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LAGUERRE CHARACTERIZATIONS
OF HYPERSURFACES IN R"

SHICHANG SHU AND YANYAN LI

ABSTRACT. Let z : M — R"™ be an n — 1-dimensional hypersurface in
R™, L be the Laguerre Blaschke tensor, B be the Laguerre second fun-
damental form and D = L + AB be the Laguerre para-Blaschke tensor
of the immersion z, where A is a constant. The aim of this article is to
study Laguerre Blaschke isoparametric hypersurfaces and Laguerre para-
Blaschke isoparametric hypersurfaces in R™ with three distinct Laguerre
principal curvatures one of which is simple. We obtain some classification
results of such isoparametric hypersurfaces.

1. Introduction

In Laguerre differential geometry, T. Li and C. Wang [5] studied invariants of
hypersurfaces in Euclidean space R™ under the Laguerre transformation group.
The Laguerre transformations are the Lie sphere transformations which take
oriented hyperplanes in R” to oriented hyperplanes and preserve the tangential
distance.

Let UR™ be the unit tangent bundle over R™. An oriented sphere in R™ cen-
tered at p with radius r can be regarded as the oriented sphere {(z,£) | x —p =
r€} in UR™, where z is the position vector and & the unit normal vector of
the sphere. An oriented hyperplane in R™ with constant unit normal vec-
tor ¢ and constant real number ¢ can be regarded as the oriented hyperplane
{(z,8) | z- & = ¢} in UR™. A diffeomorphism ¢ : UR™ — UR"™ which takes
oriented spheres to oriented spheres, oriented hyperplanes to oriented hyper-
planes, preserving the tangential distance of any two spheres, is called a La-
guerre transformation. All Laguerre transformations in UR™ form a group of
dimension M, called Laguerre transformation group. An oriented hy-
persurface  : M — R™ can be identified as the submanifold (z,£) : M — UR"™,
where ¢ is the unit normal of x. Two hypersurfaces x,x* : M — R"™ are called
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Laguerre equivalent, if there is a Laguerre transformation ¢ : UR® — UR"
such that (z*,£*) = ¢ o (z,&) (see [4]).

In [5], T. Li and C. Wang gave a complete Laguerre invariant system for hy-
persurfaces in R™. They proved that two umbilical free oriented hypersurfaces
in R™ with non-zero principal curvatures are Laguerre equivalent if and only if
they have the same Laguerre metric g and Laguerre second fundamental form
B. We should notices that the Laguerre geometry of surfaces in R? has been
studied by Blaschke in [1] and other authors in [3, 6, 7].

Let R2™ be the space R"*3 equipped with the inner product (X,Y) =
—X1Y1 + XQ}/Q + -4 Xn+2yn+2 — Xn+3yn+3- Let Cn+2 be the light—cone in
R"+3 given by C"+2 = {X € R)™ | (X, X) = 0}. Let LG be the subgroup of
orthogonal group O(n+1,2) on R3"3 given by LG = {T € O(n+1,2) | ¢T = ¢},
where ¢ = (1,—1,0,0) and 0 € R” is a light-like vector in Ry ™.

Let x : M — R™ be an umbilic free hypersurface with non-zero principal
curvatures, £ : M — S™1 be its unit normal vector. Let {e1,e2,...,€,_1}
be the orthonormal basis for TM with respect to dz - dz, consisting of unit
principal vectors. The structure equations of z : M — R™ are (see [4])

(1.1) ej(ei(x)) = Zl"fjek(x)—i—kiéijf, €i(€) = —kiei(x), ’i,j,kﬁ = 1, ces 77’L—17
k

where k; # 0 is the principal curvature corresponding to e;. Let

1 ri+rot o+
(1.2) Tszi, r= p— ,
be the curvature radius and mean curvature radius of = respectively. We define
Y =plx-&—x-£6&61): M — C"2 C Ry where p = /> ,(ri —7)2 > 0.
From [5], we know that the Laguerre metric g of the immersion 2 can be defined
by g = (dY,dY). Let {E1, Es,...,E,_1} be an orthonormal basis for g with
dual basis {w1,ws, ...,wp—1}. The Laguerre form C, Laguerre Blaschke tensor
L and Laguerre second fundamental form B of the immersion x are defined by

n—1 n—1 n—1
(13) C:ZCiwi, L= Z Lijwi@)wj, B= Z Bijwi@)wj,

i=1 i,j=1 i,j=1
respectively, where C;, L;; and B;; are defined by formulas (2.10)—(2.12) in
Section 2. We should notices that g, C, L and B are Laguerre invariants (see
5).

