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A METRIC INDUCED BY THE BERGMAN KERNEL

JoNG JIN KIM

Abstract. In this paper, we define a metric induced by the Bergman
Kernel and prove a property that the metric has under any biholo-
morphic mapping.

1. Introduction and notations

H. L. Royden published the infinitesimal form in [9], which is called
the Kobayashi or Kobayashi-Royden metric is studied in [3], [7], [9]
etc. The higher order Kobayashi metric was introduced in [11] and also
investigated in [6], [8].

The Carathéodory metric and Kobayashi-Royden metric have the
decreasing property under holomorphic mappings([3], [6], [9]). In par-
ticular, they have invariance properties under biholomorphic mappings.
It is well-known that the Bergman metric does not have the decreasing
property under holomorphic mappings, but it has the invariant property
under biholomorphic mappings([2]). Moreover, the Bergman metric is
Kaéhler, whereas both the Carathéodory metric and Kobayashi-Royden
metric are only Finsler.

The Bergman kernel function has a reproducing property which was
investigated in [1]. Given a Bergman kernel, we can obtain a positive
definite Hermitian matrix (gjx). Then the matrix (g;x) is invertible
and hence we have the inverse Hermitian matrix (¢/*) of the Hermitian
matrix (g; ). This Hermitian matrix (¢7*) is also positive definite.

In this article, we will deal with the metric which is induced by the
Bergman kernel. To do this, we introduce some notations which are
dealt in this article. By N and C we denote the set of natural numbers
and the set of complex numbers, respectively. We use the usual inner
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product (-,-) and the usual norm || - || on C". By Aut(f2) we mean the
group of all biholomorphic mappings of {2 onto itself.

If A is a matrix with complex entries, then the conjugate transpose
of A is denoted by A*. That is, A* :='A, where A is the matrix whose
entries are the complex conjugates of the correspondmg entries in A and
t A is the transpose of A.

2. The Bergman metric

Let Q C C" be a domain and let A%(Q) := {f € O(Q) : [, |f[?dV <
+00}. Define a map (, ) 42(q) : A*(Q) x A%(Q) — C by

f.9) /mw Vf.g € A%(Q).

Then (A2(2), (,)2(q)) forms a separable Hilbert space([4], [5], [10]).
We call (A%(),(,) 42(0)) the space of square integrable holomorphic
functions on €. Note that A%2(C") = {0}. Hence we are interested in the
case when A%(Q) is nontrivial, in particular, when  C C" is a bounded
domain.

Applying the Riesz representation theorem with a bounded domain
2 C C" and a fixed point z E Q, there is a unique element in A%(Q),
which we denote by K(-,z) = ( z), such that

(2.1) /f K(2¢)dV(C)

for all f € A%(Q). Here V denotes the usual Euclidean volume measure
in C™. The function K : Q x  — C thus defined is called the Bergman
kernel function for Q. In particular, the property (2.1) is known as the
reproducing property of the Bergman kernel function and it provides
an example of an integral representation formula. The Bergman kernel
function can almost never be calculated explicitly except for some special
domains.

Proposition 2.1. ([5], [10]) Let K : Q x Q@ — C be the Bergman
kernel function for a domain Q@ C C". Then K (z,w) is holomorphic as a
function of z € €, but is conjugate-holomorphic as a function of w &€ €.

Example 2.2. ([4], [5], [10]) The Bergman kernel K :  x  — C
for the standard domains Q) = U™ and Q) = B,, is given, respectively, as
follows
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e [fQ = U™(the open unit polydisk in (C”) then, for all z,w € U™,

n
H 1—zjw]

e If Q) = B, (the open unit ball in C"), then, for all z,w € B,,
n! 1
m (1= (z,w))"
Let Q1 and 9 be two domains in C", and let ¥ : 1 — o be a
biholomorphic mapping of 21 onto 9. Put

Ay(z) = detJy(z), Vz e Qy,

where J, denotes the complex Jacobian matrix of the mapping v :
}y — Qo. Then Ay is a holomorphic function on 2; and we have the
following:

K(z,w) =

Proposition 2.3. ([4], [5], [10]) Let €1 and Q9 be two domains in
C™ and let ¢ : 0 —> Q9o be a biholomorphic mapping of €)1 onto §2s.
Then

KQI (va) = KQz(w(Z)aw(w))Aw(Z)Aw(w)v Vz,w € (U,

where Kgq, denotes the Bergman kernel of ;. In particular, if ¢ €
Aut(Q), then

Ko(zw) = Ka((2), ¢:(w)) Ay () Ap(w), Vz,w € Q.

