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UNION-SOFT SETS WITH APPLICATIONS IN
BCK/BCI-ALGEBRAS

YOUNG BAE JuN

ABSTRACT. The aim of this article is to lay a foundation for providing
a soft algebraic tool in considering many problems that contain uncer-
tainties. In order to provide these soft algebraic structures, the notion of
union-soft sets is introduced, and its application to BC K /BCI-algebras is
considered. The notions of union-soft algebras, union-soft (commutative)
ideals and closed union-soft ideals are introduced, and related properties
and relations are investigated. Conditions for a union-soft ideal to be
closed are provided. Conditions for a union-soft ideal to be a union-soft
commutative ideal are also provided. Characterizations of (closed) union-
soft ideals and union-soft commutative ideals are established. Extension
property for a union-soft commutative ideal is established.

1. Introduction

Various problems in system identification involve characteristics which are
essentially non-probabilistic in nature [24]. In response to this situation Zadeh
[25] introduced fuzzy set theory as an alternative to probability theory. Un-
certainty is an attribute of information. In order to suggest a more general
framework, the approach to uncertainty is outlined by Zadeh [26]. To solve
complicated problem in economics, engineering, and environment, we can’t
successfully use classical methods because of various uncertainties typical for
those problems. There are three theories: theory of probability, theory of fuzzy
sets, and the interval mathematics which we can consider as mathematical tools
for dealing with uncertainties. But all these theories have their own difficulties.
Uncertainties can’t be handled using traditional mathematical tools but may
be dealt with using a wide range of existing theories such as probability the-
ory, theory of (intuitionistic) fuzzy sets, theory of vague sets, theory of interval
mathematics, and theory of rough sets. However, all of these theories have their
own difficulties which are pointed out in [22]. Maji et al. [19] and Molodtsov
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[22] suggested that one reason for these difficulties may be due to the inade-
quacy of the parametrization tool of the theory. To overcome these difficulties,
Molodtsov [22] introduced the concept of soft set as a new mathematical tool
for dealing with uncertainties that is free from the difficulties that have trou-
bled the usual theoretical approaches. Molodtsov pointed out several directions
for the applications of soft sets. At present, works on the soft set theory are
progressing rapidly. Maji et al. [19] described the application of soft set theory
to a decision making problem. Maji et al. [18] also studied several operations
on the theory of soft sets. Chen et al. [7] presented a new definition of soft set
parametrization reduction, and compared this definition to the related concept
of attributes reduction in rough set theory. The algebraic structure of set the-
ories dealing with uncertainties has been studied by some authors. Cagman et
al. [6] introduced fuzzy parameterized (FP) soft sets and their related prop-
erties. They proposed a decision making method based on FP-soft set theory,
and provided an example which shows that the method can be successfully
applied to the problems that contain uncertainties. Feng [8] considered the ap-
plication of soft rough approximations in multicriteria group decision making
problems. Feng et al. [10] established an interesting connection between two
mathematical approaches to vagueness: rough sets and soft sets. Aktas and
Cagman [2] studied the basic concepts of soft set theory, and compared soft sets
to fuzzy and rough sets, providing examples to clarify their differences. They
also discussed the notion of soft groups. After than, many algebraic properties
of soft sets are studied (see [1, 3, 9, 12, 13, 14, 15, 16, 17, 23, 27]). In [5],
Cagman and Enginoglu defined soft matrices which are representations of soft
sets. This representation has several advantages. It is easy to store and ma-
nipulate matrices and hence the soft sets represented by them in a computer.
They also constructed a soft decision making which is more practical and can
be successfully applied to many problems that contain uncertainties without
using the rough sets and fuzzy soft sets.

The goal of this article is to lay a foundation for providing a soft algebraic
tool in considering many problems that contain uncertainties. In order to
provide these soft algebraic structures, we first introduce the notion of union-
soft sets, and consider its application to BCK/BCI-algebras. We introduce
the notions of union-soft algebras, union-soft (commutative) ideals and closed
union-soft ideals. We display several examples, and investigate related prop-
erties and relations. We provide conditions for a union-soft ideal to be closed,
and give conditions for a union-soft ideal to be a union-soft commutative ideal.
We discuss characterizations of (closed) union-soft ideals and union-soft com-
mutative ideals. We establish extension property for a union-soft commutative
ideal.
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2. Preliminaries

A BCK/BCI-algebra is an important class of logical algebras introduced
by K. Iséki and was extensively investigated by several researchers.

