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LLCCIEME We survey the relation of fuzzy entropy measure and similarity measure. Each measure

represents features of data uncertainty and certainty between comparative data group. With the help of

one-to-one correspondence characteristics, distance measure and similarity measure have been expressed

by the complementary characteristics. We construct similarity measure using distance measure, and

verification of usefulness is proved. Furthermore analysis of similarity measure from fuzzy entropy

measure is also discussed.
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1. Introduction

A view point of data analysis among data groups
with similarity and dissimilarity measure has been
emphasized on the design distance measure and
similarity measure [1,2]. When information analysis of
two scattered data group is carrying on, then the
scattered data groups can be considered by fuzzy set.
In fuzzy set, entropy is related with data uncertainty,
and information is limited to the certainty with respect
to deterministic data, i.e. similarity to the deterministic
one. Hence fuzzy entropy and similarity measure are
both used for the quantifying uncertainty and similarity
measure of data [1,2]. Data uncertainty and certainty
are usually expressed through probability point of view,
probability of event denotes, which lies within. That
probability value has the meaning of certainty and
uncertainty

between two or more data has central role for the fields

simultaneously. Degree of similarity
of decision making, pattern classification, or etc. [38].
Until now the research of designing similarity measure
has been made by numerous researchers [8-12]. Two
design methods are introduced through fuzzy number

approach [8-11] and distance measure [12]. Method by

fuzzy number make easy to design similarity measure.

However considering similarity measures are
restricted within triangular or trapezoidal membership
functions [811]. Whereas similarity measure based on
the distance measure is applicable to general fuzzy
membership function including non-convex fuzzy
membership function [12].

For fuzzy set, uncertain knowledge is contained in
fuzzy set itself. Hence uncertainty of the data can be
also obtained from analyzing the fuzzy membership
function. Mentioned uncertainty is described fuzzy
entropy. Characterization and quantification of
important that affect the

management of uncertainty in many system models

fuzziness are issues
and designs. The fact that the entropy of a fuzzy set
is a measure of the fuzziness of that fuzzy set has been
established by previous researchers [14,16]. Liu
proposed the axiomatic definitions of entropy, distance
measure, and similarity measure, and discussed the
Kosko

considered the relation between distance measure and

relations between these three concepts.

fuzzy entropy. Bhandari and Pal provided a fuzzy

information measure for discrimination of a fuzzy set

*WAMKKL © Sanghyuk Lee(Sanghyuk.Lee@xijtlu.edu.cn)
Y 201449 98 129 Y 2014E 11€ 26¢

Arebged 20143 128 21



156 #t=gastal==X 53 HM4is

relative to some other fuzzy set. Pal and Pal analyzed
classical Shannon information entropy. In this paper,
we try to analyze relations between fuzzy entropy and
similarity measure. With the help of distance measure,
we design the similarity measure. Obtained similarity
measure produce fuzzy entropy based on one-to-one
correspondence  between distance measure and
similarity measure. Fuzzy entropy, from similarity
measure, is proved by verifying definition of fuzzy
entropy. We also continue discussion of similarity
measure from fuzzy entropy.

In the following chapter, we discuss the definition of
fuzzy entropy and similarity measure of fuzzy set. We
also introduce the previous obtained fuzzy entropy and
similarity measure. In Chapter 3, fuzzy entropy is
induced from similarity measure and vise versa. We
proved the wusefulness of those properties, and
discussed correlation of two measures. Finally,

conclusions are followed in Chapter 4.

2. Fuzzy Entropy and Similarity

Measure Analysis

Fuzzy entropy represents the fuzziness of fuzzy set.
Fuzziness of fuzzy set is represented through degree of
ambiguity, hence the entropy is obtained from fuzzy
membership function itself. Liu presented the axiomatic
definitions of fuzzy entropy and similarity measure [13],
and these definitions have the meaning of difference or
closeness for different fuzzy membership functions.
First we introduce fuzzy entropy. We design fuzzy
entropy based on distance measure satisfying definition
of fuzzy entropy. Notations of Liu are used in this
paper [13].

