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ON SOME p(z)-KIRCHHOFF TYPE EQUATIONS WITH
WEIGHTS

NGUYEN THANH CHUNG

ABSTRACT. Consider a class of p(z)-Kirchhoff type equations of the form

{ M (fQ L5 V@) da:) div(|Vu[P(®=2Vu) = AV (2)[u]9(®) =2y in Q,
u =0 on 91,

where p(x), g(z) € C(Q) with 1 < p~ := infq p(z) < pT := supq p(x) < N,
M : Rt — RT is a continuous function that may be degenerate at zero, X is
a positive parameter. Using variational method, we obtain some existence
and multiplicity results for such problem in two cases when the weight
function V(z) may change sign or not.
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1. Introduction

In this paper, we are concerned with the following p(z)-Kirchhoff type equa-
tions

-M (fQ ﬁ|VU|p(m) da:) div(|Vu/P®=2Vu) = Af(z,u) in Q,

1.1
u =0 on 0, 1)

where Q C RY is a smooth bounded domain with boundary 9Q, p(z) € C ()
with 1 < p~ :=infgop(z) < p* :=supg p(z) < N, M : Rt — R+ is a continuous
function, f is a Carathéodory function having special structures, and A is a
paramter.

Since the first equation in (1.1) contains an integral over 2, it is no longer
a pointwise identity, and therefore it is often called nonlocal problem. This
problem models several physical and biological systems, where u describes a
process which depends on the average of itself, such as the population density, see

Received October 10, 2012. Revised May 2, 2013. Accepted May 17, 2013.
© 2014 Korean SIGCAM and KSCAM.

113



114 N.T. Chung

[4]. Problem (1.1) is related to the stationary version of the Kirchhoff equation
0%u Py E [Tou)2 0%u
~ )

Por 7 Tar 922 0 (1.2)

h + 2L J, 10z
presented by Kirchhoff in 1883, see [19]. This equation is an extension of the
classical d’Alembert’s wave equation by considering the effects of the changes
in the length of the string during the vibrations. The parameters in (1.2) have
the following meanings: L is the length of the string, h is the area of the cross
section, F is the Young modulus of thematerial, p is themass density, and P, is
the initial tension.

In recent years, elliptic problems involving p-Kirchhoff type operators have
been studied in many papers, we refer to some interesting works [2, 5, 9, 21,
22, 25, 26], in which the authors have used different methods to get the exis-
tence of solutions for (1.1) in the case when p(z) = p is a constant. To our
knowledge, the study of p(z)-Kirchhoff type problems was firstly done by G. Dai
et al. in the papers [11, 12]. Tt is not difficult to see that the p(z)-Laplacian
possesses more complicated nonlinearities than p-Laplacian, for example it is
inhomogeneous. The study of differential equations and variational problems
involving p(z)-growth conditions is a consequence of their applications. Ma-
terials requiring such more advanced theory have been studied experimentally
since the middle of last century. In [11], the authors established the existence
of infinitely many distinct positive solutions for problem (1.1) in the special
case M(t) = a + bt. In [12], the authors considered the problem in the case
when M : R™ — R is a continuous and non-descreasing function, satisfying the
well-known condition:

(Mp) there exists mg > 0 such that M(t) > mg for all ¢t > 0,
which plays an enssential role in the arguments, see further papers [2, 3, 6, 10,
21, 22]. There have been some authors improving (Mp) in the sense that the
Kirchhoff function M may be degenerate at zero, see for example [7, 8, 9, 15].
In this paper, we assume that the Kirchhoff function M satisfies the following
hypotheses:

(My) There exist mg > my >0and 1 < a < 8 < min{%,%} such
that
mit® ™t < M(t) < motP™!
for all t € RT;
(Ms) For all t € R, it holds that

M(t) > M(t)t
where ]/\4\(15) = fg’ M (s)ds.