By making use of the two important Laguerre invariants, the Laguerre
Blaschke tensor L and the Laguerre second fundamental form B of the im-
mersion z, we define a symmetric (0,2) tensor D = L + AB which is so called
the Laguerre para-Blaschke tensor of x, where A is a constant. An eigenvalue of
the Laguerre Blaschke tensor is called a Laguerre Blaschke eigenvalue of x, an
eigenvalue of the Laguerre second fundamental form is called a Laguerre prin-
cipal curvature of x and an eigenvalue of the Laguerre para-Blaschke tensor is
called a Laguerre para-Blaschke eigenvalue of x. An umbilic free hypersurface
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x : M — R™ is called a Laguerre isoparametric hypersurface if C = 0 and
the Laguerre principal curvatures of the immersion = are constant, an umbilic
free hypersurface x : M — R™ is called a Laguerre Blaschke isoparametric
hypersurface if C = 0 and the Laguerre Blaschke eigenvalues of the immer-
sion z are constant, and an umbilic free hypersurface z : M — R” is called a
Laguerre para-Blaschke isoparametric hypersurface if C = 0 and the Laguerre
para-Blaschke eigenvalues of the immersion x are constant. An umbilic free
hypersurface z : M — R" is called a Laguerre para-isotropic hypersurface, if
there are two functions A and g on z such that L+ AB + pug = 0 and C = 0.
If A =0, we call x a Laguerre isotropic hypersurface. It should be noted that
if x is a Laguerre para-isotropic hypersurface, or a Laguerre isotropic hyper-
surface, then the Laguerre para-Blaschke eigenvalues, or the Laguerre Blaschke
eigenvalues of x are all equal.

We define the Laguerre embedding 7 : UR} — UR™ (see [5]). Let RT™! be
the Minkowski space with the inner product (X,Y) = X431 + -+ X,,Y,, —
Xn41Yni1. Let v = (1,0, 1) be the light-like vector in R}, 0 € R*~!. Let R}
be the degenerate hyperplane in R} defined by R} = {X € Ry | (X,v) =
0}. We define

(14)  URy = {(z,€) e RIT" x RY | (z,v) = 0,(£,€) =0,(¢,v) =1}
The Laguerre embedding 7 : URfj — UR"™ is defined by

(1.5) 7(2,§) = (',§') € UR",

where = (21, 70,71) E RXxR" 1 xR, £ = (£, +1,&,&1) € Rx R xR and
. RN N PR

(16) €z < 617:60 §1§0>7 5 <1+€17£1)

Let z : M — Ry be a space-like oriented hypersurface in the degenerate hyper-
plane RZ. Let ¢ be the unique vector in R} satisfying (¢, dz) = 0, (€,&) =0,
(¢&,v) = 1. From 7(z,¢) = («/,¢) € UR", we may obtain a hypersurface
' M — R".

We should notice that it is one of the important aims to characterize hyper-
surfaces in terms of Laguerre invariants. Concerning this topic, recently, T. Li,
H. Li and C. Wang [4] studied the Laguerre geometry of hypersurfaces with
parallel Laguerre second fundamental form in R™ and obtained the following
result:

Theorem 1.1 ([4]). Let x : M — R™ be an umbilic free hypersurface with
non-zero principal curvatures. If the Laguerre second fundamental form of x is
parallel, then x is Laguerre equivalent to an open part of one of the following
hypersurfaces:

(1) the oriented hypersurface x : S¥=1 x H"=* — R" given by Example 2.1;
or

(2) the image of T of the oriented hypersurface x : R"™1 — RY given by
Ezxample 2.2.
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The aim of this article is to continue this topic, we shall study Laguerre
Blaschke isoparametric hypersurfaces and Laguerre para-Blaschke isoparamet-
ric hypersurfaces in R™ with three distinct Laguerre principal curvatures one
of which is simple. We obtain the following results:

Theorem 1.2. Let x : M — R"™ be an n — 1-dimensional Laguerre Blaschke
isoparametric hypersurface in R™(n > 5) with three distinct Laguerre princi-
pal curvatures one of which is simple. Then x is a Laguerre isoparametric
hypersurface with non-parallel Laguerre second fundament form or a Laguerre
isotropic hypersurface.

Theorem 1.3. Let x : M — R"™ be an n — 1-dimensional Laguerre para-
Blaschke isoparametric hypersurface in R™(n > 5) and D = L + AB, A # 0,
be the Laguerre para-Blaschke tensor of x. If x has three distinct Laguerre
principal curvatures one of which is simple, then

(i) = is a Laguerre isoparametric hypersurface with non-parallel Laguerre
second fundament form, or

(ii) = is a Laguerre para-isotropic hypersurface, or

(iii) = is Laguerre equivalent to an open part of the image of T of the oriented
hypersurface z : R"~! — Ry given by Example 2.2.

From Theorem 1.2 and Theorem 1.3, we easily see that:

Corollary 1.4. Let x : M — R™ be an n — 1-dimensional Laguerre para-
Blaschke isoparametric hypersurface in R™(n > 5) and D = L + AB be the
Laguerre para-Blaschke tensor of x. If x has three distinct Laguerre principal
curvatures one of which is simple, then

(i) = is a Laguerre isoparametric hypersurface with non-parallel Laguerre
second fundament form, or

(i) « is a Laguerre isotropic hypersurface for A =0, or

(iii) = s a Laguerre para-isotropic hypersurface or x is Laguerre equivalent
to an open part of the image of T of the oriented hypersurface x : R"~1 — RP
gwen by Example 2.2 for X\ # 0.