2.1 Definition
[13] A real function: ¢:F(X)—>R" is called an

entropy on £ (X) | if e has the following properties:

(E1) eD)=0  vDeP(X)
(E2) e([l/Z]) =maxX . px) e(4)

(E3) e(4)<e(4d) for any sharpening 4° of A
() e(d)=e(L)  VAF(X)

where [1/2] is the fuzzy set in which the value of
the membership function is V2 , R =[0.2) _ x is the
universal set, F(X) is the class of all fuzzy sets of

x, P (X) s the class of all crisp sets of X and

D¢ is the complement of D .

A lot of fuzzy entropy satisfying Definition 2.1 can
be formulated. We have designed fuzzy entropy in our
previous literature [1]. Now two fuzzy entropies are
illustrated without proofs.

If distance d

Fuzzy Entropy 1. satisfies

d(4,B)=d(A°.B°) ABeF(X)  then
e(4)=2d((4n 4,,).[1])+2d((40 4, ).[0])-2
is fuzzy entropy.

Fuzzy Entropy 2. If distance d  satisfies

d(4,B)=d(4A°,B) A,BeF(X) then

e(4)=2d((4n 4, ).[0])+2d((4v 4,,).,[1])

is also fuzzy entropy.
Exact meaning of fuzzy entropy of fuzzy set 4 is
fuzziness of fuzzy set 4 with respect to crisp set. We

Ap In

commonly consider crisp set as  4uwa oOr
the above fuzzy entropies, one of well known Hamming
distance is commonly used as distance measure

between fuzzy sets 4 and B ,
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4(A,8) =3 3|t 0=ty ()

where X = {x.%,,x, , k‘ is the absolute value of

k . #,(x) is the membership function of 4€F(X) .

Basically fuzzy entropy means the difference
between two fuzzy membership functions. Next we will
introduce the similarity measure, and it describes the
degree of closeness between two fuzzy membership

functions. It is also found in literature of Liu.

2.2 Definition
[13] A real function & is called a

similarity measure, if § has the following properties:

 F* SR

(SI) S(4.B)=s(B,A) VABeF(X)

(S2) s(D,D)=0  VDeP(X)

(53) S(C.0=max, ., s(4.B) ¥CeF(X)

($4) VA4.B,CeF(X) if AcBcC | then
s(4,B)25(A4,C) gnd s(B,C)=5(4,C)

With Definition 22, we propose the following

theorem as the similarity measure.

Similarity Measure 1. For any set 4B€ ¥ (X) if

d satisfiesHammingdistancemeasureand

d(4,B)=d(4°,B°) , then
5(4,B)=1=d((4nB°).[0])=d((4vB).[1]) 0

is similarity measure between set 4 and set B .
We have proposed the similarity measure that is
induced from distance measure. The similarity is useful
for the non interacting fuzzy membership function pair.
Another similarity is also obtained, and it can be found

in our previous literature [2].

Similarity Measure 2. For any set 4-B€F(X) if

d satisfies Hamming distance measure, then
s(4,B)=2-d((4nB),[1])-d((4v B),[0]) ©)

is also similarity measure between set 4 and set B .

To be a similarity measure, similarity (1) and (2) do
A.B)=d(4°8°)  Liy also

pointed out that there is an one-to-one relation

not need assumption d(

between all distance measures and all similarity
measures, d+s=1 _ In the next chapter, we derive
similarity measure that is generated by distance
measure. Furthermore entropy is derived through
similarity measure by the properties of Liu. It is

obvious that Hamming distance is represented as
d(4,B)=d((4nB),[1])-(1-d((4uB),[0]) 3)

Where AmB:min(yA(xi),yB(x,.)) and AYB=

max (s, (x:)> 5 (%;)) are satisfied. With the Proposition
34 of Liu [13], we generate the similarity measure or
distance measure from distance measure or similarity

measure [13].

Proposition 2.1 [13] There exists an one-to-one
correlation between all distance measures and all
similarity measures, and a distance measure d and
its corresponding similarity measure s satisfy
s+d =1, With the property of
construct the similarity measure with distance measure

d that is s<d> . From (3) it is natural to obtain

following result.

s=1-d | we can

d(4,B) = d((AmB),[l])+d((AuB),[o])—1

=1-5(4,B)

There fore we propose the similarity measure with
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above expression.
s<d>=2-d((4nB),[1])-d((4v B),[0]) @

This similarity measure is exactly same with (2). At
this point, we verified the one-to-one relation of
distance measure and similarity measure. In the next
chapter, we verify that the fuzzy entropy is derived
through similarity (2).

