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SHARPENED FORMS OF THE SCHWARZ LEMMA

ON THE BOUNDARY

Bülent Nafi Örnek

Abstract. In this paper, a boundary version of the Schwarz lemma is
investigated. We obtain more general results at the boundary. Also,
new inequalities of the Schwarz lemma at boundary is obtained and the
sharpness of these inequalities is proved.

1. Introduction

The classical Schwarz lemma states that a holomorphic function f mapping
the unit disc D into itself, with f(0) = 0, satisfies the inequality |f(z)| ≤ |z|
for any point z ∈ D ([3], p. 381).

Let f be a holomorphic function on D, f(0) = 1 and |f(z)− ε| < ε for
|z| < 1, where ε is real number and 1

2 < ε ≤ 1.
Consider the functions

ϑ(z) =
f(z)− ε

ε
and

ω(z) =
ϑ(z)− ϑ(0)

1− ϑ(0)ϑ(z)
.

ϑ(z) and ω(z) are holomorphic functions in the disc D, |ω(z)| < 1 for |z| < 1
and ω(0) = 0. Therefore, from the Schwarz lemma, we obtain

(1.1) |f(z)| ≤ ε
1 + |z|

ε+ (1− ε) |z|

and

(1.2) |f ′(0)| ≤
2ε− 1

ε
.

Equality is achieved in (1.1) (for some nonzero z ∈ D) or in (1.2) if and only if

f(z) is the function of the form f(z) = ε 1+zeiθ

ε+(1−ε)zeiθ , where θ is a real number.
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It is an elementary consequence of Schwarz lemma that if f extends contin-
uously to some boundary point z0 with |z0| = 1, and if |f(z0)| = 1 and f ′(z0)
exists, then |f ′(z0)| ≥ 1, which is known as the Schwarz lemma on the bound-

ary. Applying inequality (5) in ([2], p. 330) to the function f(z)
z

, we arrive at
the following generalization of the Schwarz lemma [2]:

(1.3) |f(z)| ≤ |z|
|z|+ |f ′(0)|

1 + |z| |f ′(0)|
, z ∈ D.

If, in addition, the function f has an angular limit f(z0) at z0 ∈ ∂D, |f(z0)| =
1, then by Julia-Wolff-Lemma the angular derivative f ′(z0) exists and 1 ≤
|f ′(z0)| ≤ ∞ [5]. Then, passing to the angular limit in (1.3), we arrive at the
boundary Schwarz lemma [4]

(1.4) |f ′(z0)| >
2

1 + |f ′(0)|
.

In (1.3) for real z and in the left-hand-side inequality in (1.4) for z0 = 1,
equality occurs for the function f(z) = z (z + a) / (1 + az) , 0 ≤ a ≤ 1.

It follows that

(1.5) |f ′(z0)| > 1,

with equality only if f is of the form f(z) = zeiθ, θ real.
Moreover, if f(z) = cpz

p + cp+1z
p+1 + · · · , then

(1.6) |f ′(z0)| > p+
1− |cp|

1 + |cp|
.

It follows that

(1.7) |f ′(z0)| > p,

with equality only if f is of the form f(z) = zpeiθ, θ real.
Previously, R. Osserman, examined sharp Schwarz inequality at the bound-

ary (see [4]). Afterwards, the Schwarz inequality that has been obtained by V.
Dubinin is strengthened (see [1]).

We will obtain more general results at the boundary. In the following theo-
rems, new inequalities of Schwarz inequality at the boundary are obtained and
the sharpness of these inequalities is proved.

Theorem 1.1. Let f be a holomorphic function in the disc D, f(0) = 1 and

let |f(z)− ε| < ε for |z| < 1, where ε is real number and 1
2 < ε ≤ 1. Further

assume that, for some z0 ∈ ∂D, f has an angular limit f(z0) at z0, f(z0) = 2ε.
Then

(1.8) |f ′(z0)| ≥ ε (2ε− 1) .

The equality in (1.8) holds if and only if

f(z) = ε
1 + zeiθ

ε+ (1− ε) zeiθ
,
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where θ is a real number.

Proof. Let

(1.9) ω(z) =
ϑ(z)− ϑ(0)

1− ϑ(0)ϑ(z)
.

The function ω(z) is holomorphic in the unit disc D, |ω(z)| < 1 for |z| < 1,
ω(0) = 0 and |ω(z0)| = 1 for z0 ∈ ∂D.

