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A METRIC INDUCED BY THE BERGMAN KERNEL

Jong Jin Kim

Abstract. In this paper, we define a metric induced by the Bergman
Kernel and prove a property that the metric has under any biholo-
morphic mapping.

1. Introduction and notations

H. L. Royden published the infinitesimal form in [9], which is called
the Kobayashi or Kobayashi-Royden metric is studied in [3], [7], [9]
etc. The higher order Kobayashi metric was introduced in [11] and also
investigated in [6], [8].

The Carathéodory metric and Kobayashi-Royden metric have the
decreasing property under holomorphic mappings([3], [6], [9]). In par-
ticular, they have invariance properties under biholomorphic mappings.
It is well-known that the Bergman metric does not have the decreasing
property under holomorphic mappings, but it has the invariant property
under biholomorphic mappings([2]). Moreover, the Bergman metric is
Kähler, whereas both the Carathéodory metric and Kobayashi-Royden
metric are only Finsler.

The Bergman kernel function has a reproducing property which was
investigated in [1]. Given a Bergman kernel, we can obtain a positive
definite Hermitian matrix (gj,k). Then the matrix (gj,k) is invertible

and hence we have the inverse Hermitian matrix (gj,k) of the Hermitian
matrix (gj,k). This Hermitian matrix (gj,k) is also positive definite.

In this article, we will deal with the metric which is induced by the
Bergman kernel. To do this, we introduce some notations which are
dealt in this article. By N and C we denote the set of natural numbers
and the set of complex numbers, respectively. We use the usual inner
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product 〈·, ·〉 and the usual norm || · || on Cn. By Aut(Ω) we mean the
group of all biholomorphic mappings of Ω onto itself.

If A is a matrix with complex entries, then the conjugate transpose
of A is denoted by A∗. That is, A∗ := tĀ, where Ā is the matrix whose
entries are the complex conjugates of the corresponding entries in A and
tĀ is the transpose of Ā.

2. The Bergman metric

Let Ω ⊂ Cn be a domain and let A2(Ω) := {f ∈ O(Ω) :
∫

Ω |f |
2dV <

+∞}. Define a map 〈, 〉A2(Ω) : A2(Ω)×A2(Ω) −→ C by

〈f, g〉A2(Ω) :=

∫
Ω
fḡdV, ∀f, g ∈ A2(Ω).

Then (A2(Ω), 〈, 〉A2(Ω)) forms a separable Hilbert space([4], [5], [10]).

We call (A2(Ω), 〈, 〉A2(Ω)) the space of square integrable holomorphic

functions on Ω. Note that A2(Cn) = {0}. Hence we are interested in the
case when A2(Ω) is nontrivial, in particular, when Ω ⊂ Cn is a bounded
domain.

Applying the Riesz representation theorem with a bounded domain
Ω ⊂ Cn and a fixed point z ∈ Ω, there is a unique element in A2(Ω),
which we denote by K(·, z) ≡ KΩ(·, z), such that

(2.1) f(z) =

∫
Ω
f(ζ)K(z, ζ)dV (ζ)

for all f ∈ A2(Ω). Here V denotes the usual Euclidean volume measure
in Cn. The function K : Ω×Ω −→ C thus defined is called the Bergman
kernel function for Ω. In particular, the property (2.1) is known as the
reproducing property of the Bergman kernel function and it provides
an example of an integral representation formula. The Bergman kernel
function can almost never be calculated explicitly except for some special
domains.

Proposition 2.1. ([5], [10]) Let K : Ω × Ω −→ C be the Bergman
kernel function for a domain Ω ⊂ Cn. Then K(z, w) is holomorphic as a
function of z ∈ Ω, but is conjugate-holomorphic as a function of w ∈ Ω.

Example 2.2. ([4], [5], [10]) The Bergman kernel K : Ω × Ω −→ C
for the standard domains Ω = Un and Ω = Bn is given, respectively, as
follows
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• If Ω = Un(the open unit polydisk in Cn), then, for all z, w ∈ Un,

K(z, w) =
1

πn

n∏
j=1

1

(1− zjw̄j)2
.

• If Ω = Bn(the open unit ball in Cn), then, for all z, w ∈ Bn,

K(z, w) =
n!

πn
1

(1− 〈z, w〉)n+1
.

Let Ω1 and Ω2 be two domains in Cn, and let ψ : Ω1 −→ Ω2 be a
biholomorphic mapping of Ω1 onto Ω2. Put

Aψ(z) := detJψ(z), ∀z ∈ Ω1,

where Jψ denotes the complex Jacobian matrix of the mapping ψ :
Ω1 −→ Ω2. Then Aψ is a holomorphic function on Ω1 and we have the
following:

Proposition 2.3. ([4], [5], [10]) Let Ω1 and Ω2 be two domains in
Cn and let ψ : Ω −→ Ω2 be a biholomorphic mapping of Ω1 onto Ω2.
Then

KΩ1(z, w) = KΩ2(ψ(z), ψ(w))Aψ(z)Aψ(w), ∀z, w ∈ Ω1,

where KΩj denotes the Bergman kernel of Ωj . In particular, if ψ ∈
Aut(Ω), then

KΩ(z, w) = KΩ(ψ(z), ψ(w))Aψ(z)Aψ(w), ∀z, w ∈ Ω.

