalized Laplacian energy of graphs are investigated.
Theorem 4.1. If G is connected, then (EE(G) < e(n — 1 + eP¢(@),

Proof. By definition, we have

e YWEE(G) = Z edi~l
i=1

= ZZ%(& - *

1=1 k=0

:n—l—zz%(éz—l)k

i=1k>2

<nt 3l

E>2 7 i=1
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=n-—1 +6E@(G),

with equality if and only if Z(éi —1)F = (Z 6; —1))* if and only if 6; = 0, 1 <
i=1 i=1
i < n, if and only if G is an empty graph with n vertices, which is impossible. O

In [5], the authors introduced the notion of the Randi¢ matrix of a graph G
as R(G) = [Ri jlnxn, where

——2L_  if v; is and adjacent to v;
Ri,j — v/ deg(v;) deg(v;) .
0 otherwise

The Randi¢ energy of G is defined by Er(G) = Y., |7|, where 7;’s are the
eigenvalues of Randi¢ matrix R(G).

Corollary 4.2. If G is connected then (EE(G) < e(n — 1 4 ePr(@),
Proof. The proof is follows from [5, Theorem 2] and Theorem 4.1. O

Theorem 4.3. If G is a connected graph with n vertices, then

+ eV dn?in.

e MEE(G) — Ei(G)<n—1-—

dmin

Proof. In the proof of Theorem 3.18, the following inequality is proved:

-1 - |5i _1|k
eUEB(G)<n+) >~

i=1k>1

On the other hand, by definition of the normalized Laplacian energy,

e UMEE(G) <n+ Ef(G)+ Y Y %

i=1k>2
Thus,

_ - 5 —1)F
e YUEE(G) — Ei(G) §n+zz%

i=1k>2

<n—1-+/2R_1(G) + V(&)

We now apply Lemma 1.2, to get e /W EE(G)—Ey(G) <n—1—,/ T -s—e\/%_
The equality is attained if and only if G = K,,, which is impossible. (]

Corollary 4.4. If G is an r—reqular n—vertex graph, then

e "YWEE(G) — E/(G) <n—1- ,/ﬁ +eVT,
T

e YWEE(G)— Er(G) <n—1-— \/ﬁ+ eV
T
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Theorem 4.5. Let p, q and s be, respectively, the numbers of normalized Lapla-
cian eigenvalues which are greater than, equal to, and less than 1. Then

Ep(G)

By (G)
(EE(G) > e(q+pe 2 +se 2 ).

Proof. Let 61,...,d, be the normalized Laplacian eigenvalues of G greater than
1, and d,,—s41,- - ., 0 be the normalized Laplacian eigenvalues less than 1. Since
the sum of normalized Laplacian eigenvalues of a connected graph G is n and
p n
E(G)=2) (6;-1)=-2 Y (5-1),
i=1 i=n—s+1

by the arithmetic-geometric mean inequality, we have:

p n
) S14+dp Ey(G) ) Sn—s+l+-+38p _By(G)
Ze‘s’ >pe @ =pe 2 T Z % > pe s =se 2 T1
=1 i=n—s+1
and for eigenvalues equal to 1, Z?;;H e% = ge. Now, the result is obtained by
combining these inequalities. O
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