Proposition 2.4. ([5], [10]) Let Q@ C C" be a bounded domain and
let K : Q x Q — C be the Bergman kernel of ). Then the following
holds:

" 9?log K .
yo PLosK(2) s ifen & cecn— (o)
jh1 8z382k

Definition 2.5. Let Q C C" be a domain. A system g = (gu.u)1<v,u<n
of continuous functions g, ,, : {8 — C is a Hermitian metric (resp. pseudo-
metric) on € if the following conditions hold:

© Guu = Gup for all v, p;
o > =1 9vu(2)CCu > 0 (resp. > 0) for all z € Q & ¢ € C" —{0}.

Let 2 C C" be a bounded domain and define, for all j, k € {1,2,--- ,n},

0?log K (z, 2)

9/ .
gj k( ) aZ]aZk Y v’z 6 Q
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Then, Proposition 2.4 says that the Hermitian form

Z g%k(z)dzjdék, Vz e Q,
jk=1

is positive definite on C". Hence a function fq : 2 x C* — R defined
by

Z gjf'?k(z)ngk

jk=1
is clearly the metric on 2 which is called the Bergman metric on €. In
this case, fq(z, () means the length of the vector ¢ € C™ in the Bergman
metric Bq on €.

For the standard domains 2 = U™ and 2 = B,,, we can easily calcu-
late from Example 2.2 that the entries of Hermitian matrix (gjﬂk(z)) is
given, respectively, by

2 . n
02 (2) = W(S]k’ if z € U™,
7 e (= 212)d5 + Zjzx],  if 2 € Ba.

Hence we obtains the followings

Example 2.6. ([4], [5]) We present effective formulas of Bergman
metrics Bq for the standard domains 2 = U™ and ) = B, :

n 2
fun(,0) = V23 (125 ) G e xen
J

2 2,0) |2 . .
s \/ R A 0 € Baxen

Theorem 2.7. ([4], [5], [10]) Let 1,8 be domains in C™ and let
1 : 0y — o be a biholomorphic mapping. Then we have the following
formula

/Bﬁl(ZvC) = 592(¢(3)7Jw<2)C)7 if (Z;C) e xC".

In other words,

Z 91 (2)GC = Z Do Ty (2)Q)i( Sy (2)C)m;

7,k=1 Il,m=1

Here (Jy(2))(); denotes the j-th component of the vector Jy(z)C.
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3. The metric induced by the Hermitian matrix (g/)

Let 2 C C" be a bounded domain and define, for all j, k € {1,2,---,
n},
0?log K (z, 2)
Q o )
g],k(z) i 82]32]{, )
Then the Hermitian n x n matrix (gjﬂk(z)) for z € Q is positive definite.

Hence it is invertible. Let (gflk(z)) denote the inverse matrix of the

Vz € Q.

Hermitian n x n matrix (gfk(z)) for z € Q).

In case of the unit open ball B,, C C", we have, for all z € B,
B, n + 1 _
95k (2) = W[(l — 1121*) 8k + 2521)-

Let us take n = 2 to simplify the calculation. Then we have the Her-
mitian 2 X 2 matrix

3 1—|=? 212
B> - 2 1<2
<9m (z)) B ( 2 1—|z?)”

An elementary computation now shows that

L—l2]* (1=]a]* -2z 1—|z[]? .
(o) = LU (1 R

Continuing in this fashion, we obtains the following;:

Proposition 3.1. The entries of Hermitian n X n matrix (ggz’k(z))
for the standard domains 2 = U™ and ) = B, is given, respectively, by

1 _ 2 . l]’n
ik (1 - ’ZZk:D Ojk itz € ’
QJQ (Z)* %17 *HZHQ)E(;. _iz-z if z€ Q) = B,
n+1 J J k]’ ! '

The Hermitian form

> ghf(2)dzdz, vz e Q,
4. k=1

is positive definite on C™. Hence it defines a metric yq : 2 x C* — R
by
1
n 2
vz Q) = | Y gt (=) | . if (2.0 eQxCm

J,k=1



858 Jong Jin Kim

We call the mapplng vq : 2 xC" — R the metric induced by Hermitian

matrix (gQ (z)) on Q. Then we obtain the followings from Proposition
3.1:

Proposition 3.2. The effective formulas of the metrics ~q for the
standard domains U™ and B,, is given, respectively, by
1

n 2

wn(5:0) = |5 0~ 1ePPIGR | (.0 € U x T,
j=1
and
1— 2|2 2
.20 = | S EBR i - 1m0 P)| it o e Bl xen

Theorem 3.3. Let €1, be domains in C™ and let 1 : 3 — o
be a biholomorphic mapping. Then we have the following formula

Zg 2)¢iCe = Zg Ty (@(2))0)f (T -1 ((2)ms

7,k=1 I,m=1
where (Jy-1(¥(2))¢); denotes the j-th component of the vector Jy-1(¢(2))C.

