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This work presents an accurate finite-difference time-domain 
(FDTD) dispersive modeling of concrete materials with 
different water/cement ratios in 50 MHz to 1 GHz. A quadratic 
complex rational function (QCRF) is employed for dispersive 
modeling of the relative permittivity of concrete materials. To 
improve the curve fitting of the QCRF model, the Newton 
iterative method is applied to determine a weighting factor. 
Numerical examples validate the accuracy of the proposed 
dispersive FDTD modeling. 

Keywords: FDTD, dispersive media, concrete materials, 
Newton iterative method. 

I. Introduction 

The finite-difference time-domain (FDTD) method [1]-[4] is 
highly suitable for the transient analysis of electromagnetic 
wave propagation in the existence of concrete materials in a 
wide range of research areas, such as wireless indoor 
communication systems [5], ground-penetrating radar [6], 
nondestructive testing [7], and high-power electromagnetics [8]. 
In the FDTD method, it is of great importance to accurately 
represent dispersive characteristics of concrete materials. 
Nevertheless, dispersive modeling of concrete materials has 
not been considered in most previous literature. So far, the 
extended one-pole Debye model [9], the Cole-Cole model [9], 
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and the Jonscher model [10] have been suggested to represent 
frequency dependency of concrete materials. Among these 
dispersion models, the Cole-Cole model and the Jonscher 
model show agreement with the measured complex relative 
permittivity of concrete materials. However, dispersive FDTD 
modeling of these two models cannot be easily employed due 
to overwhelming computational burdens because fractional 
derivatives are involved in their equations [11]. Based on a 
quadratic complex rational function (QCRF), in this work, 
FDTD dispersive modeling suitable for concrete materials is 
presented. To improve the accuracy of the QCRF model, the 
Newton iterative method is employed to determine a weighting 
factor (WF) of the weight least square method (WLSM) for the 
QCRF model. Numerical examples illustrate the accuracy of 
the proposed dispersive FDTD model. 

II. QCRF-Based Dispersive FDTD for Concrete 
Materials 

We employ the QCRF model for the relative complex 
permittivity of concrete materials:  
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where the A0, A1, A2, B1, and B2 coefficients can be determined 
by solving a 5×5 matrix inversion without any initial values 
[12]. Since the permittivity of concrete materials shows rapid 
variations below 100 MHz, WLSM is introduced to improve 
the accuracy of QCRF. WLSM emphasizes the places where 
the significant variation of the dispersion curve occurs by 
giving more weights. Toward this purpose, a WF is multiplied 
to the matrix equation of the QCRF model. In this work, we 
define WF(ωi) = (1/ωi)α, for which α is optimized by the  
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Fig. 1. Error depending on α with various WCRs. Symbols
indicate minimum error. 
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Newton iterative method. Note that we choose 0≥α  because 
the complex relative permittivity of concrete materials varies 
rapidly at low frequencies. To determine the best α, the root 
mean square error (Erms) is estimated by comparing the QCRF 
model with the measured relative permittivity data of concrete 
materials: 
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where εr,data(ωi) is the measured relative permittivity from [9] 
and [13]. The Newton iterative method is applied to minimize 
this error. To validate the accuracy of the proposed method, 
measured data for five concrete materials, each with a different 
water/cement ratio (WCR), is used. The accuracy of two cases, 
unweighted QCRF (α = 0) and Newton-optimized QCRF, is 
shown in Fig. 1. As shown in this figure, Newton-optimized 
QCRF always yields better results than unweighted QCRF. 
Table 1 summarizes the optimal α, the corresponding error, and 
the final QCRF coefficients. It turns out that the errors are 0.2% 
to 4%. Even though the 4% error seems high, it is significantly 
decreased from 25% by applying the proposed method. Note 
that the real part of the poles on the jω plane should be negative 
to satisfy the Krammer-Kronig relations, that is, the causality 
condition [14]. This requirement is satisfied when the 
coefficients of the denominator (B1 and B2) are positive. 
Concrete materials are lossy, and the QCRF model thus meets 
this stability criterion (see Table 1). 

As shown in Fig. 2, we compare the QCRF model and the 
measured data for the real and imaginary parts of the complex 
relative permittivity of concrete materials. For comparison, we 
also consider the extended one-pole Debye model [9]. The 
QCRF model agrees well with the measured data, but the  

Table 1. Optimal α, corresponding error, and QCRF coefficients. 

 WCR 0.55 WCR 12 WCR 5.5 WCR 2.8 WCR 0.2

α 3.2708 3.1263 3.1010 3.1577 3.1814 

Erms 3.828% 4.044% 1.627% 0.922% 0.268%

A0 30.902 60.757 18.846 13.003 4.842 

A1 6.16e–8 1.69e–7 9.48e–8 1.03e–7 1.37e–8 

A2 9.84e–18 3.49e–17 2.44e–17 2.61e–17 3.23e–18 

B1 4.71e–9 1.45e–8 1.27e–8 1.74e–8 2.96e–9 

B2 1.21e–18 4.78e–18 4.28e–18 5.16e–18 7.29e–19 
 

 

 

Fig. 2. Relative complex permittivity of various concrete
samples. QCRF model (solid lines), extended one-pole
Debye model (dashed line), and measured data
(symbols). (a) Real part and (b) imaginary part. 
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extended one-pole Debye model does not fit with the measured 
data. It is worthy of noting that the relative permittivity of the 
measured data in [9] is larger than that of the measured data in 
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[13], even though the WCR of the former is smaller than that 
of the latter. This can be explained by the fact that the relative 
permittivity of concrete materials depends not only on WCR 
but on such other factors as aggregates, porosity, and 
incubation time [13]. 

