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ABSTRACT 

This paper studies the assortment optimization problem in online retailing by using a multinomial logit model in order 
to take consumer choice behavior into account. We focus on two unique features of online purchase behavior: first, 
there exists increased amount of uncertainty (e.g., size and color of merchandize) in online shopping as customers 
cannot experience merchandize directly. This uncertainty is captured by the scale parameter of a Gumbel distribution; 
second, online shopping entails unique shopping-related disutility (e.g., waiting time for delivery and security con-
cerns) compared to offline shopping. This disutility is controlled by the changes in the observed part of utility function 
in our model. The impact of changes in uncertainty and disutility on the expected profit does not exhibit obvious 
structure: the expected profit may increase or decrease depending on the assortment. However, by analyzing the struc-
ture of the optimal assortment based on convexity property of the profit function, we show that the cardinality of the 
optimal assortment decreases and the maximum expected profit increases as uncertainty or disutility decreases. There-
fore, our study suggests that it is important for managers of online retailing to reduce uncertainty and disutility in-
volved in online purchase process. 
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1.  INTRODUCTION 

Assortment planning is defined as the specification 
of the set of products to be carried in a store in order to 
maximize profit margin (Kok et al., 2005). It has a sub-
stantial impact on sales and profit and it is one of the 
most important and challenging fields in academic study 
(Kok et al., 2005). Even though assortment planning is 
also a critical issue in online retailing (Jarvenpaa and 
Todd, 1997), there has been a lack of literature on this 
topic. Therefore, in this study we analyze how the opti-
mal assortment changes under online retailing frame-
work.  

We focus on two unique features of online retailing 
in this paper. First, online shopping involves more un-

certainty than offline shopping. When a customer buys 
merchandise offline, she can look, touch, and experience 
the product. On the other hand, in online shopping a cu-
stomer’s purchase decision usually resorts to virtual ap-
pearance such as pictures and video clips (Kolesar and 
Galbraith, 2000). Therefore, there could be more uncer-
tainty involved in online shopping in terms of size, wei-
ght, color, and performance of merchandize, amongst 
others. In addition, other factors such as product misrep-
resentations and misleading advertisement may intensify 
the degree of uncertainty. Secondly, shopping-related 
disutility exists under online shopping environment in-
cluding waiting time for delivery, order fulfillment glitches 
(e.g., wrong delivery), and security concerns (e.g., en-
cryption, authentication, and information leaks), which 
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may make customers uncomfortable (Rao et al., 2011; 
Monsuwé et al., 2004). Compared to offline shopping 
process, customers have to provide their personal infor-
mation and have to wait for delivery when they purchase 
online, which creates a variety of disutility.   

The difficulties of assortment planning come from 
the interdependency of products offered in an assortment. 
Therefore, consumer choice behavior, such as substi-
tution, should be incorporated into assortment planning. 
Recently, there is a growing stream of research on as-
sortment planning under consumer choice models 
(Mahajan and van Ryzin, 2001; Rusmevichientong and 
Topaloglu, 2012), but little literature studies this topic in 
regards to online retailing. Hence, we analyze the impact 
of uncertainty and shopping disutility on assortment plan-
ning in online retailing using a consumer choice model. 

In the coming sections, we first show that the effect 
of reducing uncertainty or disutility is not straightfor-
ward: the expected profit may increase or decrease de-
pending on the assortment. We then also show that the 
maximum expected profit increases and the size of the 
optimal assortment decreases as uncertainty or disutility 
reduces.  

2.  MODEL 

Consider an assortment optimization problem for a 
retailer: she needs to choose an assortment S to offer out 
of a set of products indexed by { }1, , .=N n  Let prod-
uct 0 denote the no-purchasing option. Let ∈ nf R  de-
note the associated vector of unit profits for N. Without 
loss of generality, we assume that profits are non-
negative and the products are indexed in non-increasing 
profit order: 1 2 0.≥ ≥ ≥nf f f  

We use a multinomial logit (MNL) choice model 
for the choice probability of customers. The MNL 
model is based on a random utility framework and it is 
widely used in marketing and operations literature (Kok 
et al., 2005). Each customer associates utility = +j jU V  

jε  with product { }0 .∈ ∪j N  We assume that ,jV  the 
observed part of utility or the expected utility, consists 
of two components for : ,j jj N V Y D∈ = −  where jY  de-
notes the utility from product j, and D represents the 
shopping-related disutility, e.g., waiting time for deliv-
ery and security concerns. Note that 0U  does not have 
component D because it is only associated with actual 
purchase transaction. We assume that 0 0≤V  and 0≥jV  

for ,∈j N  which implies that a customer incurs some 
visiting cost like searching cost and the observed part of 
utility is greater than the visiting cost for all products. 