Proposition 2.4. ([5], [10]) Let Ω ⊂ Cn be a bounded domain and
let K : Ω × Ω −→ C be the Bergman kernel of Ω. Then the following
holds:

n∑
j,k=1

∂2 logK(z, z)

∂zj∂z̄k
ζj ζ̄k > 0, if z ∈ Ω & ζ ∈ Cn − {0}.

Definition 2.5. Let Ω ⊂ Cn be a domain. A system g = (gν,µ)1≤ν,µ≤n
of continuous functions gν,µ : Ω −→ C is a Hermitian metric (resp. pseudo-
metric) on Ω if the following conditions hold:{
◦ gν,µ = gµ,ν for all ν, µ;
◦
∑n

ν,µ=1 gν,µ(z)ζν ζ̄µ > 0 (resp. ≥ 0) for all z ∈ Ω & ζ ∈ Cn − {0}.

Let Ω ⊂ Cn be a bounded domain and define, for all j, k ∈ {1, 2, · · · , n},

gΩ
j,k(z) :=

∂2 logK(z, z)

∂zj∂z̄k
, ∀z ∈ Ω.
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Then, Proposition 2.4 says that the Hermitian form
n∑

j,k=1

gΩ
j,k(z)dzjdz̄k, ∀z ∈ Ω,

is positive definite on Cn. Hence a function βΩ : Ω × Cn −→ R defined
by

βΩ(z, ζ) :=

 n∑
j,k=1

gΩ
j,k(z)ζj ζ̄k

 1
2

is clearly the metric on Ω which is called the Bergman metric on Ω. In
this case, βΩ(z, ζ) means the length of the vector ζ ∈ Cn in the Bergman
metric βΩ on Ω.

For the standard domains Ω = Un and Ω = Bn, we can easily calcu-
late from Example 2.2 that the entries of Hermitian matrix (gΩ

jk(z)) is
given, respectively, by

gΩ
j,k(z) =

{
2

(1−|zj z̄k|)2 δjk, if z ∈ Un,
n+1

(1−||z||2)2 [(1− ||z||2)δjk + z̄jzk], if z ∈ Bn.

Hence we obtains the followings

Example 2.6. ([4], [5]) We present effective formulas of Bergman
metrics βΩ for the standard domains Ω = Un and Ω = Bn :

βUn(z, ζ) =
√

2

√√√√ n∑
j=1

(
|ζj |

1− |zj |2

)2

, if (z, ζ) ∈ Un × Cn,

βBn(z, ζ) =
√
n+ 1

√
||ζ||2

1− ||z||2
+
| 〈z, ζ〉 |2

(1− ||z||2)2
, if (z, ζ) ∈ Bn × Cn.

Theorem 2.7. ([4], [5], [10]) Let Ω1,Ω2 be domains in Cn and let
ψ : Ω1 −→ Ω2 be a biholomorphic mapping. Then we have the following
formula

βΩ1(z, ζ) = βΩ2(ψ(z), Jψ(z)ζ), if (z, ζ) ∈ Ω1 × Cn.

In other words,
n∑

j,k=1

gΩ1
j,k(z)ζj ζ̄k =

n∑
l,m=1

gΩ2
l,m(ψ(z))(Jψ(z)ζ)l(Jψ(z)ζ)m,

Here (Jψ(z))ζ)j denotes the j-th component of the vector Jψ(z)ζ.
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3. The metric induced by the Hermitian matrix (gj,k)

Let Ω ⊂ Cn be a bounded domain and define, for all j, k ∈ {1, 2, · · · ,
n},

gΩ
j,k(z) :=

∂2 logK(z, z)

∂zj∂z̄k
, ∀z ∈ Ω.

Then the Hermitian n×n matrix (gΩ
j,k(z)) for z ∈ Ω is positive definite.

Hence it is invertible. Let (gj,kΩ (z)) denote the inverse matrix of the

Hermitian n× n matrix (gΩ
j,k(z)) for z ∈ Ω.

In case of the unit open ball Bn ⊂ Cn, we have, for all z ∈ Bn,

gBn
j,k (z) =

n+ 1

(1− ||z||2)2
[(1− ||z||2)δjk + z̄jzk].

