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STARLIKENESS OF ¢—DIFFERENTIAL OPERATOR
INVOLVING QUANTUM CALCULUS

IBTISAM ALDAWISH AND MASLINA DARUS*

ABSTRACT. In the present paper, we investigate starlikeness condi-
tions for g—differential operator by using the concept of quantum
calculus in the unit disk.

1. Introduction

The study of hypergeometric functions plays a vital role in mathe-
matics and nowadays it becomes popular among the researchers be it
in real or complex case. The contributions given by the earliest re-
searchers such as Euler, Gauss, Riemann and many others have great
impact to the human kind. They obtained many interesting results
which are applicable to many areas such as the combinatorics, numer-
ical analysis, dynamical analysis and the mathematical physics. Here
we will study on basic hypergeometric functions (or g—hypergeometric
functions). The g—hypergeometric level can generalize many results for
the classical hypergeometric functions. The generalization g—Taylor’s
formula in fractional g—calculus introduced by Purohit and Raina [15],
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where certain g—generating functions for ¢—hypergeometric functions
were derived. Recently, Chung et al. [18] evaluated the g-Laplace im-
ages of a number of g-polynomials and generalized basic hypergeometric
functions of one and more variables.

Let H = H(U) denote the class of functions f(z) which are analytic in
the open unit disk

U:{z:2z€Cand |z| <1}.

For a positive integer j and a € C, in [11] the authors defined the
following classes of analytic functions:

(1) Hla,jl={f€eH: f(2)=a+a;2 +aj12T" +..,2€U},
and

2) A={feH:f(z)=z2z+a2 +a;227 + .., 2€U}.
It is clear that A; = A the normalized class with

(3) f2) =24 a2

A g—hypergeometric function is a power series in one complex variable z
with power series coefficients which depend, apart from ¢ on r complex
upper parameters aq, as, ..., a, and s complex lower by, by, ...bs as follows
(See Gasper and Rahman [8])

Qs (ag, ...a,; by, ..bg, ¢, 2)

Y

k 14s—r
(4) B 00 (al’q)k"'(ar,Q)k o ( 5 ) k
_kz:;(q’q)k(bLQ)k-..(bs’q)k (=1)%q .

k(k—1
with (];) = %, where ¢ # 0 when r > s+ 1, (T,s e Ny =
NU {0};z € U),N denote the set of positive integers and (a, q), is the

g—shifted factorial defined by

e k=0
(a,q)r = { (1—a)1 —aq)(1 —ag?®)..(1 —ag" "), keN.
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By using the ratio test, one recognize that, if |¢| < 1, the series (4) con-
verges absolutely (see Gasper and Rahman [8]) and Ghany [9]) for all z if
r < sand for |z| < 1if r = s+ 1. For brief survey on ¢—hypergeometric
functions, one may refer to [2], [3], [7], [19], [20] and [21].

The g— derivative of a function A(x) is defined by

h(gx) — h(x)

, q# Lx#0.

For a function h(z) = 2* observe that

Note that lim, 1D, (h(z)) = limgi[k],2"1 = k2*"1 = B/(2), where
h'(z) is the ordinary derivative and [k], is the ¢g—number. For more
properties of D, see [4] and [10].

Now for z € U, |q| < 1, and r = s + 1, the ¢g— hypergeometric function
defined in (4) takes the form

[e.e]

<a1;Q)k---(ar7Q)k k
;o (¢, )k (b1, @)k (bs, Q)kz 7

rqjs (alv ceey Qs b17 s bsaQ7Z) =

which converges absolutely in the open unit disk U .

Corresponding to a function ,A4(a;; b;; ¢, 2) defined by

(ar>Q)k—
rAs(@z‘§bj§qa Z) =z, Vs (aw iy 4> %) = Z+Z k, 1 b1 q) (b C]l)k—lzk

where i =1,....,r, 7 =1,...,s, a;,b; € C,b; € C\{0, -1, -2, ...}.

Mohammed and Darus [13] defined the operator M’ f(z) by using
g—hypergeometric function. In this paper, we modify the operator
M f(z) as follows:
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for 2 € U, |¢g| <1 and r = s+ 1, then
H) a0 ) f(2) =f(2) = 2+ > ap2*
k=2
Hyoa(ais050) f(2) =(8 = NMLf(2) + AzDg(Mf(2)) + (1 = B)z

=2+ (B4 A([Ky — D)Tr) ar2”
k=2

(5) =24+ > (B4 A[k]g — 1)T5)" apz",
k=2
for Ty = —Pirlardlior 3 > and § > 1.