The unobserved part { }, 0 ,∈ ∪j j Nε  follows a Gum-
bel distribution with shift parameter 0 and scale parame-
ter :σ  the distribution is given as { } (Pr X x exp exp≤ = −  
( ))x / ,− +σ γ  where γ is the Euler constant (≈ 0.577). 

Note that its mean is zero and variance is 
2 2 / 6σ π (Train, 

2009).  
The scale parameter governs the degree of uncer-

tainty in utility across customers. Here, we assume that 
the scale parameter captures the uncertainty involved in 
online shopping. Note that the scale parameter itself 
does not affect the expected utility directly, as the mean 
of jε  is zero regardless of the value of the scale parame-
ter. However, it is known that as the scale parameter 
increases, the relative probability of choosing a product 
with smaller expected utility increases (Train, 2009).  

Let : ( / )=j jw exp V σ  for { }0 .∈ ∪j N  The probability 
that a customer chooses product j from assortment S un-
der the MNL model is (Train, 2009): 0( ) /(= + ∑j jP S w w

i∈S
 

).iw  The assortment optimization problem is given by 

0
* : max ( ) : max .j

jj SS N S N ii S

w
S f

w w
π π

∈⊆ ⊆
∈

= =
+∑ ∑

 

It is shown that profit-ordered assortments are opti-
mal for this problem (Talluri and van Ryzin, 2004; Rus-
mevichientong and Topaloglu, 2012). This means that 
an optimal assortment is { }1, 2, , *k  for some * .k  For 
ease of exposition, we use ( )kπ  to denote { }( )1, 2, , .kπ  
Rusmevichientong and Topaloglu (2012) present a sim-
ple algorithm to find the largest optimal assortment. They 
show that ( 1)+kπ  is a convex combination of ( )kπ  and 

1 :+kf   

0 1 1
1

0 1 0 11 1

( 1) ( )= +
+

+ += =

+
+ = +

+ + + +

∑
∑ ∑

k
ii k

kk k
i k i ki i

w w wk k f
w w w w w w

π π  

Therefore, if 1 ( ),+ ≥kf kπ  we need to add product 
1+k  into the assortment to be offered in order to in-

crease the expected profit. Starting from product 1, we 
can find *k  that satisfies * ( * 1)≥ −kf kπ  and * 1 ( *).+ <kf kπ  
Then, { }1, 2, , *k  is the largest optimal assortment. Note 
that, from the convexity argument,  

if 1 ( ),+ ≥kf kπ  then 1 ( ),+ ≥kf kπ  for any .≥k k    (1) 

We focus on analyzing the impact of the changes in 
the uncertainty and the shopping disutility on the struc-
ture of optimal assortment and maximum profit. As we 
decrease uncertainty , exp( / )=j jw Vσ σ  increases for .∈j N  
On the other hand, 0w  increases because 0 0.<V  As we 
decrease shopping disutility , exp( / )=j jD w V σ  for ∈j N  

increases and 0w  stays the same. 
We use superscript 1 to denote the base parameters 

and superscript 2 to denote the changed parameters after 
we decrease uncertainty or shopping disutility. Then, 

1σ  
2> σ  or 

1 2>D D  which leads to the following: 
 

1 2
0 0≥w w  and 

1 2
j jw w<  for .∈j N   (2) 

3.  ANALYSIS 

Let 
1*k  and 

2*k  denote the last product of the larg-
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est optimal assortment and 
1π  and 

2π  denote the ex-
pected profit before and after we decrease uncertainty or 
shopping disutility respectively. In addition, let 

1*π  and 
2*π  denote the corresponding maximum expected profit: 
1* 1 1*( )= kπ π  and 

2* 2 2*( ).= kπ π   
We analyze how the changes in uncertainty or dis-

utility affect the expected profit function and assortment 
planning. We first show that the structure of the changes 
in 

1π  and 
2π  is not trivial because neither 

1( )kπ  nor 
2 ( )kπ  

dominates the other over all k.  
 