Let us take n = 2 to simplify the calculation. Then we have the Her-
mitian 2× 2 matrix(

gB2
i,j (z)

)
=

3

(1− ||z||2)2

(
1− |z2|2 z̄1z2

z̄2z1 1− |z1|2
)
.

An elementary computation now shows that(
gi,jB2

(z)
)

=
1− ||z||2

3

(
1− |z1|2 −z̄1z2

−z̄2z1 1− |z2|2
)

=
1− ||z||2

3

(
δij − z̄izj

)
.

Continuing in this fashion, we obtains the following:

Proposition 3.1. The entries of Hermitian n × n matrix (gj,kΩ (z))
for the standard domains Ω = Un and Ω = Bn is given, respectively, by

gj,kΩ (z) =

{
1
2(1− |zj z̄k|)2δjk, if z ∈ Ω = Un,
(1−||z||2)
n+1 [δjk − z̄jzk], if z ∈ Ω = Bn.

The Hermitian form
n∑

j,k=1

gj,kΩ (z)dzjdz̄k, ∀z ∈ Ω,

is positive definite on Cn. Hence it defines a metric γΩ : Ω × Cn −→ R
by

γΩ(z, ζ) =:

 n∑
j,k=1

gj,kΩ (z)ζj ζ̄k

 1
2

, if (z, ζ) ∈ Ω× Cn.



858 Jong Jin Kim

We call the mapping γΩ : Ω×Cn −→ R the metric induced by Hermitian

matrix (gj,kΩ (z)) on Ω. Then we obtain the followings from Proposition
3.1:

Proposition 3.2. The effective formulas of the metrics γΩ for the
standard domains Un and Bn is given, respectively, by

γUn(z, ζ) =

1

2

n∑
j=1

(1− |zj |2)2|ζj |2
 1

2

, if (z, ζ) ∈ Un × Cn,

and

γBn(z, ζ) =

[
(1− ||z||2)

n+ 1

(
||ζ||2 − | 〈z, ζ〉 |2

)] 1
2

, if (z, ζ) ∈ Bn × Cn.

Theorem 3.3. Let Ω1,Ω2 be domains in Cn and let ψ : Ω1 −→ Ω2

be a biholomorphic mapping. Then we have the following formula
n∑

j,k=1

gj,kΩ1
(z)ζj ζ̄k =

n∑
l,m=1

gl,mΩ2
(ψ(z))(tJψ−1(ψ(z))ζ̄)∗l (

tJψ−1(ψ(z))ζ̄)m,

where (Jψ−1(ψ(z))ζ)j denotes the j-th component of the vector Jψ−1(ψ(z))ζ.

Proof. By Theorem 2.7, we have the equality

(3.2) gΩ1
j,k(z) =

n∑
l,m=1

gΩ2
l,m(ψ(z))

∂ψl(z)

∂zj

∂ψm(z)

∂zk
, ∀j, k ∈ {1, 2, · · · , n}.

Hence if we use the following n× n matrices representations

A = (gΩ1
j,k(z)), B = (gΩ2

j,k(ψ(z))) & C = tJψ(z),

we can rewrite the equality (3.2) as A = CBC∗. Then since

A−1 = (C∗)−1B−1C−1 = (C−1)∗B−1C−1,

we get the equality, with ψ−1 =: (η1, · · · , ηn),

gj,kΩ1
(z) =

n∑
l,m=1

gl,mΩ2
(ψ(z))

∂ηl(ψ(z))

∂zj

∂ηm(ψ(z))

∂zk
, ∀j, k ∈ {1, 2, · · · , n}.

Hence we have
n∑

j,k=1

gj,kΩ1
(z)ζj ζ̄k =

n∑
l,m=1

gl,mΩ2
(ψ(z))(tJψ−1(ψ(z))ζ̄)∗l (

tJψ−1(ψ(z))ζ̄)m,

for all (z, ζ) ∈ Ω1 × Cn.
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Corollary 3.4. Let Ω1,Ω2 be domains in Cn and let ψ : Ω1 −→ Ω2

be a biholomorphic mapping. Then we have the following formula, for
all (z, ζ) ∈ Ω1 × Cn,

γΩ1(z, ζ) = γΩ2(ψ(z), Jψ−1(ψ(z))ζ̄).

In order to simplify the calculation, let us take a simple biholomorphic
mapping and check our assertion in Theorem 3.3 for the case of the
standard domains.

Example 3.5. For a point (a1, a2, · · · , an) ∈ Un fixed, the mapping
ψ : Un −→ Un defined by

ψ(z) =

(
a1 − z1

1− ā1z1
, · · · , an − zn

1− ānzn

)
is in Aut(Un) and ψ(ψ(z)) = z for all z ∈ Un. By the simple calculation
we have the diagonal matrix

Jψ−1(ψ(z)) =


− (1−ā1z1)2

1−|a1|2

− (1−ā2z2)2

1−|a2|2
. . .