(@D k—1(01,@) k—1--(bs,Q) k-1

Remark

e Forn =1,A =0 and = 1 we get the linear operator introduced
and studied recently by Mohammed and Darus [13].

e Forr=s+1,n=10a;=q%0b;=¢% ;8 €C,

B #0,—-1,-2,...,(i=1,..,r,7=1,..,8),A =0, =1and ¢ —
1, we receive the well-known Daziok-Srivastava linear operator [6].

e forr=1,s =0,a;, = ¢ A =1, =1and ¢ — 1, we obtain
Salagean differential operator (see [17]).

e Forr = 1,s = 0,a; = ¢, = 1 and ¢ — 1, we obtain Al-
Obudi differential operator (see [1]). Many differential operators
studied by various authors can be seen in the literature (see for
examples [5], [16]).

DEFINTION 1.1. A function f(z) € A is said to be starlike of order o
if it satisfies

R@{M}>a for 0<a<l,

f(z)
where D, is the g—derivative and we denote the set of all starlike func-
tions of order a by Sy (a).



Starlikeness of g—differential operator involving quantum calculus 703

Observe that lim, 1S, (o) = §*(a).

Our considerations are based on the following results which can be found
in [11].

LEMMA 1.1. Let f(z) € A; and let 0 < a < 1. If f satisfies
i+ 11 —a)
n < 41U
()] < L0
then f(z) is starlike of order a in U.

Y

LEMMA 1.2. Let f(2) € Aj, 0 <y < jand 0 <« < 1. If f satisfies
" ’ '+1 1— .
2F1(2) — 4 (f(2) — 1)] < UH DA =) =)

j+l—a
then f(z) is starlike of order v in U.

)

Miller and Mocanu [12] have investigated some second-order differential
inequality that implies starlikeness and deduced the following lemma.

LEMMA 1.3. Let f(z) € Aj and let 0 < < j. If f satisfies

2f"(2) =7(f'(2) =D < =
then f(z) is starlike in U.

In this paper, we introduce a generalization for the previous lemmas
by employing g-derivative. Some analytic and geometric properties are
obtained.

2. Main Results

First, we generalize lemmas 1.1, 1.2 and 1.3 by using g-derivative as
following.

LEMMA 2.1. Let f(z) € Aj and let 0 < o < 1. If f satisfies

JjG+DA -~ a)
j+1—-«

D3f(2)] <

then f(z) is starlike of order a in U.
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Proof. When ¢ — 1, then we have

JjG+DHA —a)
j+1l—«

I

2f"(2)] <

In view of Lemma 1.1, we deduce that f(z) is starlike of order « in
U. O
LEMMA 2.2. Let f(z) € A;, 0 <y <jand 0 <« < 1. If f satisfies

G+DA =) =)
j+1—-«

2D3f(2) = 1(Def(2) = 1)| <

Y

then f(z) is starlike of order « in U.
Proof. . The proof is similar to the proof of lemma 2.1. O
LEMMA 2.3. Let f(z) € A;j and let 0 <y < j. If f satisfies
2D;f(2) = (Do f(2) = 1)| < j =,
then f(z) is starlike in U.

Proof. . The proof is similar to the proof of lemma 2.1. ]

Next, we establish the sufficient conditions to obtain a starlikeness for
analytic functions involving the differential operator (5).

THEOREM 2.1. Let f(z) € A. If for A >0

1
(1+q)(B+ Ag)"|Ta|"az| < 5 0<qg<l,

and
> Klo(Klg + ¢%) (B + M[Elg — 1+ %) kg a1

2

(6)
< (1+g)(B+ Ag)"| Yo" [az].

Then the operator H!, \(ai, bj; q) f(z) is starlike of order o, where

1 —2(1 4 ¢)(B+ Aq)"[Ta2["]as]

1= (1+q)(B+ A" Ta|"|as| ’

and Yy Is given by (1—(1,)_(?1—)b1§1_((11—)b5)

(7)
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Proof. For f(z) € A, we have
D5 (Hr oA (ai,b30) f(2)) |

[e.9]

- Z[k]q[k + 1]q ((B + A([k]q -1+ qk))TkH)n ak+1zk
< [K]q[k + 1] (6 +A([K]g -1+ qk))n | Trra|"|ar1]

(14 @) (B4 A Tl ] + S (Rl 1o (84 MKy — 1+ ¢9)"

‘Tk+1’n|ak+1"

By the conditions (6) and (7) and since [k + 1], = [k], + ¢*, then in view
of Lemma 2.1, we impose

D5 (Hroa(ai,0530) f(2)) | <2(1+ q)(B + Aq)"[Te"|as

2(1 — «)
<—
2—a’
which proves that H'_ (a;, b;;q)f(2) is starlike of order a in U. O

For the case A\=0,6=1,7r=1,s =0,a; = ¢ and ¢ — 1 in the above
theorem, we find the following result.