Motivated by the ideas in [7, 8, 9, 15] and the results in [18, 23] for the
p(z)-Laplacian, i.e., M(¢) = 1, in this paper, we consider problem (1.1) with
f(z,u) = AV(x)u|9® =2y in two cases when the weight function V(z) may
change sign or not. The results in this work suplement or complement our
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earlier ones in [7], in which we studied the problem in the case when the concave
and convex nonlinearities were combined and the weight function did not change
sign.

First, we consider the case when the parameter A = 1 and f(z, u) = V(2)[u|?® 24
in which the weight function V(x) does not change sign. Problem (1.1) then
becomes

{ -M (/ L\Vu|p(w) dm) div (|Vu|p(w)72Vu) = V(z)u|" "y in Q,

o () (1.3)

u = 0 on OS2
More exactly, V' : Q — [0, +00) belongs to L () and satisfies
(V1) There exist an z¢ € 2 and two positive constants r and R with0 < r < R
such that Bgr(zo) C  and V(z) = 0 for z € Bg(xo)\B,(zo) while
V(z) > 0 for x € Q\Bgr(x0)\Br(z0),
and the function ¢ is assumed to satisfy
(Q1) g€ CL(Q),1<q(z) < p*(x) for all z € Q;
(Q2) Either
max g¢(z)<p a<p f<pra<p’f< _min g(z)
2€B, (20) 2€O\Br(x0)
or

max q(z) <p a<p B<pta<ptB< min g¢2),
z€Q\Bgr(xo) zE€B, (o)

where the numbers « and 3 are given by (Mjy).

Definition 1.1. A function v € X = Wol’p(m)(ﬂ) is said to be a weak solution
of problem (1.3) if and only if

1
M (/ —— |Vu[P@® dx) / |VulP® =2V uVu de —/ V() |u| "2y dz = 0
o p(2) Q Q
for all v € X.
Our main result concerning problem (1.3) is given by the following theorem.

Theorem 1.2. Assume that the conditions (M;)-(Msz), (V1) and (Q1)-(Q2) are
satisfied. Then there exists a positive constant ey such that problem (1.8) has at
least two non-trivial non-negative weak solutions, provided that \V\Loo(g) < €.

It should be noticed that Theorem 1.2 is only true when ¢(z) is a non-constant
function while p(z) may be a constant. If p(z) = p is a constant then it follows
from (Q2) that a = 8.

Next, we consider problem (1.1) in the case when f(z,u) = AV (x)]u|9®) 2y,
in which V(x) is a sign changing weight function, that is,

{ -M (fﬂ ﬁ|Vu|p(w) dx) div (|Vu[P™72Vu) = AV (z)|u|?™ "2y in Q, (1.4)

u = 0 on Of).
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More exactly, we study the existence of solutions for (1.4) under the hypotheses
(My), (M) and
s(x)

(Vo) V(z) € L™= () with s(z) € C1(Q), s(x) > aN for all z € Q, and
V(z) > 0in Qo C Q with |Qo| > 0, « is given by (My);
and the function ¢(z) € Cy(Q) is assumed to satisfy the following condition
(Q3) 1< q(z) < p(xr) <N for all z € Q.

As we shall see in Section 4, due to the hypothesis (Q3), we cannot use the
mountain pass theorem [1] in order to get the solutions for problem (1.4) as in
Theorem 1.2. We emphasize that this is the main different point between two
problems (1.3) and (1.4).

Definition 1.3. A function v € X = Wol’p(x)(fl) is said to be a weak solution
of problem (1.4) if and only if

1
M (/ —— | Vu|P® dx) / VulP@=2VuVo dz — )\/ V(2)|ul1® "2y de = 0
o p(z) Q Q

for all v € X.

Our main result concerning problem (1.4) in this case is given by the following
theorem.

Theorem 1.4. Assume that the conditions (M1)-(Ms), (V2) and (Q3) are sat-
isfied. Then there exists a positive constant \* such that for any A € (0, \*),
problem (1.4) has at least one non-trivial non-negative weak solution, i.e., any
X € (0,\*) is an eigenvalue of eigenvalue problem (1.4).