The FDTD update equations can be obtained by using the 
constitutive relation, that is, D(ω) = ε0εr,QCRF(ω)E(ω), and then 
applying the inverse Fourier transform and standard difference 
scheme [1]. For example, the update equation of Ex is written 
as 

1 1 1 1,n n n n n n
x a x b x c x d x e xE c E c E c D c D c D+ − + −= + + + +      (3) 

where ca = –2(a0–a2)/(a1+a2), cb = (a1–a2)/(a1+a2), cc = (b1+b2)/ 
(a1+a2), cd = 2(b0–b2)/(a1+a2), and ce = –(b1–b2)/(a1+a2), with 
a0 = A0Δt2, a1 = A1Δt, a2 = 2A2, b0 = Δt2/ε0, b1 = B1Δt/ε0, and 
b2 = 2B2/ε0. The update equations of Ey and Ez can be written in 
a simiar fashion, and the update equations of D and H can be 
straightfowardly obtained by employing the standard 
difference scheme for Maxwell’s curl equations. Note that the 
computational costs (computational time and memory 
requirement) of the QCRF-based FDTD are significantly less 
than those of other dispsersive FDTD models involving 
fractional derivatives [11], such as the Cole-Cole model and the 
Jonscher model. 

III. Numerical Examples 

To validate the accuracy of the proposed dispersive FDTD, 
both theoretical results and nondispersive FDTD results are 
used for the concrete sample presented in [9]. First, the 
accuracy of QCRF-based dispersive FDTD is verified against 
theory. In a 1D simulation, a uniform plane wave is incident 
from air to the concrete region at z=0. The reflection coefficient 
(Γ) and the transmission coefficient (τ) are calculated at z=0. 
For the theoretical values, ( ) ( )1 0 1 0/Γ η η η η= − + and 

( )1 1 02 /τ η η η= +  are calculated, where 0 0 0/η μ ε=  
and 1 0 0 ,data/ ( )rη μ ε ε ω= . As shown in Fig. 3, both 
coefficients from the QCRF-based dispersive FDTD agree 
very well with those of the theoretical approach. 

In addition, the QCRF-based dispersive FDTD is compared 
with the nondispersive FDTD. The simulation is performed on 
a 2D space (100 × 100 cells), and a square-shaped concrete 
region (20 × 20 cells) is located at the center of the simulation 
region. The source point is located 30 cells away from the 
center of the concrete region. Four different cases 
(Δs = 0.2 mm, 1 mm, 5 mm, and 10 mm) are considered in this 
simulation, where Δs indicates the FDTD grid size. Note that 
the largest FDTD grid size is approximately 1/10 of 
wavelength at the maximum frequency (1 GHz). We calculate 

 

Fig. 3. Reflection and transmission coefficients of concrete
sample. Solid lines and symbols represent QCRF-based 
dispersive FDTD and theory, respectively. (a) 
Amplitude of reflection and transmission coefficients 
and (b) angle of reflection and transmission coefficients.
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the propagation loss at the center of the concrete region 
(Loss 1) and at the outside of the concrete region, 30 cells away 
from the center (Loss 2). In the nondispersive FDTD 
simulation, a DC-offset sine wave [15] is excited and many 
simulations are performed over the frequency of interests. In 
this simulation, conventional FDTD update equations for lossy 
dielectrics [1], [8] are used and the values of relative 
permittivity and conductivity are used from the measured data 
[9]. Note that only one simulation is performed under a 
differential-Gaussian-modulated sine wave excitation for the 
QCRF-based dispersive FDTD, and the frequency response 
can be obtained by the discrete Fourier transform [16]. As 
illustrated in Fig. 4, both simulations show agreement. Note 
that the physical sizes of the concrete region are different for 
four cases, and different spectral behaviors for the propagation 
loss are thus observed. 

IV. Conclusion 

We developed QCRF-based FDTD dispersive algorithms 
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Fig. 4. Propagation loss. Solid lines and symbols represent
QCRF-based dispersive FDTD and non-dispersive
FDTD, respectively. (a) Loss 1 and (b) Loss 2. 
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suitable for the analysis of concrete materials in 50 MHz to 
1 GHz. The Newton iterative method was applied to improve 
the accuracy of dispersive modeling of concrete materials. The 
accuracy of the proposed dispersive FDTD for concrete 
materials was verified through numerical examples. Although 
the proposed QCRF-based FDTD dispersive modeling of 
concrete materials was presented for the frequency range of  
50 MHz to 1 GHz, it can be straightforwardly extended to 
other frequency ranges whenever the measured relative 
permittivity data of concrete materials are available. 
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