Proof. By Theorem 2.7, we have the equality

32 50 = Y e ke 2y

I,m=1

Hence if we use the following n x n matrices representations
Q Q
A= (%), B=(g%20(:)) & C="17y(2),
we can rewrite the equality (3.2) as A = CBC*. Then since
A—l — (C*)—IB—IC—I _ (C_l)*B_lc_l,
we get the equality, with =1 =: (n1,--- , ),

i) = 3 s NI v ke 1.2 ),
Zj %k

I,m=1

Hence we have

Z g (2)GGk = Z 95, " Ty=1($(2))0)] (Ty=1 ((2)) O,

7,k=1 I,m=1
for all (z,() € Q1 x C". O
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Corollary 3.4. Let €29, be domains in C" and let ¢ : Q7 — Q9
be a biholomorphic mapping. Then we have the following formula, for
all (z,¢) € 1 x C",

70, (2,€) = Y0, ((2), Jy-1(¥(2))C).

In order to simplify the calculation, let us take a simple biholomorphic
mapping and check our assertion in Theorem 3.3 for the case of the
standard domains.

Example 3.5. For a point (ai,as, - ,a,) € U™ fixed, the mapping
¥ : U™ —s U™ defined by

) = <a1—z1 an—zn)

1 —(_11Z17 1—apzy,

is in Aut(U™) and ¢ (¢(z)) = z for all z € U,,. By the simple calculation
we have the diagonal matrix

(176,12’1)2
C 1-ar?
o (17(_1222)2
— 2
Ty ((2)) = e
. (1—(’znzn)2
1—fan]?
and also, by Proposition 3.1, we have
1(1 — 2\2 1— 232
i () = LU Ul gy gn ey,

2 11— ayz|*

From these facts, we obtains the following equality

Ty 1 () (g (0 (2)) 1 (1(2)) = (g7 (2))-
In other words,

n

gim () Ty (DO Ty (W) m = D ghin ()¢

I,m=1 7,k=1
for all (z,¢) € U™ x C".
Example 3.6. In order to consider the case of the unit open n-ball

B,, € C", let us take a complex number a € C with |a| < 1. Then the
mapping ¢ : B, — B,, defined by

wu%:<a—m _ML%MZ%“'_l—WP%>

1—@2’1’ 1—azx ’ 1—azxn



860 Jong Jin Kim

is in Aut(B,,) and 1 (y(z)) = z for all z € By,. By the simple calculation
we have

_(1—&2’1)2
T 0 0
a(l azy) _ l-azn
T—[a2 *2 1 |a]? 0
a(l—az1) 1-az 0

Jpr@W() = | Tars 0~

6(176,21) l—az;
TR n 0 0 W
and
1— \a721|2 Vi-=|a |2(a— Zl) V11— la|?(a— Zl)
|1 az |2 [1—az1]2 T N—a=n 2
V1-lal?(a—z1) Zl)f (1—lal?) 1—]al?
TThoampr 2 T ® o TTimasp e
0] _ Vi-la|?(a— Z1)_ _ (-la? 1—|al?
(gBﬂ(w(Z)))an =« [1—az |2 T i—az |2Z3Z2 - azl\223'z"
Vi-la \2(0 21) 1—|al? (1—]a] 2)*
[1—az1]? = az1|22"7‘2:2 R |1—azq \22”271
1— 2 1— 2 . . . .
Here o = =L _1-lal Therefore, the matrix multiplication

n+l |1—az1]?"

T @) (6. (0(2))) s (8(2))

n

results in a matrix expression

[1—az |2 2 [1—az|? [1—az|?
T (1 —121]%) ~ Tl Z122 — a2 21%n
[1—az1|? 1—azi| [1—az|?
f\?'@ a  EERa-l=P) . e
[1—az |2 [1—az1]? - [1—az1|? _
(6] WZ;ng TZ:}ZQ e ngzn
|1—a21\2 — \1—a21|2 — |1—5,Z1|2 2
— o i e e BERS s i (1 — |znl?)
Equivalently,

T (WG (93, (0(2))) s (0(2) = (95.(2))

Thus we have, for all (z,() € B,, x C",
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Y g5 @) (T (W) Ty ($(2)Om

I,m=1
2
= M[(l — 211?016 — 21220160 — -+ — 2120(16n
n+1
— 202101Go + (1 = |22)GaCa — -+ — 2220(2Cn
— 20 Z1G1Gn — 20Z2C2Cn — -+ (1= |20l*) Gl
n
= > 95 ()G
7,k=1
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