Our paper is organized as follows. In the next section, we shall recall some
useful concepts and properties on the generalized Lebesgue-Sobolev spaces. Sec-
tion 3 is devoted to the proof of Theorem 1.2 while we shall present the proof of
Theorem 1.4 in Section 4.

2. Preliminaries

We recall in what follows some definitions and basic properties of the gen-
eralized Lebesgue-Sobolev spaces LP(®) () and WP(#) (Q) where  is an open
subset of RY. In that context, we refer to the book of Musielak [24] and the
papers of Kovacik and Rékosnik [20] and Fan et al. [16, 17]. Set

Ci(Q):={h: heC(Q),h(x)>1forall z € Q}.

For any h € C4(Q) we define h™ = sup,cq h(z) and h™ = inf,eq h(z). For any
p(z) € C(Q), we define the variable exponent Lebesgue space

LP@(Q) = {u . a measurable real-valued function such that [ |u(z)”™ dx < oo} .

Q
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We recall the following so-called Luxemburg norm on this space defined by the
u(z)

formula
p()
U] p(z) = inf § >0 / dr <15.
Ql M

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many
respects: they are Banach spaces, the Holder inequality holds, they are reflexive
if and only if 1 < p~ < pT < 0o and continuous functions are dense if pT < co.
The inclusion between Lebesgue spaces also generalizes naturally: if 0 < |Q] < oo
and p1,pe are variable exponents so that p;(z) < pa(z) a.e. = € Q then there
exists a continuous embedding LP2(*) () ‘—> Lpl(””)(Q). We denote by LP'(®)(()
the conjugate space of LP(*)(Q), where p(r) + = 1. For any u € LP(*)(Q)

and v € LP'(*)(Q) the Holder inequality

/ uv dx
Q
holds true.

Moreover, if hi,he and hs : © — (1,00) are three Lipschitz continuous
functions such that hll(m) + hzl(g:) + h31($) = 1, then for any u € L™®)(Q),
v e L"2@)(Q) and w € L") (Q), the following inequality holds:

/uvwdw < (1+1 G+t ) Ul (2) [0l () [0]
o S = h2 h3 hi(zx) ha(x) hs(z)-

An important role in manipulating the generalized Lebesgue-Sobolev spaces
is played by the modular of the Lp(z)(Q) space, which is the mapping pp(,) :
LP®)(Q) — R defined by

P (r)

1 1
< (pi + W) |wlp(a) [Vl )

Proposition 2.1 ([17)). If u € LP®)(Q) and p* < oo then the following rela-
tions hold

W70 < Py () < a7 (2.1)
provided that |ulyy > 1 while
+
|u|£(m) < pp(:r)( ) < |u|p(z (2'2>

provided that |ul,,y <1 and
[t — Ulpz) = 0 & Ppa)(Un —u) — 0. (2.3)

Proposition 2.2 ([18]). Let p and q be measurable functions such that p €
L>(Q) and 1 < p(z)q(z) < oo for a.e. x € Q. Let u € LI®)(Q), u # 0. Then
the following relations hold

[ araey < PP < Tl (2.4)
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provided that |ulyy < 1 while

1y < [l

< ul? o) (2:5)

p(z)q(z)

provided that |ulyy > 1. In particular, zfp( ) = p is a constant, then

(2.6)

]

= |u |pq(m

In this paper, we assume that p € Clog( Q), where Clog (Q2) is the space of all the
functions of C (Q) which are logarithmic Hélder continuous, that is, there ex1sts

R > 0 such that for all z,y € Q with 0 < |z —y| < 1, [p(z) — p(y )|7 m,

see [13, 16]. We define the space Wol’p(x)(fl) as the closure of C§°(Q2) under the
norm
[ull = [Vulp)

Proposition 2.3 ([17, 18]). The space (W P m)( ), . H) is a separable and
Banach space. Moreover, if ¢ € C4(Q) and q(x) < p*(x) for all x € Q then the
embedding Wl’p(x)(Q) < LI®)(Q) is compact and continuous, where p*(z) =

2 if p(x) < N or p*(x) = oo if p(x) > N.

3. Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2, which is essentially
based on the mountain pass theorem [1] combined with the Ekeland variational
principle [14].

Let us define the functional J : X = W, ?")(Q) — R by the formula

J(u) = ®(u) — Uy (u), (3.1
where
— 1 V(z)
O(u) =M /Vup(‘”)d:c>, ] u:/—uq@f)dx, 3.2
(w) (Qp()| | 10 = [ (32
where M fo s)ds. Then, the functional J associated with problem (1.1)

is well deﬁned and of Cl class on X. Moreover, we have

I (u)(v)

1
=M (/ —— |Vu[P® dx) / |Vul[P® =2y - Vo de — / V (z)|u| 2w da
o p(z) Q Q
= @'(u)(v) — ¥ (u)(v)
for all u,v € X. Thus, weak solutions of problem (1.3) are exactly the ciritical
points of the functional J. Due to the conditions (M;) and ((Q1), we can show

that J is weakly lower semi-continuous in X. The following lemma plays an
essential role in our arguments.

Lemma 3.1. The following assertions hold:
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(i) There exists eg > 0 such that for any |V|p~q) < €0, there exist py,v1 >
0 for which J(u) > v1, Yu € X with ||ul| = p1;
(i) There exists o1 € X, p1 >0, v1 # 0 such that lim;_,o J(tp1) = —00
(#i1) There exists 1 € X, 1 > 0, 1 # 0 such that J(tw1) < 0 for allt >0
small enough.

Proof. We shall prove Lemma 3.1 in details for the case

max g(z) <p a<p f<pta<ptf< min q(z),
z€By(x0) z€Q\Br(z0)

the remaining case is similarly proved.

(7) Let us define the function ¢; : B,.(z¢) — (1,+00) by q1(z) = g(x) for all
x € By.(x¢) and the function g : Q\Bgr(zg) — (1,400) by g2(x) = g(z) for all
x € Q\Br(zo). We denote ¢; = min, g q(z), ¢ = max, g q1(x),
¢ = min  Grp s g2(z) and ¢ = max, c\Br{@o) ¢2(z). By the conditions

(@1) and (Q2),

1<g <gf <p a<p B<pa<pB<qg <g¢g <p'(z)forallz€Q, (3.3)

which helps us to deduce that X is continuously embedded in Lo () fori=1,2.
Then there exists a positive constant ¢; such that

il

From (3.4), there exist two positive constants ¢z, ¢3 such that

/ u| 1@ dg < / lu| dx —|—/ |u|q1+ dx
B, (z0) B, (z0) B (z0)
g/wﬁm+/wﬁm (3.5)
Q Q

< ool + ), vue X,

+
q;

9% dy <clul|%, VueXandi=1,2. (3.4)

and

/‘ mwwmg/ M6m+/ lufF | da
Q\Br(z0) Q\Br(z0) Q\Br(z0)

§/ |u|% dx—i—/ |u|q’:‘r dx (3.6)
Q Q
< co(lul® + ), vue X.
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Using the hypothesis (M), relations (3.5) and (3.6) give us

J(u) = 1\//T(/Q $|Vu|p(z) dz) - /S2 %\ur’(’”) da

1 @ 1% 1%
2 ([ Swar@a) - [ T8 g, [ VD o= o
a \Ja p(z) By (zg) (@) Q\Bp(zg) (%)

mi apt C4‘V|Loo Q - + — +
> 7T = I (a4 T+ ull % 72 ) @7
mi apt _ 074 a7 q+)
> [QW el o IVizeeco (Il + fluf

mi apt _ Ca ( a q+
+ [QW el ZIVizoe o (llull*> + )

for all w € X with |lu]| < 1. Since the function g : [0,1] — R defined by

M1 G gf—apt G4

_ 4z —apt 3.8
2apt ¢ q (3:8)

g9(t)

is positive in a neighbourhood of the origin, it follows that there exists p; € (0,1)
such that g(p1) > 0. On the other hand, defining