An algebra (X;x,0) of type (2,0) is called a BCI-algebra if it satisfies the
following conditions:

(I) (Va,y,z € X) ((zxy) * (x* 2)) *
(D) (Vz,y € X) ((zx (zxy)) xy =0),
(IlI) (Vz € X) (zxx =0),
(IV) Vo,ye X) (zxy=0,yxx=0 = z =1y).
If a BCI-algebra X satisfies the following identity:
(V) (Vxz e X) (0xx =0),
then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the
following axioms:
(al) Vz € X) (z*0=x),
(a2) Vo,y,z€ X)) (z <y => xxz<yx*xz, zxy < z*x),
(a3) (Vz,y,z € X) (z*xy)*x2z= (v *2)xy),
(ad) (Va,y,z€ X) ((z*2)* (y*2) <xzx*xy),
where x < y if and only if x x y = 0. In a BCI-algebra X, the following hold:
(b1) (Va,y € X) (zx (x* (zxy)) =z *y),
(b2) (Va,y € X) (0 (zxy) = (0xz) (0 xy)).
A BCK-algebra X is s said to be commutative if t Ny =y Ax for all z,y € X
where © Ay = y x (y x ). A nonempty subset S of a BCK/BCI-algebra X
is called a subalgebra of X if x xy € S for all x,y € S. A subset A of a
BCK/BCI-algebra X is called an ideal of X if it satisfies:

(2.1) 0e A,
(2.2) VreX)Vye A)(zxye A = x€A).

A subset A of a BCK-algebra X is called a commutative ideal if it satisfies
(2.1) and

(2.3) (Ve,ye X)(Vze A) ((z*xy)xz2€ A = xx(y*x(yxx)) € A).

Observe that every commutative ideal is an ideal, but the converse is not true
(see [20]).

(zxy)=0),

Theorem 2.1. An ideal A of a BCK -algebra X is commutative if and only if
the following implication holds:

(2.4) (Ve,ye X)(zxye A = zx(yx(yxx)) € A).

We refer the reader to the books [11, 20] for further information regarding
BCK/BCI-algebras.

A soft set theory is introduced by Molodtsov [22], and Cagman et al. [4]
provided new definitions and various results on soft set theory.
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In what follows, let U be an initial universe set and F be a set of parameters.
We say that the pair (U, F) is a soft universe. Let &(U) denotes the power
set of U and A,B,C,... C E.

Definition 2.2 ([4, 22]). A soft set .Z4 over U is defined to be the set of
ordered pairs

Fa = {(‘TafA(x)) rx € E, fA(x) € '@(U)}v
where fa: E — P(U) such that fa(z) =0if z ¢ A.

The function f4 is called the approximate function of the soft set % 4. The
subscript A in the notation f4 indicates that f4 is the approximate function
of ﬁA.

In what follows, denote by S(U) the set of all soft sets over U by Cagman
et al. [4].

Definition 2.3 ([18]). Let .# 4,95 € S(U). We say that .Z4 is a soft subset of
9p, denoted by F4C Fp, if

(i) AC B,

(ii) (Ve € A) (fa(e) and gp(e) are identical approximations) .

3. Union-soft sets

In this section, let U denote an initial universe set and assume that E, a set
of parameters, has a binary operation ~- .

Definition 3.1. For any non-empty subset A of F, let %4 € S(U). Then %4
is called a union-soft set over U if it satisfies:

(3.1) (Vo,y € A)(z~~y €A = falz~y) C falz)Ufaly)).

Example 3.2. (1) Suppose that there are five houses in the initial universe
set U given by
U = {hi1,ha,h3, ha, hs}.
Let a set of parameters E = {e1,e2,€e3,e4} be a set of status of houses which
k2 “

stand for the parameters “beautiful”, “cheap”, “in good location” and “in green
surroundings”, respectively, with the following binary operation:

~ | €1 €2 €3 €4
€1 €1 €1 €1 €
€ | e2 €1 €1 €2
€3 | €3 €3 €1 €3
€4 | €4 €4 €4 €

(1) Consider a soft set .Fp over U as follows:

Fg = {(617 {h37 h4})7 (62, {h27 hs, h4})7 (63, {hQa h3, ha, h5})7 (64, {hla hs, h4}>}

Then .#g is a union-soft set over U.
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(2) Let B = {ey,e2,e4} C E. Then the soft set ¥ over U which is given by
Yp = {(615 {hlv h5})7 (625 {hla h35 h5})5 (635 @), (645 {hla h?a h35 h5})}

is a union-soft set over U.

Theorem 3.3. Let F4,95 € S(U) be such that F4 is a soft subset of ¥g. If
Y is a union-soft set over U, then so is F4.

Proof. Let x,y € A with x ~ y € A. Then x ~ y € B since A C B. Hence

fa(z ~y) =gp(r~y) Cgp(r)Ugply) = falz) U fa(y).

Therefore .% 4 is a union-soft set over U. O

The converse of Theorem 3.3 may not be true as seen in the following ex-
ample.

Example 3.4. Let U = {hq, ha, hs, ha, h5} be the initial universe set which
consists of five houses. Let a set of parameters E = {e1, ea, €3,e4} be a set of
status of houses which stand for the parameters “beautiful”, “cheap”, “in good
location” and “in green surroundings”, respectively, with the following binary
operation:

~ | €1 €2 €3 €4

€1 €1 €2 €3 €4

€2 | €2 €1 €3 €2

€3 | €3 €4 €1 €2

€4 | €4 €3 €2 €1

Let A = {e1,ea} C FE and consider a soft set Zg over U as follows:
Fa = {(e1,{h1, h3}), (€2, {1, h3, ha}), (e3,0), (es,0)} .
Then .% 4 is a union-soft set over U. Consider a soft set ¥g over U as follows:
9n = {(e1,{h1, hs}), (e2, {1, h3, ha}), (€3, {h2, ha}), (e, {ha, hs})} .
Then %4 is a soft subset of ¥g. But ¥g is not a union-soft set over U since
g(es ~ es) = gplea) = {h1, hs, ha}t € {ha, ha, hs} = gp(es) U gp(es).