Lemma 1: Decreasing uncertainty or disutility does not 
guarantee improvement in expected profit for all profit-
ordered assortment: It is possible that 

2 1( ) ( )k kπ π<  for 
some k. 

 

We prove this property by illustrating a counterex-
ample. Suppose we have 7 products indexed in non-
increasing profit order. Table 1 shows the profit and the 
expected utility. Suppose we decrease uncertainty of 
online shopping process by reducing the scale parameter 
from 2 to 1.2.  

 
Table 1. Parameters of Each Product  

k 0 1 2 3 4 5 6 7 
fk 0 100 80 79 60 48 45 44
Vk -1 0.5 4 5 6 3 1 4 

1 22, 1.2.σ σ= =  
 
As we can see in Figure 1, the structure of 

1( )kπ  

and 
2 ( )kπ  is nontrivial: from 1=k  to 3, 

2 ( )kπ  is higher 
than 

1( );kπ  but from 4=k  to 6, 2 ( )kπ  is lower than  
1( );kπ  

for 
27, ( )≥k kπ  exceeds 

1( )kπ  again. Therefore, the ef-
fect of decreasing uncertainty or disutility on the struc-
ture of 

1( )kπ  and 
2 ( )kπ  is not obvious: it might increase 

or decrease the expected profit for given k. 
Although the impact of decreasing uncertainty or 

disutility on the expected profit is not obvious for each 
profit-ordered assortment, we identify its effects on the 
structural properties of the optimal assortment and the 
maximum expected profit. 
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Figure 1. Changes in the Expected Profit 

Proposition 1:  
a) The maximum expected profit increases as the uncer-

tainty or the shopping disutility decreases: 
1* 2*.<π π  

 
b) The cardinality of the largest optimal assortment de-

creases as the uncertainty or the shopping disutility 
decreases: 

1* 2*.k k≥  
 

Proof: Since we know that the optimal solution is profit-
ordered, we only need to investigate the value of objec-
tive function using the profit ordered assortment sequen-
tially. We prove the proposition by induction on k. 

 
Initialization: 1.=k  
 

1
1 1 1

1 1
0 1

(1) 0= >
+

w f
w w

π  and 

2
2 1 1

2 2
0 1

(1) 0.= >
+

w f
w w

π  

 
Therefore, product 1 should be included in the optimal 
assortment.  

 
2 1 1 2

2 1 1 1 0 1 0
1 1 2 2
0 1 0 1

( )(1) (1) 0.
( )( )

f w w w w
w w w w

π π −
− = >

+ +
 

 
Thus, 

2 1(1) (1).>π π  
 

Induction on k: Suppose 
2 1(k) (k).>π π  We proceed from 

1=k  only until we find 
2*.k  

 
Case 1: 

2 1
1( ) ( ) .+> > kk k fπ π  

From the convexity result, 
1* 2* .= =k k k  Therefore, by the 

induction assumption, 
2 2* 1 1*( ) ( ).>k kπ π  We do not need 

to proceed to product 1.+k   
 
Case 2: 

2 1
1( ) ( ).+> ≥kk f kπ π  

From the convexity result, 
2* =k k  and 

1*.<k k  In addi-
tion, 

2 2* 1 1*
1( ) ( ),+> ≥kk f kπ π  from (1). We do not need to 

proceed product to 1.+k   
 
Case 3: 

2 1
1 ( ) ( ).+ ≥ >kf k kπ π  

From the assumption,  
 

( )1 1 1
1 0 1 11

1 1 1
0 1

( ) 0.
+ = =

+

=

+ −
− = >

+

∑ ∑
∑

k k
k i i ii i

k k
ii

f w w w f
f k

w w
π  

 
Thus, 

1 1
1 0 11 ( ) 0.+ +=

+ − >∑ k
k i k iif w w f f             (3) 

 
The relationship between 

1( )kπ  and 
2 ( )kπ  is not 

straightforward in this case. We introduce an intermedi-
ate profit function to facilitate our analysis. Let  

 
1 2

1 11
1 1 2
0 11

( 1) : .+ +=

+=

+
+ =

+ +

∑
∑

k
i i k ki

k
i ki

w f w f
k

w w w
π  
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Then, we first compare this intermediate profit function 
with 