3. Entropy Derivation with

Similarity Measure

Liu also suggested propositions about entropy and
similarity measure. He also insisted that the entropy

can be generated by similarity measure and distance

measure, those are denoted by e<s> and e<d> .

3.1 Entropy generation by similarity
Proposition 35 and 36 of reference [13] are

summarized as follows.

Proposition 3.1 [13] If s

on F , define

1s a similarity measure

e(4)=s(4,4) , VAeF .

Then e 1is an entropy on F .

Now we check whether our similarities (1) and (2)
satisfy Proposition 3.1. Proof can be obtained by
checking whether

5(4,49) =2-d (4 4°),[1])=d((a 4°),[0])
satisfy from (E1) to (E4) of Definition 2.1.

For (El), VDeP(X)

s(D,0) =2-d((DADC),[1])-d((Dw D), [0])

~2-d((o]{1) -4 ([1].0]) =0

has the

maximum entropy value. Therefore, the entropy

(E2) represents that crisp set 1/2
e([y 2]) satisfies

sq1/2].[12]) = 2—d(([1/2]m[1/2]c),[1])
_d(([l/z]u[l/z]c),[o])
- 2—d([l/z],[l])—d([l/z,[o]])

=2-1/2-12=1

In the above equation, [1/ Z]C = [l/ 2] is satisfied.
(E3) shows that the entropy of the sharpened

version of fuzzy set 4 , e(A ) , is less than or

equal to e(A) .
S, A )=2-d((4 ) [1])=d((4 v a),[0])
<2-d((4n4%),[1])-d((4w4°),[0])
Finally, (E4) is proved directly

5(4,4°) =2=d (4 4%),[1])=d(( 40 4°),[0])

= z_d((AC mA),[l])—d((AC uA),[O]) = 5(4S, 4)
From the above proof, our similarity measure
5(4,4%) =2-d((A4n 4°),[1])-d (40 4).[0])

generate fuzzy entropy.
Next another similarity (1) between 4 and 4°
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s(4,4°) =1-d((4 4),[0])-d (40 4),[1])

=1=d((4).[0])~d(a[1]).

is also satisfied and proved easily.

3.2 Relation of similarity and distance
With the property of one-to—one correspondence
between similarity and distance, we have derived
similarity measure with distance measure. Furthermore
with the similarity measure we also obtained fuzzy

entropy. For the derivation of similarity measure,

s=1-d is also used. If we use distance measure (3)
d(4,B)=d((4nB).[1])-(1-d((4vB).[0]))
We obtain the corresponding similarity measure

s<d >=2—d((AﬁB)s[1])—

d((AuB),[O]).

then this similarity is identical to (2).

From another similarity (1)

s(4,B) =1=d((4nB°),[0]) - (4w B).[1])

)

Ak =af( ) o)) 1)

satisfied ?

By the definition of distance measure of Liu [13],

d(4,B)=d((4nB).[0])+d((45).[1])
- d((AmBC)C ,[0]°)+d((AuBC)C ,[1]")
=d((4°vB).[1])+d((4° ~B).[0])
=d(B,4).

d(4, 4)=d((4n4),[0])+d((404).[1])

=d([o].[o])+4([].[1]) =0

d(A,B):d((AmBC) 0])+d((AuBC) [1)
Sd((DmDCC ) (DuD“ )

=d(D,[0])+d(D,[1])=1

For

Hence it is natural that distance between crisp set

and its complement become maximal value. Finally,

d(4,B)=d((4nB),[0])+d((45).[1])

<d((4nce),o])+d((4vc) 1))

=d(4,C)

and

d(B,C)=d((BAC),[0])+d((BuC),[1])

<d((4nce),[o])+d((4vuc), 1))

=d(4,C)

are satisfied because of inclusion property, AcBcC.

4. Conclusions

We have discussed the similarity measure that is
derived from distance measure. The proposed similarity
usefulness is proved. Furthermore with the relation
between fuzzy entropy and similarity measure, we also
verified that the fuzzy entropy is induced through
similarity measure. In this paper our proposed
similarity measures are provided for the design of
fuzzy entropy. Among the proposed similarity measure,
a similarity satisfies fuzzy entropy trivially. Even
though there are similarity measure satisfying
similarity definition, there can exist trivial fuzzy
entropy. Finally, proposed similarity measure can be
applied to the general types of fuzzy membership

functions.
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