Let #4 € S(U) and let 7 C U. Then the T-exclusive set of %, is defined to
be the set

e(ZFa;m):={xecA| falx) C7}.

Obviously, we have the following properties:
(1) e(Fa;U) = A.
(2) fa(@)=n{r CU|x€e(Fa;7)}.
(3) (Vr, 2 CU) (1 C12 = e(Fa;n1) Ce(Fa;12)).
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4. Union-soft algebras in BCK/BCI-algebras

Definition 4.1. Let (U, E) = (U, X) where X is a BCK/BCI-algebra. Given
a subalgebra A of E, let .#4 € S(U). Then %4 is called a union-soft algebra
over U if the approximate function fa of %4 satisfies:

(4.1) (Va,y € A) (falz xy) C fa(z) U fa(y)) .

Example 4.2. Let (U,E) = (U, X) where X = {0,q,b} is a BCK-algebra
with the following Cayley table:

Let 71, 72 and 73 be subsets of U such that 7 C 75 C 73. Define a soft set Fg
over U as follows:

I = {(Oa Tl)’ (aa 7-2)5 (ba TS)} .
Routine calculations show that #g is a union-soft algebra over U.

Example 4.3. Let (U, E) = (U, X) where X = {0,qa,b,c} is a BCK-algebra
with the following Cayley table:

* | 0 a b ¢

0/0 0 0 O

ala 0 0 a

blb b 0 b

cle ¢ ¢ O
Let {7y, 72, 73,74} be a class of subsets of U which is a poset with the following
Hasse diagram: T4

T2 T3

1

Define a soft set .5 over U as follows:
jE = {(07 7_1)7 (a’a T3)7 (ba T4)a (C, 7_2)} .
Routine calculations show that % is a union-soft algebra over U.

Example 4.4. Let (U, E) = (U, X) where X = {0,a,b, ¢,d} is a BCK-algebra
with the following Cayley table:

QUL O R O %
Qo o2 oo
QU O O O
QU0 OO0 o
QL O T Q O
S0 R Ol
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Let {71, 72, 73,74} be a class of subsets of U which is a poset with the following
Hasse diagram:

T4 T3

T2

T1
For a subalgebra A = {0, a, b, c} of E, define a soft set F4 over U as follows:
yA = {(Oa Tl)a (aaTQ)a (ba 7-3)) (C, 7-4)’ (da (Z))} .

Routine calculations show that %4 is a union-soft algebra over U.

Theorem 4.5. Let (U, E) = (U, X) where X is a BCK/BCI-algebra. Given
a subalgebra A of E, let F4 € S(U). Then F4 is a union-soft algebra over U
if and only if the nonempty T-exclusive set of F4 is a subalgebra of A for all
T CU.

Proof. Assume that %4 is a union-soft algebra over U. Let 7 C U and z,y €
e(Fa;7). Then fa(z) C 7 and fa(y) C 7. It follows from (4.1) that fa(xxy) C
fa(@)U fa(y) C 7. Hence x xy € e(F4; 7). Therefore e(:F4;7) is a subalgebra
of A.

Conversely, suppose that the nonempty 7-exclusive set of %4 is a subalgebra
of AforallT CU. Let z,y € A besuch that f4(z) = 7 and fa(y) = 72. Taking
T =7 U7y implies that o,y € e(Fa;7), and so x xy € e(Fa; 7). Hence

falxxy) CT=m1UT = fa(z) U faly).
Therefore .# 4 is a union-soft algebra over U. O
Proposition 4.6. Let (U, E) = (U,X) where X is a BCK/BCI-algebra.

Given a subset A of E, let Fa € S(U). If F4 is a union-soft algebra over
U, then the approrimate function fa of Fa satisfies

(4.2) (Vo € A) (f4(0) C fa(x)) .
Proof. It 0 ¢ A, then f4(0) =0 C fa(z) for all z € A. If 0 € A, then
fa(0) = faz x x) C fa(x) U fa(z) = fa(z)
for all x € A. O

Proposition 4.7. Let (U, E) = (U, X) where X is a BCI-algebra. Given a
subalgebra A of E, let F4 € S(U). If F4 is a union-soft algebra over U, then
the approximate function fa of Fa satisfies

(4.3) (V,y € A) (fa(z+ (0xy)) € fa(z) U faly)).
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Proof. Using Proposition 4.6, we have
fa(@=(0xy)) C fa(z)U fa(0xy)
C fa(@) U fa(0) U faly) = fa(x) U fa(y)
for all z,y € A. O
Proposition 4.8. Let (U, E) = (U,X) where X is a BCK/BCI-algebra.
Given a subalgebra A of E, let 4 € S(U). If F4 is a union-soft algebra
over U, then the approximate function fa of Fa satisfies

(Vz,y € A) (fa(zxy) C faly) & fa(z) = fa(0)).