COROLLARY 2.1. For f(z) € A, and let 0 < a < 1, we have that
2(1 —
27 < =D 2 1) € 5@,

where was defined by [11].
The case o = 0 was first discussed by Obradovié¢ [14].
THEOREM 2.2. Let f(z) € A. If for A >0

1
(1+q)(B+ Ag)"|Ta|"az] < > 0<g<l1,

> (kg (kg — v+ ¢*) = 7d") (B+ Ay — L+ ¢%)" [Tra]"ars1]

< (1 =71+ q)(B+ Ag)"[To"|as].
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Then the operator H}', \(ai, b;; q) f(2) is starlike of order o, where

T,8,\
(9) 1 —2(1 4 ¢q)(B + A\q)"| To|"|as]

1= (1+q)(B+ Ag)"[Te|"|as]| ’

and Y is given by (121)7(?—)1)1517(?:)17)

Proof. We note that
D5 (Hy s (ai, bjia) f(2)) =7 (Dy (Hroa(ai bjia) f(2)) = 1) |

= Z[k + 1]q([k]q -) (5 + )\([k]q -1+ qk)TkH)n Gk+12k

k=1

0<~<1,

< D Tkt Ug([]g =) (8 4+ MKl — 1+ 6)" [ Trs]"lar|
=1 =71+ )8+ Aq)"|T2|"|az]

+ 3 e+ Ug([Klg =) (B4 A(Klg = 1+ ¢5)" [ Tha]"lar|

From the assumptions (8) and (9) and taking in mind [k+1], = [k],+ ¢,
then by Lemma 2.2, we obtain
[2Dg (Hraa(ai,b30) f(2)) — 7 (Dy (Hraaai bjia) f(2)) — 1) |
<2(1 =) (1 +q)(B + Ag)"[T2["|as|
2(1 — _
_20-md-a)
2 -«

Then H}'_ y(ai, bj; q) f(2) is starlike of order a. O

I[fwetake A\ =0,8=1,r=1,s =0,a; = g and ¢ — 1 in the Theorem
2.2, we find the following result.

COROLLARY 2.2. Let f(z) € A, andlet 0 < o<1 and 0 <~y < 1, if
f(2) satisfies

21 —7)(1 — o)
2 —« ’

2f"(2) =v(f'(z) = DI <
then f(z) is starlike of order o in U.
THEOREM 2.3. Let f(z) € A. If for A >0

1
(10) (1+q)(B+ Ag)"|Ta|"az| < 5 0<qg<l,
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and
(11)

Z ([k]q ([k]q -7+ qk) - ”qu) (B + )‘([k]q -1+ qk))n ‘Tk:—‘rl‘n’ak-i-l’

< (L= +)[B + Aql"[To|"|azl.
Then the operator H, \(a;, bj; q) f(z) is starlike in U, where 0 < v <

T,8,\
1, and Y5 is given by (1—(;)_((;1—)b1§1_((;?bs)

Proof. By setting
2Dy (M7 oa(ai b3 0) f(2)) =7 (Dy (Hoaai bji @) f(2)) — 1) |

7,8,

o0

= 3"k + 11Ky =) (8 + (K] = 1+ ¢5) Y1) " arsaz”

< D T+ gkl =) (8 + Akl =1 +6)" [T lar |

(1= 1)1 + Q)8 + M) Ta["las

+ Y ke Ug([kly =) (B + Akl = 1+ 6)" | Tosa]"lax|

Making use of (10) and (11) and applying the fact that [k+1], = [k],+¢"
, then note that by Lemma 2.3, we define
<2(1 =) (1 +q) (B + Ag)"[T2|"|az|
<1l —n.
Then M, \(a;, bj;q)f(z) is starlike in U. O

T,8,\

Putting A\=0,8=1,r=1,s =0,a; = q and ¢ — 1 in the Theorem
2.3, we have
COROLLARY 2.3. Let f(z) € A, and let 0 < < 1, if f(2) satisties
2" (2) =7 (f'(z) = DI <1 =7,

then f(z) is starlike in U.
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