- g gt
€p = min {1 min{p? ~N  pl* " }} (3.9)

"4aptey

we deduce that, for any |V|p~(q) < €o, there exists 7; > 0 such that for any
u € X with ||u|| = p1 we have J(u) > 1. (9i) Let ¢ € C§°(2), 11 > 0 and there
exist z1 € Q\Br(zo) and € > 0 such that for any « € Bc(z1) C (Q\Bgr(xo)) we
have 1 (z) > 0. For any ¢ > 1, we have

J(t1) = M\(/Q L)W“Z)llp(“”) d:p) - /Q &x))ltwllqm dz

p(x a(z
B
<2 ( b Vi |P® 4 ) _ V(x) a@) g
=73 /Qp(:l))' twll X ‘/Q\BR(Z(» q(x) |t’¢'1(1‘)‘ x (3_10)
B
< M2 .8p* ( L Vb [P(®) ¢ ) _4a5 V(x) 0@ gp.
<3 t /Qp(ac)l 1 x t /Q\BR(IO) () |1 ()] T

Since Bpt < g5 we infer that lim; o J(tt)1) = —oo. (iii) Let ¢1 € C§°(Q),
1 > 0 and there exist xo € B,(zg) and € > 0 such that for any « € B.(z2) C
B, (z9) we have ¢1(z) > 0. Letting 0 < ¢ < 1 we find

T(tor) = M(/ﬂ ﬁ\vwlvﬂ@ dx) f/n %Wl\q(z) dz

B
ma 1 1 V(z) @

< 2 — |Vt p()dz) —/ 40119 dg 3.11

- B (/ﬂ p(w)‘ el B,(z0) 4(T) lterl ( )

_ B
< m2,8p </ 1 ‘thl‘p(ﬁ) da:) _ tafr / V(z) |<p1|q(x) de.
B o p(z) By (0) 4(T)
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1

Obviously, we have J(tg1) < 0 for any 0 < ¢ < 6%~ ~4 | where

fBr(wo) ‘;((;:)) 1|2 da

B
22 (fo 55| VerP0)da

The proof of Lemma 3.1 is complete. O

0<d<ming 1,

Lemma 3.2. The functional J satisfies the Palais-Smale condition in X.
Proof. Let {u;,} C X be such that
J(um) =€ J'(um) — 0in X* as m — oo, (3.12)

where X ™ is the dual space of X.

We shall prove that {u,,} is bounded in X. In order to do that, we assume by
contradiction that passing if necessary to a subsequence, still denoted by {u.,},
we have ||u,,|| — 0o as m — oo. By (3.12) and (M;)-(Ms), for m large enough
and |V|pe(q) < €0, we have

L+e+ flumll

> J(um) = — I () ()
d2

g 1 g 1 \%
M (/ |V [P dz)/ V[P o - ) |y 9
Q p(z) Q p(z) Q q(x)

1 1 1
- —M </ |V, [P®) dz) / [V |P da + — / V(@) |um |9 da
99 Ja p(x) Q q; /e

m1 t_ 4 (/ p() )“ / ! ! a1 (@)
> - = Vu dz) + V(z)(— - [ 113 da
a(pt)a—t (P+ q;) Q [Veum| Br(20) (q; e‘u(z)) "

1 1 - ! ! 1 i’
> (- D — o (= D) ()

(3.13)