Proof. Assume that fa(z xy) C fa(y) for all z,y € A. Taking y = 0 induces
fa(x) = fa(z x0) C f(0). It follows from (4.2) that fa(x) = fa(0) for all
xz e A

Conversely, suppose that fa(z) = f4(0) for all z € A. Then

fa(zxy) C fa(z)U faly) = fa(0) U faly) = faly)
for all z,y € A. O

Theorem 4.9. Let (U, E) = (U, X) where X is a BCK/BCI-algebra. Given
a subalgebra A of E, let F4 € S(U). Let F4 € S(U) with the approzimate
function f} defined by

fa:E—2U), zH{ falz) if x€e(FasT),

U otherwise.
If F 4 is a union-soft algebra over U, then so is F}.

Proof. If %4 is a union-soft algebra over U, then e(Z4;7) is a subalgebra of
AforallT CU. Let x,y € A. If 2,y € e(Fa;7), then x xy € e(F4;7) and so

falwxy) = falwxy) C fa(@) U faly) = fa(z) U faly)-
Ifx ¢ e(Fa;7)ory ¢ e(Fa;T), then fi(x) =U or fi(y) = U. Thus
fal@#y) CU = fi(z) U fily).

Therefore #7 is a union-soft algebra over U. O

5. Union-soft ideals in BCK/BCI-algebras

Definition 5.1. Let (U, E) = (U, X) where X is a BCK/BCI-algebra. Given
a subalgebra A of E, let %4 € S(U). Then %4 is called a union-soft ideal over
U if the approximate function f4 of %4 satisfies (4.2) and

(5.1) (Vz,y € A) (fa(z) C fa(z xy) U faly)) -

Example 5.2. The soft set #4 over U in Example 4.4 is a union-soft ideal
over U.



UNION-SOFT SETS WITH APPLICATIONS IN BCK/BCI-ALGEBRAS 1945

Example 5.3. Let (U, E) = (U, X) where X = {0,1,2,a,b} is a BCI-algebra
with the following Cayley table:

*|10 1 2 a b
0/]0 0 O a a
1{1 0 1 b a
212 2 0 a a
ala a a 0 O
blb a b 1 0

Let {71, 72,73, 74,75} be a class of subsets of U which is a poset with the fol-
lowing Hasse diagram: Ts

T4

T2 T3

T1
Define a soft set .Zg over U as follows:
jE = {(07 7_1)7 (15 T2)7 (25 T3)a (av 7_4)5 (bv 7_5)} .
Then .#g is a union-soft ideal over U.

Example 5.4. Let (U, E) = (U, X) where X = {2" | n € Z} is a BCI-algebra

with a binary operation “+” (usual division). Let .#g € S(U) be defined by
. T1 if n Z 0,
]‘};.E%@(U),:EH{T2 i <0,

where 7 and 75 are subsets of U with 71 C 75. Then Fg is a union-soft ideal
over U,

Lemma 5.5. Let (U, E) = (U, X) where X is a BCK/BCI-algebra. Given a
subalgebra A of E, let F4 € S(U). If F4 is a union-soft ideal over U, then

(5.2) (Vz,ye A)(x<y = fa(z) S faly).
Proof. Let x,y € A be such that x < y. Then x xy = 0, and so

fa(x) C fa(z*xy)U faly) = fa(0) U faly) = faly)
by (5.1) and (4.2). O

Proposition 5.6. Let (U,E) = (U,X) where X is a BCK/BCI-algebra.
Given a subalgebra A of E, let 4 € S(U). If F4 is a union-soft ideal over U,
then the approximate function fa of F 4 satisfies:

(1) (Vo,y,2 € A) (falz*y) € falz*x2)U falzxy)).
(2) (Vo,y € A) (fa(z xy) = fa(0) = fa(z) C fa(y)).
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Proof. Since (x *y) x (x * z) < z %y, it follows from Lemma 5.5 that
fa((wxy)* (2% 2)) C fa(z xy).
Hence
fa(wxy) C fa((zxy)* (x5 2)) U falz * 2)
C fa@*2)U falz ).
(2) If fa(z*xy) = fa(0), then
fa(@)  fa(z xy) U faly) = fa(0) U faly) = faly)

for all z,y € A. O
Proposition 5.7. Let (U, E) = (U, X) where X is a BCK/BCI-algebra. For

any union-soft ideal F 4 where A is a subalgebra of E, the following conditions
are equivalent:

(1) (Va,y € A) (fa(z xy) C fal(zxy) xy)).
(2) (Vo,y,2 € A) (fa((zx2) x (y*2)) C fa((z xy) *2)).

Proof. Assume that (1) is valid and let z,y, 2z € A. Since
it follows from (a3), (1) and (5.2) that
fal(@x2) * (y x2)) = fa((z = (y * 2)) x 2)
C fall(w = (y*2))*z) x2) C fal(z xy) * 2).
Conversely, suppose that (2) holds. If we take y = z in (2), then
fallxx2)*2) D fal(x*x2) % (2% 2)) = fal(x*2) % 0) = fa(z*2)
by (III) and (al). This proves (1). O

Theorem 5.8. Let (U, E) = (U, X) where X is a BCK -algebra. Then every
union-soft ideal is a union-soft algebra.