1( 1) :+kπ  
 
 

1( 1) ( 1)k kπ π+ − +  
1 2 1 1

1 1 1 11 1
1 1 2 1 1 1
0 1 0 11 1

k k
i i k k i i k ki i

k k
i k i ki i

w f w f w f w f

w w w w w w
+ + + += =

+ += =

+ +
= −

+ + + +

∑ ∑
∑ ∑

 

( ) ( )( )
( )( )

2 1 1 1
1 1 1 0 11

1 1 2 1 1 1
0 1 0 11 1

+ + + +=

+ += =

− + −
=

+ + + +

∑
∑ ∑

k
k k k i k ii

k k
i k i ki i

w w f w w f f

w w w w w w
 

0,>  from (2) and (3).  
 

Next, we compare this intermediate profit function with 
2 ( 1) :+kπ  

 
2 ( 1) ( 1)+ − +k kπ π  

2 2 1 2
1 1 1 11 1

2 2 2 1 1 2
0 1 0 11 1

+ + + += =

+ += =

+ +
= −

+ + + +

∑ ∑
∑ ∑

k k
i i k k i i k ki i

k k
i k i ki i

w f w f w f w f

w w w w w w
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0,>  from (2). 
 

Thus, 
2 1( 1) ( 1) ( 1).+ > + > +k k kπ π π  From the assumption 
2 1

1 ( ) ( ),+ ≥ >kf k kπ π  we need to include 1+k  to both of 
the optimal assortments and proceed to product 1+k  

with the property of 
2 1( 1) ( 1).+ > +k kπ π  We will stop at 

some k when we reach case (1) or (2). Therefore, we 
conclude that 

1* 2*<π π  and 
1* 2*.≥k k ■ 

 
From the lemma and the proposition, we show that 

the impact of decreasing uncertainty or disutility on the 
structure of the optimal assortment and the maximum 
expected profit: Proposition 1-a and Lemma 1 show that 
the maximum expected profit increases as we decrease 
uncertainty or disutility although the expected profit of 
each profit-ordered assortment may not; Proposition 1-b 
states that the cardinality of the optimal assortment de-
creases as we decrease uncertainty or disutility, which 
might not be very intuitive.  

The previous example demonstrates the proposition: 
the maximum expected profit increases ( )1* 2*<π π  and 
the optimal assortment shrinks from { }1, 2, 3  to { }1, 2 .  Note 
that we do not include product 3 into the optimal assort-
ment because 3f  is lower than 

2 (2).π   

4.  DISCUSSION 

In this study, we analyze the impact of the changes 
in uncertainty and shopping disutility on assortment plan-

ning in online retailing. We use the scale parameter of 
an MNL model to capture the change in uncertainty and 
use the fixed component of expected utility to capture 
the changes in disutility. It is shown that the impact of 
the changes on the expected profit is not conclusive: the 
expected profit may increase or decrease depending on 
the assortment. However, we prove that the largest opti-
mal assortment shrinks and the maximum expected profit 
increases as uncertainty or disutility decreases.  

Uncertainty and shopping-related disutility involved 
in online markets are major concerns for customers. By 
reducing the magnitude of them, managers can increase 
profit and decrease the size of optimal assortment. This 
reduced size of assortment can result in additional advan-
tages by decreasing the complexity and the cost of in-
ventory management through improved product avail-
ability, and reduced handling cost (Kok et al., 2005). 
There could be various ways to decrease uncertainty: 
managers can provide more high quality images, sound 
and video applications, detailed information, reliable re-
views, and online live support (Lohse and Spiller, 1999). 
Shopping-related disutility can be reduced by improving 
security, lead-time, and delivery reliability. 

Even though we mainly focus on online shopping 
because uncertainty and disutility issues are more pro-
minent under online shopping environment, these issues 
also exist in offline shopping. The main results of this 
paper can be carried over to offline shopping environ-
ment as well. 

A limitation of this study is that we used an MNL 
model, which exhibits independence from irrelevant al-
ternatives (IIA) property (Train, 2009). Introducing gen-
eralized extreme value models can resolve this problem. 
This paper can be extended by incorporating pricing 
decisions into the optimization model as simultaneous 
optimization on pricing and assortment planning is one 
of the most important issues in online retailing. In addi-
tion, incorporating competition into the basic model is 
another direction of future research. 
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