Dividing the above inequality by |[u, [*? taking into account that (3.3) holds

true and passing to the limit as m — oo we obtain a contradiction. It follows
that {u,} is bounded in X. Thus, there exists u; € X such that passing to
a subsequence, still denoted by {u,,}, it converges weakly to u; in X. Then
{||ttm — ul||} is bounded. By (3.3), the embedding from X to the space L(*) ()
is compact. Then, using the Holder inequality, Propositions 2.1-2.3, we have

lim [ V() |tum] 7™ 2w (U — u) dz = 0. (3.14)

m—r oo Q

This fact and relation (3.12) yield
lim @' () (tm —u) = 0. (3.15)

m—r o0

Since {u,,} is bounded in X, passing to a subsequence, if necessary, we may
assume that

1 .
/ ﬁ|Vum|p(“) dx — tg >0 as m — oo.
o P\x
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If to = 0 then {u,,} converges strongly to u = 0 in X and the proof is finished.

If £ty > 0 then we deduce by the continuity of M that
1
M(/ —— |Vt [P® dx) — M(tg) as m — oo.
o p(z)

Thus, by (M), for sufficiently large m, we have

1
0<es < M(/ M|Vum|p(“") d:ﬂ) < cg. (3.16)
Q

From (3.15), (3.16), it follows that
lim / |Vt |P® =2 (Vtyy, — V) daz = 0.
Q

m—r oo

Thus, {u,,} converges strongly to u in X and the functional J satisfies the
Palais-Smale condition. g

Proof of Theorem 1.2. By Lemmas 3.1 and 3.2, all assumptions of the mountain
pass theorem in [1] are satisfied. Then we deduce u; as a non-trivial critical
point of the functional J with J(u;) = ¢ and thus a non-trivial weak solution of
problem (1.3).

We now prove that there exists a second weak solution us € X such that us #
uy. Indeed, let € as in the proof of Lemma 3.1(i) and assume that [V| () < €o.
By Lemma 3.1(i), it follows that on the boundary of the ball centered at the
origin and of radius p; in X, denoted by B, (0) = {u € X : |lu|| < p1}, we have

uealgfl o J(u) > 0. (3.17)
On the other hand, by Lemma 3.1(ii), there exists ¢ € X such that J(tp1) <0
for all ¢+ > 0 small enough. Moreover, from (3.7), the functional J is bouned
from below on B,, (0). It follows that

—oo<¢:= inf J(u)<0.
u€B,, (0)

Applying the Ekeland variational principle in [14] to the functional J : B, (0) —
R, it follows that there exists u. € B, (0) such that

J(ue) < inf  J(u) + €,
u€B,, (0)

J(ue) < J(u) + €||lu —uel|, u # ue.
By Lemma 3.1, we have

inf  J(u) >~ >0and inf J(u) <O0.
u€dB,, (0) u€B,, (0)

Let us choose € > 0 such that

0O<e< inf Juw)— inf J(u).
u€B,, (0) u€B,, (0)

Then, J(ue) < infuean, (0) J(u) and thus, ue € By, (0).
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Now, we define the functional I : B,, (0) — R by I(u) = J(u) + €llu — uc||. It
is clear that wu. is a minimum point of I and thus
I(ue + tv) — I(ue)
4
for all ¢ > 0 small enough and all v € B, (0). The above information shows that
J(ue + tv) — J(ue)
t

>0

+€llv|| > 0.

Letting ¢t — 0T, we deduce that

(' (ue), v) = —elo]].
It should be noticed that —v also belongs to B,, (0), so replacing v by —v, we
get

(J' (ue), —v) = =€l = v

or

(J' (ue), v) < ev],
which helps us to deduce that ||J'(ue)|| x+ < e. Therefore, there exists a sequence
{um} C B,,(0) such that

J(upm) = c= inf J(u) <0and J'(up) — 0in X* asm — co.  (3.18)
u€B,, (0)

From Lemma 3.2, the sequence {u,,} converges strongly to us as m — oo.
Moreover, since J € C1(X,R), by (3.17) it follows that J(us) = cand J'(uz) = 0.
Thus, us is a non-trivial weak solution of problem (1.2).