Proof. Let %4 be a union-soft ideal over U where A is a subalgebra of E. Note
that x xy < z for all z,y € E. Using Lemma 5.5, we have

fa(zxy) C fa(x) C falz*y)U faly) C fa(z) U fa(y).
Hence .Z 4 is a union-soft algebra over U. ]

If X is a BC'I-algebra, then Theorem 5.8 is not true as seen in the following
example.

Example 5.9. Let (Y, *,0) be a BCI-algebra and let (Z,—,0) be the adjoint
BCT-algebra of the additive group (Z,+,0) of integers. Let (U, E) = (U, X)
where X = Y x Z is a BCI-algebra with a binary operation ® defined as
follows:

(V(m,m), (yan) €X) ((mam) ® (y,n) = ('T *Y,m — n)) .
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For a subset A =Y x (NU{0}) of X, let .%4 be a soft set over U in which the
approximate function f, is given by

T ifxreA,
U otherwise,

fa:E—2U), (x,m)— {
where 7 C U. Then %4 is a union-soft ideal over U. Note that (0,2) € A and
(0,3) € A, but (0,2) ® (0,3) = (0,—1) ¢ A. Thus
fA((Oa 2) ® (0’3)) =U 7¢— T = fA(Oa 2) U fA(0a3)-
Therefore %4 is not a union-soft algebra over U.

Proposition 5.10. Let (U, E) = (U, X) where X is a BCK/BCI-algebra.
Given a subalgebra A of E, let F4 € S(U). If F4 is a union-soft ideal over U,
then the approximate function fa satisfies the following condition:

(5.3) (Vz,y,2 € A) (z*xy <z = falz) C faly) U fa(2)).

Proof. Let x,y,z € A be such that x x y < z. Then (z xy) * z = 0, and so
fa(@xy) C fa((xxy) *2) U fa(z) = fa(0) U fa(2) = fa(z)

by (5.1) and (4.2). It follows that

fa(x) C fa(z*y)U faly) C fa(y) U fa(z).
This completes the proof. (I

Proposition 5.11. Let (U, E) = (U, X) where X is a BCK/BCI-algebra.
Given a subalgebra A of E, let F4 € S(U). If the approximate function fa of
F4 satisfies (4.2) and (5.3), then F4 is a union-soft ideal over U.

Proof. Note that z * (x xy) <y by (II), and thus fa(z) C fa(z*xy)U fa(y) by
(5.3). Therefore .7 4 is a union-soft ideal over U. O

The following could be easily proved by induction.

Corollary 5.12. Let (U, E) = (U, X) where X is a BCK/BCI-algebra. Given
a subalgebra A of E, let F4 € S(U) satisfy the condition (4.2). Then F4 is
a union-soft ideal over U if and only if the approzimate function fa of Fa
satisfies: for all x,a1,a9,...,a, € A,

HU*HCM =0 = fa(z)C U fa(as),
i=1 i=1,2,...,n
where xx [[ a; = (-~ (x *xa1) *---) *ay.
i=1

Proposition 5.13. Let (U, E) = (U, X) where X is a BCK -algebra such that
(5.4) (xxa)xb=0,

(5.5) ax[Ja: =0,
1=1
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m

(5.6) bx[[b;=0

j=1
for all x,a,b,a1,a9,...,a,, by,ba, ... by € X. If F4 is a union-soft ideal over
U, then the approzimate function fa of Fa satisfies: for all x,a1,as,...,an,

bl,bg,...,bmeA,

Proof. The condition (5.4) implies from (a3) that (x*xb)*xa =0, i.e., xxb < a.
It follows from (a2), (a3) and (5.5) that

(x*ﬁal) *bga*ﬁai:0
i=1 i=1

so that (ac * [] ai) xb=0,1ie., z* [[a <0b. Using (a2), (a3) and (5.6), we
i=1 i=1
have

fa@) € (falas) U fa(hy)

for all z,a1,a2,...,a,, b1,b2,...,b;y € A. O

Theorem 5.14. Let (U, E) = (U, X) where X is a BCK/BCI-algebra. Given
a subalgebra A of E, let F4 € S(U). If F4 is a union-soft ideal over U, then
the nonempty T-exclusive set of Fa is an ideal of A for all T C U.

Proof. Assume that .%,4 is a union-soft ideal over U. Let 7 C U be such that
e(Fa;7) # 0. Then fa(z) C 7 for some z € A. It follows from (4.2) that
fa(0) C fa(x) € 7. Hence 0 € e(Fa;7). Let 2,y € A be such that x xy €
e(Fa;7)and y € e(Fa;7). Then fa(zxxy) C 7 and fa(y) C 7. It follows from
(5.1) that

fa(@) € fa(@=y) U faly) C 7.
Thus « € e(F4; 7). Therefore e(-F4;7) is an ideal of A. O
Theorem 5.15. Let (U, E) = (U, X) where X is a BCK/BCI-algebra. Given

a subalgebra A of E, let 4 € S(U). If the nonempty T-exclusive set of Fa is
an ideal of A for all T C U, then F4 is a union-soft ideal over U.
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Proof. Assume that the nonempty T-exclusive set of %4 is an ideal of A for all
7 CU. Then 0 € e(:#4; 7). If there exists a € A such that f4(0) € fa(a), then
fa(0) & 7 for 7 = fa(a) \ fa(0). Hence 0 ¢ e(.#4), a contradiction. Therefore
fa(0) C fa(zx) for all z € A. Let z,y € A be such that fa(z *xy) = 11 and
faly) = 2. Let us take 7 = 7y UTa. Then x %y € e(Fa;7) and y € e(Fa; 7).
Since e(.Z4;7) is an ideal of A, it follows from (2.2) that « € e(% ;7). Hence
fal@) CT=1Um = fa(xxy)U fa(y). Consequently, %4 is a union-soft ideal
over U. O