From (1.5), we obtain
(1.10)

1 ≤ |ω′(z0)| =
1− |ϑ(0)|

2

∣

∣

∣1− ϑ(0)ϑ(z0)
∣

∣

∣

2 |ϑ′(z0)| =
1−

(

1−ε
ε

)2

(

1− 1−ε
ε

)2

|f ′(z0)|

ε
=

|f ′(z0)|

(2ε− 1) ε
.

Therefore, we have

|f ′(z0)| ≥ ε (2ε− 1) .

If |f ′(z0)| = ε (2ε− 1) from (1.10) and |ω′(z0)| = 1, we obtain

f(z) = ε
1 + zeiθ

ε+ (1− ε) zeiθ
.

�

Theorem 1.2. Under the same assumptions as in Theorem 1.1, we have

(1.11) |f ′(z0)| ≥
2ε (2ε− 1)2

(2ε− 1) + ε |f ′(0)|
.

The inequality (1.11) is sharp with equality for the function

f(z) = ε
1 + 2az + z2

ε+ az + (1− ε) z2
,

where a=
ε|f ′(0)|
(2ε−1) is arbitrary number from [0, 1] (see (1.2)) .

Proof. Let ω(z) be the same as in the proof of Theorem 1.1. Using inequality
(1.4) for the function ω(z), we obtain

2

1 + |ω′(0)|
≤ |ω′(z0)| =

|f ′(z0)|

(2ε− 1) ε
,

2

1 + ε|f ′(0)|
(2ε−1)

≤
|f ′(z0)|

(2ε− 1) ε

and

|f ′(z0)| ≥
2ε (2ε− 1)

2

(2ε− 1) + ε |f ′(0)|
.

Now, we shall show that the inequality (1.11) is sharp. Choose arbitrary a ∈
[0, 1]. Let

f(z) = ε
1 + 2az + z2

ε+ az + (1− ε) z2
.
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Then

f ′(z) = ε
(2a+ 2z)

(

ε+ az + (1− ε) z2
)

− (a+ 2 (1− ε) z)
(

1 + 2az + z2
)

(ε+ az + (1− ε) z2)
2

and

f ′(1) = 2ε
2ε− 1

1 + a
.

Since a=
ε|f ′(0)|
(2ε−1) , (1.11) is satisfied with equality. �

If f(z) = 1 + cpz
p + cp+1z

p+1 + · · · , p ≥ 1, is a holomorphic function in D
and |f(z)− ε| < ε for |z| < 1, where ε is real number and 1

2 < ε ≤ 1, then

|f(z)| ≤ ε
1 + |z|p

ε+ (1− ε) |z|
p

and

(1.12) |cp| ≤
2ε− 1

ε
.

Theorem 1.3. Let f(z) = 1+ cpz
p + cp+1z

p+1 + · · · , p ≥ 1, be a holomorphic

function in the disc D and let |f(z)− ε| < ε for |z| < 1, where ε is real number

and 1
2 < ε ≤ 1. Further assume that, for some z0 ∈ ∂D, f has an angular limit

f(z0) at z0, f(z0) = 2ε. Then

(1.13) |f ′(z0)| ≥ pε (2ε− 1) ,

with equality (1.13) if and only if f(z) is the function of the form

f(z) = ε
1 + zpeiθ

ε+ (1− ε) zpeiθ
,

where θ is a real number.

Proof. Using inequality |f ′(z0)| ≥ p for the function ω(z), we obtain

|ω′(z0)| ≥ p.

So,
(1.14)

p ≤ |ω′(z0)| =
1− |ϑ(0)|

2

∣

∣

∣1− ϑ(0)ϑ(z0)
∣

∣

∣

2 |ϑ′(z0)| =
1−

(

1−ε
ε

)2

(

1− 1−ε
ε

)2

|f ′(z0)|

ε
=

|f ′(z0)|

(2ε− 1) ε
.

If |f ′(z0)| = pε (2ε− 1) from (1.14) and |ω′(z0)| = p, we obtain

f(z) = ε
1 + zpeiθ

ε+ (1− ε) zpeiθ
.

�
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Theorem 1.4. Under the same assumptions as in Theorem 1.3, we have

(1.15) |f ′(z0)| ≥ ε (2ε− 1)

(

p+
2ε− 1− ε |cp|

2ε− 1 + ε |cp|

)

.

The inequality (1.15) is sharp with equality for the function

f(z) = ε
1 + bz + bzp + zp+1

ε+ εbz + (1− ε) (zp+1 + bzp)
,

where b=
ε|cp|

(2ε−1) is an arbitrary number on [0, 1] (see (1.12)).