Finally, we point out the fact that uy # ug since J(u1) =¢ > 0> ¢ = J(us).
Moreover, since J(u) = J(|u|), problem (1.3) has at least two non-trivial non-
negative weak solutions. The proof of Theorem 1.2 is complete. O

4. Proof of Theorem 1.4

In this section, assume that we are under the hypotheses of Theorem 1.4, we
shall prove Theorem 1.4 using the Ekeland variational principle [14]. For each

A € R, define the functional Jy : X = Wol’p(m)(Q) — R by
Jn(u) = D(u) — Ay(u),
where
— 1 V(z)
P(u) =M /Vup(m)dx>, Uy (u :/ u®) dz. 4.1
=31 ([ i o) = [ o (4.)
From (V2), (2.4) and (2.5), it is clear that for all u € X,

oo [[u) 7™
«

1
[Wa(u)] < qi\V

s(z)
s(@)—a

q
s(2)q(z)
)

=Vl u if ulg(z) <1,

S(x)—o

LV
q

s(2) ‘uﬂ(wq(m) if |u|q(m) > 1.

a

s(z)—a
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On the other hand, by (V3) and (Qs), we have 24%) < () and (S(x)& <

s(z)—a s(z)—aq(w)

— s(2)q(x)
p*(z) for all x € Q and thus the embeddings X — L SCor-a (Q) and X —
s(2)a(w) )
L7 —aao) () are continuous and compact. For these reasons, we can use the

similar arguments as in [18, Proposition 2] in order to show that the functional
Jy is well-defined. Moreover, Jy is of C! class in X and

1
Jhi(w)(v) = M (/ ——|VulP®) dz)/ |Vu\p(m)_2Vu-V”ud:c—)\/ V(@) |u]?® 2y d
o p(x) Q Q

= @' (u)(v) — AT (w)(v)

for all u,v € X. Thus, weak solutions of problem (1.4) are exactly the ciritical
points of the functional J.

Lemma 4.1. For any ps € (0,1), there exist \* > 0 and v2 > 0 such that for
all w € X with ||u|| = p2,

Ix(uw) > v2 >0 for all X € (0,\").

s(2)q ()
Proof. Since the embedding X — L e (Q) is continuous, there exists a pos-

itive constant ¢; such that

|u s((z))qjm) < erlull, Yue X. (4.2)

Now, let us assume that ||u| < min{1, 717}, where c7 is the positive constant

from above. Then we have |u|sma@ < 1. Using relations (2.2), (4.2), the
(

(@) —a

condition (M7) and the Holder inequality, we deduce that for any v € X with
[lu|l = p2 € (0,1) the following inequalities hold true

Ia(u) > ]\7(/9 %|Vu\p(w) dm) - A/QV(x)|u|Q(I) dx

plr q-
> " = Z V] |l
> el = 21Vl (13)
> ol = 2Vl Jul”
i (G ™ - Viw).

By (Q3) we have ¢~ < ¢" <p~ <p" < ap™. So, if we take
o
mps? g
2a(p )™ A V] s

A= (4.4)

then for any A € (0,A*) and u € X with ||u|| = pa2, there exists 2 > 0 such that
Jx(u) > 2 > 0. The proof of the Lemma 4.1 is complete. O
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Lemma 4.2. For any X € (0, \*), where \* is given by (4.4), there exists g € X
such that ¥o > 0, Y9 # 0 and Jx(tp2) < 0 for all t > 0 smaller than a certain
value depending on \.

Proof. From (Q3) we have g(z) < Bp(x) for all x € Qo, where  is given by
(Vz). In the sequel, we use the notation q; = infq, q(v), ¢f = supg, q(z),
py = info, p(z), and p§ = supg, p(z). Let & > 0 be such that ¢ + do < Bp; -
Since g € C(f), there exists an open set Q; C Qo such that |g(z) — g | < do
for all z € Q4. It follows that g(z) < g, + o < Bp, for all z € Q4.