Definition 5.16. Let (U, E) = (U, X) where X is a BCI-algebra. Given a
subalgebra A of F, let .#4 € S(U). A union-soft ideal .%4 over U is said to be
closed if the approximate function fu of %4 satisfies:

(5.7) (Vo € A) (fa0%2) C falw)).
Example 5.17. The union-soft ideal .#g in Example 5.3 is closed.

Note that if F = X is a BCK-algebra, then every union-soft ideal over U
is closed. The following example shows that if £ = X is a BCI-algebra, then
there exists a union-soft ideal over U which is not closed.

Example 5.18. In Example 5.4, the union-soft ideal % over U is not closed
since

fE (1 - 22) = fE (2_2) = T2 g T = fE(l) U fE (22) .
Theorem 5.19. Let (U, E) = (U, X) where X is a BCI-algebra. Then a

union-soft ideal over U is closed if and only if it is a union-soft algebra over U.

Proof. Let 4 be a union-soft ideal over U. If F4 is closed, then f4(0*x) C
fa(x) for all x € A. Tt follows from (5.1) that

fa(xxy) C fa((xxy)*z) U fa(z) = fa(0xy) U fa(z) C fa(z)U fa(y)
for all x,y € A. Hence %4 is a union-soft algebra over U.

Conversely, if %4 is a union-soft algebra over U, then

fa(0xz) C fa(0)U fa(z) = fa(x)
for all z € A. Therefore .% 4 is closed. O
Let X be a BCI-algebra and B(X) := {z € X | 0 < z}. For any € X and

n € N, we define " by

ot =z, 2" =z % (0% 2™).

If there is an n € N such that 2™ € B(X), then we say that x is of finite periodic
(see [21]), and we denote its period |z| by

|z] = min{n € N| 2" € B(X)}.
Otherwise, x is of infinite period and denoted by |z| = co.

Theorem 5.20. Let (U, E) = (U, X ) where X is a BCI-algebra in which every
element is of finite period. Then every union-soft ideal over U is closed.
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Proof. Let #g be a union-soft ideal over U. For any « € F, assume that |z| = n.
Then 2" € B(X). Note that
(02" sz =(0%(0x (02" ")) xa
= (0x2)* (0 (0*2" "))
=0 (zx (02" ")) =0x2" =0,
and so fg ((0% 2" 1) xx) = f(0) C f(z) by (4.2). It follows from (5.1) that
(5.8) fe(0x2" ") C fg ((0%2" ") x2) U fe(z) C fe(z).
Also, note that
(0x2"?) sz = (0x(0x(0%2"?))) *z
= (0xz)* (0 (0%2"?))
=0x (z* (O*z"iQ)) =0xz" !,
which implies from (5.8) that
fe((0x2" ) xz) = fg (0xa""") C fu(z).
Using (5.1), we have
e (0*z"72) Cfe ((0 *z"iQ) *x) U fe(z) C fe(x).

Continuing this process, we have fg(0* xz) C fg(x) for all z € E. Therefore
g is closed. O

6. Union-soft commutative ideals in BC K-algebras

Definition 6.1. Let (U, FE) = (U, X) where X is a BCK-algebra. Given a
subalgebra A of E,let %4 € S(U). Then %4 is called a union-soft commutative
ideal over U if it satisfies (4.2) and

(6.1) (Va,y,2 € A) (falz = (y* (y*2))) C fa((z*y)*2)U fa(2)).

Example 6.2. Let (U, E) = (U, X) where X = {0,a,b,c} is a BCK-algebra
with the following Cayley table:

o R O *
o o"Q Oolo
o 8 O Ol
0O oo
oS ot Q Oflo

Define a soft set Fg over U by
Fp = {(Oa 1), (a’T?))’ (ba 7‘3), (C, TQ)}a

where 71 C 79 € 73 C U. Routine calculations give that #g is a union-soft

=

commutative ideal over U.
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Example 6.3. Let (U, E) = (U, X ) where X = {0, 1,2,3,4} is a BCK-algebra
with the following Cayley table:

*x{0 1 2 3 4
0|0 0 0 0 O
111 0 0 1 1
212 1 0 2 2
313 3 3 0 3
414 4 4 4 0
Let {71, 72,73, 74} be a class of subsets of U which is a poset with the following
Hasse diagram: T4
T3 T2
T1

Define a soft set .Zg over U as follows:
yE = {(OaTl)a (1aT3)a (25 T3)a (SaTQ)a (4a7-4)} .
Routine calculations show that .#g is a union-soft commutative ideal over U.

