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Various Row Invariants on Cohen-Macaulay Rings
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Abstract

We define a numerical invariant  over Cohen-Macaulay local ring , which is related to the presenting matrices of

the -th syzygy module (with or without free summands). We show that  and  for a 

Cohen-Macaulay local ring  of dimension .
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1. Introduction
1

Throughout this paper, we assume that  is a 

Noetherian local ring, and all modules are unitary.

 It is proved
[1]

 that there are certain restrictions on the 

entries of the maps in the minimal free resolutions of 

finitely generated modules of infinite projective dimension 

over Noetherian local rings. This fact provides not only a 

new way to understand some previously known results in 

commutative ring theory (see for instance Corollary 

2.8
[1]

, or Proposition 2.2
[1]

), but also new interesting 

invariants of local rings. These invariants have turned out 

to be quite useful; for example, the Auslander index of 

can be described as a column invariant when  is 

Gorenstein
[1]

, and the multiplicity of  can be also 

explained by these invariants when  is hypersurface. 

(For the further background of these invariants, we refer 

the reader to some papers
[1-5]

.)

This paper particularly deals with invariants 

, , and . We will 

eventually show that all of those are equal to  for 

a Cohen-Macaulay local ring of dimension .

We recall that  is defined with the rows of the 

maps in infinite minimal resolutions:  is the 

smallest integer  such that for each finitely 

generated -module  of infinite projective dimension, 
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each row of  contains an element outside  for all 

, where  is the -th map of a minimal 

free resolution of . It was shown
[6]

 that  can be 

described in terms of the rows of presenting matrices of 

maximal Cohen-Macaulay modules (not necessarily 

without free summand) when  is Cohen-Macaulay (not 

necessarily Gorenstein). In this paper, we define 

 as the smallest positive integer  such that 

for each -th syzygy module (not necessarily without 

free summand) of infinite projective dimension, each 

row of its presenting matrix contains an element outside 

, and show that  for each .

In Section 2, we give the definitions of 

, , and  in detail, and 

study some basic properties of these invariants.

 In Section 3, we prove that  for 

a Cohen-Macaulay local ring  of dimension by 

showing that  and 

 which explains  can be described in 

terms of the rows of presenting matrices of the -th 

syzygy modules with or without free summands. We also 

prove that if  is a Gorenstein local ring of dimension ,

then  for all .

2. Basic Definitions and Facts

 Let  be a finitely generated -module and 

denote an -th map of a minimal free resolution of  :

. A map  is 

- 278 -



Various Row Invariants on Cohen-Macaulay Rings 279

J. Chosun Natural Sci., Vol. 7, No. 4, 2014

represented by a matrix of size . By a 

(minimal) presenting matrix of , we mean the 

representation matrix of . Then we note that  is 

represented by the presenting matrix of the -st 

syzygy module, which is the image of .

De nition 2.1. Let  be a Cohen-Macaulay 

(non-regular) local ring, and  a (nonfree) maximal 

Cohen-Macaulay module. We define to be 

the smallest positive integer  such that each row of the 

presenting matrix of  contains an element outside .

We now define  =  : 

is a maximal Cohen-Macaulay module without free 

summands}, and  =  : 

is a maximal Cohen-Macaulay module}.

Using the syzygy modules, we also define the 

following invariants:

Definition 2.2. Let  be a Cohen-Macaulay 

local ring. For a non negative integer , we define 

 =  : for each -th syzygy module 

without free summands of infinite projective dimension, 

each row of its presenting matrix contains an element 

outside , and  =  : for each -th 

syzygy module of infinite projective dimension, each 

row of its presenting matrix contains an element outside 

.

If  is regular, then we define , and 

 =  = 1 for each non-negative integer 

.

We here remark that if  is not Cohen-Macaulay and 

the Canonical Element Conjecture holds for , then 

 for . We first recall the 

Canonical Element Conjecture studied
[1]

 for reader's 

convenience.

Canonical Element Conjecture (Hochster). Let 

 be any system of parameters of a Noetherian 

local ring  of dimension . Let  be a map of 

complexes from the Koszul complex  to a free 

resolution  of the residue field  lifting the 

identity map in degree 0. Then .

 It is known
[7,8]

 that this conjecture holds for rings 

containing a field and also in dimension . P. Roberts 

also pointed out the following statement, which was 

proved
[1]

:

Fact. (P. Roberts) Let  be a local ring of 

dimension . Let  be a system of 

parameters. Let  be a free complex such that 

. Let  denote the Koszul 

complex . Let  be a map of complexes from 

 to  which lifts the identity map on 

. Suppose that the Canonical Element Conjecture 

holds for all local rings of dimension less than equal to .

Then  splits for all , i.e., we may assume that 

, and .

 Therefore, if  is a system of parameters of a non 

Cohen-Macaulay ring , and the Canonical Element 

Conjecture holds for , then for each , -th map of 

the minimal resolution of  contains a row all of 

whose entries are in  for , and hence 

 for .

 The following proposition is obtained immediately 

from the definitions:

Proposition 2.3. Let  be a Cohen-Macaulay 

local ring of dimension . Then

(1)  for all , and 

 for all .

(2) There is some  such that 

 for all  with . In particular, 

.

Proof. (1) For a fixed , suppose that  is 

finite, and let . Then there is a -th syzygy 

module  such that every entry of some row of the 

presenting matrix of  is contained in . Since the 

presenting matrix of  is -th differential map of 

a minimal resolution of certain module, we know 

 by the definition of , and thus 

. If , then using the 

above reasoning, we arrive at , which is a 

contradiction.

The second part of (1) follows immediately since a 

-th syzygy module is also a -th syzygy module 

for any non-negative integer .