Let 1o € C§°(2) such that supp(y2) C Q1 C Qo, P2 = 1 in a subset ] C
supp(¢2), 0 < g < 1 in Qy. Then, using (M;) we have

- M L (x) _ V(z) (2)
ete) =5 [ Sostvreat ae) - [ st o

B
1 v
<™ (/ — |Vt [P®) dx) — (x))tq(”lwgl"(f) dr  (4.5)
Q

B p(z) Q, q(z
570 my ( / B \tgo 0o

L L VP der ) — / V(@) 1] 1) da
6(170 )B Qo qar Q

1

Therefore, J(t1)2) < 0 for 0 <t < §770 =% %0 with

AB(pg)? Jo, V() [th2]?®) dz

0<d<min< 1, g 5
maq, (fno |Vafo |P(@) dx)

Finally, we shall point that

/ | Vo |P@) da: > 0.
Qo

In fact, due to the choice of o, if [, [Vtpo [P dz = 0 then [, |V |P(®)dz = 0.
Using (2.3), we deduce that |Vi2| = 0 and consequently 15 = 0 in §2, which is
a contradiction. The proof of Lemma 4.2 is complete. O

Proof of Theorem 1.4. Let A* > 0 be defined by (4.4) and A € (0,\*). By
Lemma 4.1, it follows that on the boundary of the ball centered at the origin
and of radius ps in X, denoted by B,,(0), we have

inf Jy(u) > 0.
9B, (0)

On the other hand, by Lemma 4.2, there exists 95 € X such that Jy(t1)2) < 0 for
all t > 0 small enough. Moreover, relation (4.3) implies that for any v € B,,(0)
we have

/\ _
Ta(u) > —2 )’ — Zed |V
q

~a(pt)

s [l
(o3
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It follows that
—o0o < ¢:= _inf Jy(u)<0.
B, (0)
Using the Ekeland variational principle [14] and the similar arguments as those
used in the proof of Theorem 1.1, we can deduce that there exists a sequence
{um} C B,,(0) such that

In(um) = ¢, Jy(um) = 0. (4.6)

It is clear that {u,,} is bounded in X. Thus, there exists u € X such that, up
rhatm < P’ @)

— s(2)a(x)
for all x € Q we deduce that X is compactly embedded in JRoETo (), hence
s(@)a()

the sequence {u,,} converges strongly to u in L@ - (Q). Using the Holder
inequality, we have

to a subsequence, {u,,} converges weakly to u in X. Since

/ V(@) um |1 2w (um — u) de < V] s fum| 92 um (um = u)] s@ae (4.7)
Q “a S@-a

s(z)—a

—2
<V Num |7 "2 um | gio) [tm = ul_a@)q@) -
a (@)1 S@)—aal@)

Now, if ||t |9~ 2u,,| z)—2

a(

o > 1, then we get ||u,y, | .
<)

|t <

A » Ul Zgey = Mimlgo)-
s(x)q(x)

The compact embedding X < L@ -<a () ensures that

lim V() [thyn |7 =210 (U — ) dz = 0. (4.8)

m—o0 Q

Relation (4.6) yields
lim J} () (U, — u) = 0.

m—r oo
Using the above information, we also obtain relation (3.15) and thus, {u,}
converges strongly to some u in X. So, by (4.6), Jx(u) = ¢ < 0 and J}(u) = 0.
It is clear that Jx(|u|) = Jx(u). Therefore, u is a non-trivial non-negative weak
solution of problem (1.4). Theorem 1.4 is completely proved. O

Remark 4.3. We cannot use the mountain pass argument in the proof of The-
orem 1.4 since the functional Jy does not satisfy the geometry of the moun-
tain pass theorem. More exactly, we cannot find a function ¢s > 0 such that
Jx(tp2) = —o0 as t — oo as in Lemma 3.1.
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