Theorem 6.4. Let (U, E) = (U, X) where X is a BCK-algebra. Then any
union-soft commutative ideal over U is a union-soft ideal over U.

Proof. Let %4 be a union-soft commutative ideal over U where A is a subal-
gebra of E. If we take y = 0 in (6.1) and use (al) and (V), then

fa(@) = fa(x+ (0% (0x2))) C fa((x%0)x2) U fa(z) = fa(w*2) U fa(z)

for all z,z € A. Hence %4 is a union-soft ideal over U. O
The following example shows that the converse of Theorem 6.4 is not true.

Example 6.5. Let (U, E) = (U, X) where X = {0, a,b,c,d} is a BCK-algebra
with the following Cayley table:

QO T OO
QU O O O
QU O © 2 O
o OO oo
O OO OOl

*k
0
a
b
c
d
Define a soft set g € S(U) by

FE = {(Oa Tl)a (avTQ)a (bv 7_3)7 (Ca 7—3)7 (dv 7_3)}5

where 71 C 79 € 73 C U. Routine calculations give that #g is a union-soft

=

ideal over U. But it is not a union-soft commutative ideal over U since

fE(b*(cx(cxb) =1L 1 = fe((bxc)*x0)U fg(0).
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We provide conditions for a union-soft ideal over U to be a union-soft com-
mutative ideal over U.

Theorem 6.6. Let (U, E) = (U, X) where X is a BCK-algebra. Given a
subalgebra A of E, let F4 € S(U). Then F4 is a union-soft commutative ideal
over U if and only if F4 is a union-soft ideal over U satisfying the following
condition:

(6.2) (Va,y € A) (fa(z x (y* (y*2))) C fa(zr*y)).

Proof. Assume that %4 is a union-soft commutative ideal over U. Then .%4
is a union-soft ideal over U by Theorem 6.4. Taking z = 0 in (6.1) and using
(4.2) and (al), we have (6.2).

Conversely, let %4 be a union-soft ideal over U satisfying the condition (6.2).
Then

(6.3) (Vo,y,z € A) (fa(zxy) C fa((z*y) *2) U fa(?))
by (5.1). Combining (6.2) and (6.3) induces (6.1). Hence .#4 is a union-soft
commutative ideal over U. 1

Corollary 6.7. Let (U, E) = (U, X) where X is a BCK-algebra and Fg €
S(U). Then Fg is a union-soft commutative ideal over U if and only if Fg is
a union-soft ideal over U satisfying the following condition:

(Vz,y € E) (fe(z* (y* (y*))) C fe(r*y)).

Theorem 6.8. Let (U, E) = (U, X) where X is a commutative BCK -algebra.
Then every union-soft ideal over U is a union-soft commutative ideal over U.

Proof. Let %4 be a union-soft ideal over U, where A is a subalgebra of E. Note
that

(@ x (y* (y x @) * (zxy) *2)) * 2
(@ % (y* (y x2))) * 2) % ((x % y) * 2)
zx (yx (y*x)))* (2 xy)
)

*(zxy)) * (y* (y*z)) =0,
that is, ((x * (y* (y* 2))) * ((x *xy) * 2)) < z for all z,y,z € A. It follows from
Proposition 5.10 that

fala s (y = (y ) S fa(((wxy)*2)) U falz).

Therefore %4 is a union-soft commutative ideal over U. O

(
(
< (
(
)

Theorem 6.9. Let (U, E) = (U, X) where X is a BCK-algebra. Given a
subalgebra A of E, let F4 € S(U) in which the following conditions are valid:

(i) (Vao,y € A) (w* (xxy) <y*(y*2)),
(ii) Za is a union-soft ideal over U.

Then F4 is a union-soft commutative ideal over U.
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Proof. For any x,y € A, we have

(@x (yx(y*2)*(xy) = (wx(@xy))*(y*(y*2)) =0
by (a3) and (i). Hence z * (y * (y x x)) < x xy for all z,y € A, which implies
from Lemma 5.5 that fa(x * (y * (y*x))) C fa(x *y). Using Theorem 6.6, we
conclude that %4 is a union-soft commutative ideal over U. [l

Using the notion of 7-exclusive sets, we consider a characterization of a
union-soft commutative ideal.

Theorem 6.10. Let (U, E) = (U, X) where X is a BCK-algebra, Given a
subalgebra A of E, let F4 € S(U). Then the following are equivalent.
(1) F4 is a union-soft commutative ideal over U.
(2) The nonempty T-exclusive set of F4 is a commutative ideal of A for
any T C U.

Proof. Assume that %4 is a union-soft commutative ideal over U. Let 7 be a
subset of U such that e(.Z4;7) # 0. Then fa(xz) C 7 for some z € A, which
implies from (4.2) that f4(0) C fa(z) C 7. Hence 0 € e(Fa;7). Let z,y,z € A
be such that (z xy) x z € e(F4;7) and z € e(F4;7). Then fa((x xy)*x2) C T
and fa(z) C 7. It follows from (6.1) that

72 fal(zxy) * 2) U fa(z) 2 falz* (y* (y x 1))
so that @ x (y * (y x x)) € e(Fa; 7). Therefore e(F4;7) is a commutative ideal
of A for any 7 C U.