− (1−ānzn)2

1−|an|2


and also, by Proposition 3.1, we have

gl,lUn(ψ(z)) =
1

2

(1− |al|2)2(1− |zl|2)2

|1− ālzl|4
, ∀l ∈ {1, 2, · · · , n}.

From these facts, we obtains the following equality

Jψ−1(ψ(z))(gi,jUn(ψ(z)))tJψ−1(ψ(z)) = (gi,jUn(z)).

In other words,
n∑

l,m=1

gl,mUn (ψ(z))(tJψ−1(ψ(z))ζ̄)∗l (
tJψ−1(ψ(z))ζ̄)m =

n∑
j,k=1

gj,kUn(z)ζj ζ̄k

for all (z, ζ) ∈ Un × Cn.

Example 3.6. In order to consider the case of the unit open n-ball
Bn ⊂ Cn, let us take a complex number a ∈ C with |a| < 1. Then the
mapping ψ : Bn −→ Bn defined by

ψ(z) =

(
a− z1

1− āz1
,−
√

1− |a|2
1− āz1

z2, · · · ,−
√

1− |a|2
1− āz1

zn

)
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is in Aut(Bn) and ψ(ψ(z)) = z for all z ∈ Bn. By the simple calculation
we have

Jψ−1(ψ(z)) =



− (1−āz1)2

1−|a|2 0 0 . . . 0
ā(1−āz1)

1−|a|2 z2 − 1−āz1√
1−|a|2

0 . . . 0

ā(1−āz1)
1−|a|2 z3 0 − 1−āz1√

1−|a|2
. . . 0

...
...

...
. . .

...
ā(1−āz1)

1−|a|2 zn 0 0 . . . − 1−āz1√
1−|a|2


and

(
gi,jBn

(ψ(z))
)
n×n

= α



1− |a−z1|2
|1−āz1|2

√
1−|a|2(ā−z̄1)

|1−āz1|2
z2 . . .

√
1−|a|2(ā−z̄1)

|1−āz1|2
zn√

1−|a|2(a−z1)

|1−āz1|2
z̄2 1− (1−|a|2)

|1−āz1|2
z̄2z2 . . . − 1−|a|2

|1−āz1|2
z̄2zn√

1−|a|2(a−z1)

|1−āz1|2
z̄3 − (1−|a|2)

|1−āz1|2
z̄3z2 . . . − 1−|a|2

|1−āz1|2
z̄3zn

...
...

. . .
...√

1−|a|2(a−z1)

|1−āz1|2
z̄n − 1−|a|2

|1−āz1|2
z̄nz2 . . . 1− (1−|a|2)

|1−āz1|2
z̄nzn


.

Here α = 1−||z||2
n+1

1−|a|2
|1−az̄1|2 . Therefore, the matrix multiplication

Jψ−1(ψ(z))
(
gi,jBn

(ψ(z))
)
tJψ−1(ψ(z))

results in a matrix expression

α



|1−az̄1|2
1−|a|2 (1− |z1|2) − |1−az̄1|

2

1−|a|2 z̄1z2 . . . − |1−az̄1|
2

1−|a|2 z̄1zn

− |1−az̄1|
2

1−|a|2 z̄2z1
|1−az̄1|2
1−|a|2 (1− |z2|2) . . . − |1−az̄1|

2

1−|a|2 z̄2zn

− |1−az̄1|
2

1−|a|2 z̄3z1 − |1−az̄1|
2

1−|a|2 z̄3z2 . . . − |1−az̄1|
2

1−|a|2 z̄3zn
...

...
. . .

...

− |1−az̄1|
2

1−|a|2 z̄nz1 − |1−az̄1|
2

1−|a|2 z̄nz2 . . . |1−āz1|2
1−|a|2 (1− |zn|2)


.

Equivalently,

Jψ−1(ψ(z))
(
gi,jBn

(ψ(z))
)
tJψ−1(ψ(z)) =

(
gi,jBn

(z)
)
.

Thus we have, for all (z, ζ) ∈ Bn × Cn,
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n∑
l,m=1

gl,mBn
(ψ(z))(tJψ−1(ψ(z))ζ̄)∗l (

tJψ−1(ψ(z))ζ̄)m

=
1− ||z||2

n+ 1
[(1− |z1|2)ζ̄1ζ1 − z1z̄2ζ̄1ζ2 − · · · − z1z̄nζ̄1ζn

− z2z̄1ζ1ζ̄2 + (1− |z2|2)ζ2ζ̄2 − · · · − z2z̄nζ̄2ζn

− znz̄1ζ1ζ̄n − znz̄2ζ2ζ̄n − · · ·+ (1− |zn|2)ζnζ̄n]

=

n∑
j,k=1

gj,kBn
(z)ζj ζ̄k.
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