Proof. Using inequality (1.6) for the function ω(z), we obtain

p+
1− |ap|

1 + |ap|
≤ |ω′(z0)| =

|f ′(z0)|

(2ε− 1) ε
,

where |ap| =
|ω(p)(0)|

p! =
ε|cp|

(2ε−1) . Therefore, we take

p+
1−

ε|cp|
(2ε−1)

1 +
ε|cp|

(2ε−1)

≤
|f ′(z0)|

(2ε− 1) ε

and

|f ′(z0)| ≥ ε (2ε− 1)

(

p+
2ε− 1− ε |cp|

2ε− 1 + ε |cp|

)

.

The equality in (1.15) is obtained for the function

f(z) = ε
1 + bz + bzp + zp+1

ε+ εbz + (1− ε) (zp+1 + bzp)
,

as show simple calculations. �

Theorem 1.5. Let f(z) = 1+ cpz
p + cp+1z

p+1 + · · · , p ≥ 1, be a holomorphic

function in the disc D and let |f(z)− ε| < ε for |z| < 1, where ε is real number

and 1
2 < ε ≤ 1. Further assume that, for some z0 ∈ ∂D, f has an angular limit

f(z0) at z0, f(z0) = 2ε. Let b1, b2, . . . , bn be zeros of the function f(z)− 1 in

D that are different from zero. Then we have the inequality

(1.16) |f ′(z0)| ≥ ε (2ε− 1)









p+

n
∑

k=1

1− |bk|
2

|z0 − bk|
2 +

(2ε− 1)
n
∏

k=1

|bk| − ε |cp|

(2ε− 1)
n
∏

k=1

|bk|+ ε |cp|









.

In addition, the equality in (1.16) occurs for the function

f(z) = ε

1 + zp
n
∏

k=1

z−bk
1−bkz

ε+ (1− ε) zp
n
∏

k=1

z−bk
1−bkz

,

where b1, b2, . . . , bn are positive real numbers .
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Proof. Consider the functions

ω(z) =
ϑ(z)− ϑ(0)

1− ϑ(0)ϑ(z)
, B(z) =

n
∏

k=1

z − bk

1− bkz
.

ω(z) and B(z) are holomorphic functions in D, and |ω(z)| < 1, |B(z)| < 1 for
|z| < 1. By the maximum principle for each z ∈ D, we have

|ω(z)| < |B(z)| .

The composite function

Φ(z) =
ω(z)

B(z)
=

ϑ(z)− ϑ(0)

1− ϑ(0)ϑ(z)

1
n
∏

k=1

z−bk
1−bkz

is a holomorphic function in D, and |Φ(z)| < 1 for |z| < 1, Φ(0) = 0 and
|Φ(z0)| = 1 for z0 ∈ ∂D.

Moreover, it can be seen that

z0ω
′(z0)

ω(z0)
= |ω′(z0)| ≥ |B′(z0)| =

z0B
′(z0)

B(z0)
.

Besides, with the simple calculations, we take

|B′(z0)| =
z0B

′(z0)

B(z0)
=

n
∑

k=1

1− |bk|
2

|z0 − bk|
2 .

Using inequality (1.6) for the function Φ(z), we obtain

p+
1− |dp|

1 + |dp|
≤ |Φ′(z0)| =

∣

∣

∣

∣

z0ω
′(z0)

ω(z0)
−

z0B
′(z0)

B(z0)

∣

∣

∣

∣

= {|ω′(z0)| − |B′(z0)|} ,

where |dp| =
|Φ(p)(0)|

p! .

Since |dp| =
|Φ(p)(0)|

p! =
ε|cp|

(2ε−1)
n∏

k=1

|bk|
, we may write

p+

1−
ε|cp|

(2ε−1)
n∏

k=1

|bk|

1 +
ε|cp|

(2ε−1)
n∏

k=1

|bk|

≤
1−

(

1−ε
ε

)2

(

1− 1−ε
ε

)2

|f ′(z0)|

ε
−

n
∑

k=1

1− |bk|
2

|z0 − bk|
2

=
|f ′(z0)|

(2ε− 1) ε
−

n
∑

k=1

1− |bk|
2

|z0 − bk|
2 .

Therefore, we take inequality (1.16).
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The equality in (1.16) is obtained for the function

f(z) = ε

1 + zp
n
∏

k=1

z−bk
1−bkz

ε+ (1− ε) zp
n
∏

k=1

z−bk
1−bkz

,

as show simple calculations. �
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