(2) Let . Then there is a finitely generated 

-module  of infinite projective dimension such that 

for some , every entry of some row of  in ,
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where  is a minimal resolution of . Since 

is the presenting matrix of a -th syzygy module, 

we have . By (1), we also 

have that for ,

.

Hence the proof is completed. 

3. Main Results on Row Invariants 

It is easy to obtain that  for 

 since the -th syzygy module has no free 

summands for  by Fact 3.2. We note that it 

is not necessarily true that the -th syzygy module has no 

free summands for . However, we will 

show that  for  in 

this section. The techniques used to get this result are 

quite similar to those in the paper
[9]

. However, we 

include the proofs in detail for reader's convenience.

We first see the definition of mapping cone: If 

 is a map of complexes, then the 

mapping cone  of  is a complex such 

that

 and .

 Using mapping cones on a -regular sequence 

inductively, the following lemma was proved
[9]

.

Lemma 3.1.
[9]

Let  be a finitely generated 

-module, and  its minimal resolution. Let 

 be a -regular sequence. The -th differential 

map  of a minimal resolution of  is 

of the form

where  is the -th differential map of a minimal 

resolution of , ,

and .

The following Fact 2.2 (1), which extends the result in 

a paper
[10]

, was proved
[3]

. Fact 2.2 (2) can be proved 

easily using the Ext characterization of depth and the 

long exact sequence of Ext. 

Fact 3.2. Let  be a Noetherian local ring, and 

, ,  be finitely generated -modules.

(1) If  has an infinite projective dimension, then 

 has no free summands if 
[3]

.

(2) If  is an exact sequence, 

then

.

It was proved
[9]

 that a -th syzygy module without 

free summands can be obtained from a maximal 

Cohen-Macaulay module without free summands.

Theorem 3.3.
[9]

 Let  be a Noetherian local ring 

and  a finitely generated -module of positive depth 

. Let  be a non-negative integer. Suppose that the -th 

syzygy module of , , has no -free sum-  

mands for all . Then there exists a nonzero-divisor 

 of  such that  has no -free 

summands for all .

Now we prove our main theorem:

Theorem 3.4. Let  be a Cohen-Macaulay local 

ring of dimension . The values of the invariants in (1) 

and (2) below are all finite, and we have

(1) , and

(2) .

Proof. (1) We know that 

by Proposition 2.3. By the definition of , there 

is a -th syzygy -module  such that the minimal 

presenting matrix of  has a row which is contained in 

. Since  is a maximal Cohen-Macaulay 

module by Fact 3.2, one inequality 

 follows from the definition of .

 For the other inequality, let's assume that 

. Then there exists a maximal Cohen-Macaulay 

module  such that the minimal presenting matrix of 

has a row which is contained in . Let  be 
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a minimal resolution of :

.

Then we know that every entry of some column of 

is contained in . We choose some -regular 

sequences  such that  are contained in 

. Now we consider the -th syzygy module 

. We note that the presenting 

matrix of  is the -th 

differential map of a minimal resolution of 

. Lemma 3.1 gives us the information 

of -th differential map of a minimal resolution of 

.

 To investigate the behavior of the entries in the maps 

of a minimal resolution of  and , we 

illustrate with some examples of maps: we are parti-  

cularly interested on the map  for :

(i) If , then

.

(ii) If , then

.

(iii) If , then by induction we have

.

Since each  belongs to  and some row of  is 

contained in , the presenting matrix of 

 has a row whose entries are contained in 

, and so . Hence 

.

If  and  is any large integer, then 

using the same argument as above, we can find a -th 

syzygy module  such that the minimal presenting 

matrix of  has a row whose entries are contained in 

. Thus , i.e.,  is infinite, 

which is a contradiction, and so  is finite.

(2) We first note that there exists some -regular 

sequence  such that 

has no free summands by Theorem 3.3 if  is a maximal 

Cohen-Macaulay module with no free summands. 

Secondly, we choose -regular sequence  such 

that  belong to  for a large enough 

satisfying the conditions in Theorem 3.3 and 

. Then we can complete the proof using 

the same argument as in (1). 

Now we have Corollary 3.6 using the following 

theorem:

Theorem 3.5.
[6]

Let  be a Cohen-Macaulay 

local ring of dimension . Then

.

Corollary 3.6. Let  be a Cohen-Macaulay local 

ring of dimension . Then

.

Therefore,  for .

 We close this section by proving some result on a 

Gorenstein local ring.

Proposition 3.7.
[9]

Let  be a Gorenstein local 

ring and  a maximal Cohen-Macaulay -module 

without free summands. Then for any integer ,  is 

an -th syzygy.

 Using the above proposition, we have the following:

Theorem 3.8. Let  be a Gorenstein local ring of 

dimension . Then  for all .

Proof. Fix a . It is enough to show that 
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 by Proposition 2.3. Let . Then 

there is a finitely generated -module  of infinite 

projective dimension such that for some ,

every entry of some row of  is in .

If , then since  is a 

maximal Cohen-Macaulay module without free 

summands by Fact 3.2,  is the -th syzygy 

module by Proposition 3.7. Hence 

 by definition.

Suppose that . If the -th 

syzygy module, , has no free summands, then 

it is also a -th syzygy module by Proposition 3.7, and 

so we have . Suppose that 

. Then we can show that the 

presenting matrix of  is obtained from the presenting 

matrix of  by deleting some column of 

 (see Theorem 2.2
[9]

). Thus we may assume 

that  is a maximal Cohen-Macaulay module without 

free summands, and so  is again a -th syzygy module 

by Proposition 3.7. We note that the submatrix ,

which is obtained after deleting some column of the 

presenting matrix of , is the presenting matrix of ,

and every entry of  is in . Since  is a submatrix 

of the presenting matrix of , every entry of 

some row of  is contained in , and hence 

. This completes the proof. 
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