Conversely, suppose that the nonempty 7-exclusive set of %4 is a commuta-
tive ideal of A for any 7 C U. Then e(F4;7) is a subalgebra of A. Let z,y € A
be such that fa(x) = 7 and fa(y) = 7o. Taking 7 = 71 U 72 implies that
x,y €e(Fa;7), and so x xy € e(Fa;7). Thus

falwxy) ST =mUm = fa(z)U faly),
which implies that f4(0) = fa(x xz) C fa(z) for all z € A. Let z,y,z € A be
such that fa((x *xy) *z) =7 and fa(z) = 72. Let us take 7 = 74 U 72. Then
(xxy)xz € e(Fa;7) and z € e(F4; 7). Since e(.F4;7) is a commutative ideal,
it follows from (2.3) that = * (y * (y * z)) € e(Fa; 7). Hence
falx(yx(y*xx))) CT=m1Um2 = fa((z*xy) *x2)U fa(z).
Therefore .74 is a union-soft commutative ideal over U. [l

The commutative ideals e(.#.4;7) in Theorem 6.10 are called the ezclusive
commutative ideals of F 4.

Theorem 6.11. Let (U, E) = (U, X) where X is a BCK -algebra and let F4 €
S(U). For a subset T of U, define a soft set % over U by

if ¢ € e(Fa;T),
otherwise.

fiE—2U), $»—>{ éA(x)

If Z 4 is a union-soft commutative ideal over U, then so is F}.
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Proof. If %4 is a union-soft commutative ideal over U, then e(%4;7) is a
commutative ideal of A for any 7 C U. Hence 0 € e(Z4;7), and so f3(0) =
fa(0) C fa(x) C fi(x) forall z € A. Let z,y,2 € A. If (x*y)*x2z € e(Fa;7)
and z € e(F4;7), then x * (y* (y *xx)) € e(Fa;7) and so
Fal@ s (y* (y ) = falz*(y*(yxx)))
C fal(zxy)* 2) U fa(z) = fa((z x y) x 2) U fi(2).
If (xsy)*z ¢ e(Fa;7)or z¢ e(Fa;T), then fi((xxy)xz) =U or fi(z) =U.
Hence
Fal s (y*(y =) CU = fal(x*y)=2)U fi(z).

This shows that .#} is a union-soft commutative ideal over U. (]
Theorem 6.12. Let (U, E) = (U, X) where X is a BCK-algebra. Then any

commutative ideal of E can be realized as an exclusive commutative ideal of
some union-soft commutative ideal over U.

Proof. Let A be a commutative ideal of E. For any subset 7 C U, let %4 be a
soft set over U defined by
T ifzxeA,
U ifx¢ A
Obviously, fa(0) C fa(z) for all x € E. For any z,y,z € E, if (xxy)*xz€ A
and z € A, then z * (y % (y xx)) € A. Hence

fal(xy) x2)U fa(z) = 7 = fa(z + (y * (y * 2)))-
If (xxy)x2z¢ Aorz¢ A, then fa((x xy)*z) =U or fa(z) = U. It follows
that

fa: E—= 2U), :c»—>{

fal@=(y*(y*x))) CU = fal(zxy)*2) U fa(2).
Therefore %4 is a union-soft commutative ideal over U, and clearly e(F4;7) =
A. This completes the proof. (]

Theorem 6.13 (Extension property). Let (U, E) = (U, X) where X is a BCK -
algebra. Given subalgebras A and B of E, let Fa, %p € S(U) such that

(i) FaClTB,

(ii) Zp is a union-soft ideal over U.
If F 4 is a union-soft commutative ideal over U, then so is .Fp.
Proof. Let 7 C U be such that e(%p;7) # 0. From the condition (ii) and
Theorem 5.14, we know that e(.#p; 7) is an ideal. Assume that .74 is a union-
soft commutative ideal over U. Then e(%#4;7) is a commutative ideal for every
7 CU. Let z,y € E and 7 C U be such that x xy € e(Fp; 7). Since

(zx (zxy))ry=(vxy)x(@xy) =0€ e(Fa;),

it follows from (a3), Theorem 2.1 and (i) that

(z* (y = (y* (z*(x*y))))) * (v *y)
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= (z*(xxy) x(yx(y=*(zx(x*y)))) €e(Fa;7) Ce(Fp;T)
so that
(6.4) z* (y* (y* (z*(xxy))) € e(Fp;7)

since e(.Zp; 1) is an ideal and x * y € e(%p; 7). Note that z * (z xy) < z, and
S0

yx(y*(zx(xxy))) <y=*(y*z)
by (a2). Hence

(6.5) zx(y* (yrx)) <as(yx(yx (@ (rxy)))

Using (6.4) and (6.5), we get = * (y * (y xx)) € e(Fp;7). Thus e(Fp;7) is a
commutative ideal by Theorem 2.1, and so %p is a union-soft commutative
ideal over U by Theorem 6.10. O
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