2. Laguerre invariants and fundamental formulas

In this section, we review the Laguerre invariants and fundamental formulas
on Laguerre geometry of hypersurfaces in R"™, for more details, see [5].
Let x : M — R"™ be an n — 1-dimensional umbilical free hypersurface with

vanishing Laguerre form in R™. Let {E4,...,E,_1} denote a local orthonor-
mal frame for Laguerre metric g = (dY,dY) with dual frame {w1,...,wp—1}.
Putting Y; = E;(Y), then we have

1 1
2.1 N = AY AY AY)Y,
21) A T gAY AT

(2'2) <Y,Y>=<N,N>=O, <Y,N>:—1,
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and the following orthogonal decomposition:
(2.3) R5*3 = Span{Y, N} @ Span{Y3,..., Y, 1} &V,

where {Y, N, Y1,...,Y,_1,n, p} forms a moving frame in RY™ and V = {n, p}
is called Laguerre normal bundle of x. We use the following range of indices
throughout this paper:

1<4,5,k1l,m<n-—1.
The structure equations on x with respect to the Laguerre metric g can be
written as

(2.4) dy =Y wV,
(2.5) AN =" ¢Yi + on,
(2.6) dY; = —;Y —wiN + Zwijyj + Wint+17,
J
(2.7) dp = —pY — ZmeYi,
where {¥;,wij, Wint1, ¢} are 1-forms on x with
(2.8) Wij +wj; = 0, dw; = Zwij A wj,
J
and
(2.9)
Y = ZLijwj; Lij = Lji, winy1 = ZBijwja Bij = Bji, ¢ = Zciwi-
J J i

We define E; = rje;, 1 <i<n—1, then {El, ce, E~n,1} is an orthonormal
basis for III = d¢ - d¢ and {E; = p~'E;} is an orthonormal basis for the

Laguerre metric g with dual frame {w1,...,wn_1}. Li;, Bi; and C; are locally
defined functions and satisfy
(2.10)
_ ~ - 1
Lij =p 2 {Hessij(logp) — EZ(IOg p)EJ(logp) + 5 (|V10g p|2 — 1) 51]} s
(2.11) Bij = p~ ' (ri —7)dij,
(2.12) Ci=—p2 {E’i(r) — E;i(log p)(r; — r)} ,

where g = Y, (r; —r)2I1I = p?I1I, r; and r are defined by (1.2), Hess;; and V
are the Hessian matrix and the gradient with respect to the third fundamental
form 111 = d¢ - d€ of z (see [5]).
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Defining the covariant derivative of Cj, L;;, B;; by

(213) Z Ciij]' =dC; + Z Cj&]ji,
J J

(2.14) Z Lijrwi = dL;j + Z Lijwij + Z Lijws,

k k k
(2.15) Z Bij,kwk = dBij + Z Bikwkj + Z Bkjw;ﬂ-.

k k k
We have from [5] that

1
(2.16) dw;; = Zwik Nwgj — 5 Z Rijpiwe Nwy, Rij = — Ry,
% k.l
R

- 2 _ oy — - =
(2.17) ;Bﬁfo7 iZjBijfl, ;Bw,z—(n 2)C;, trL = 2 —2)

(2.18) Lijk = Lik,j,
(2.19) Ci,j — Cjﬂ' = Z(Bikij - jkLki)a
k
(2.20) Bijk — Bik,j = Cjéi. — Crij,
(2.21) Rijkr = Ljkdit + Ludjk — Likdji — Ljidi,

where R;j; and R denote the curvature tensor and the scalar curvature with
respect to the Laguerre metric g on x. Since the Laguerre form C = 0, we have
for all indices i, j, k

(2.22) Bijk = Birj, Y BixLij =Y  BijLii.
k k

Denote by D = Z” D;jw; ® w; the (0,2) Laguerre para-Blaschke tensor, then
(223) Dij = Lij + )\Bija 1 < ’L,j < n,
where X is a constant. The covariant derivative of D;; is defined by
(2.24) Z Dij,kwk = dDij + Z Dikwkj + Z ijw;”'.

k k k
From (2.18) and (2.22), we have for all indices 1, j, k that
(225) Dij,k = Dik,j-

We recall the following examples of hypersurfaces in R™ with parallel La-
guerre second fundamental form (see [4]):
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Example 2.1 ([4]). For any integer k, 1 < k < n— 1, we define a hypersurface
xz: S x H"F - R™ by
u v
SC(’U,,U,’LU) - (E(l + ’U_)), E) )
where H* % = {(v,w) € RI™*™ | v . v —w? = —1,w > 0} denotes the
hyperbolic space embedded in the Minkowski space R’f‘kﬂ. From [4], we
know that x has two distinct Laguerre principal curvatures

n—k k—1
F-De-10 T\ o Rhe-1

the Laguerre form is zero and the Laguerre second fundamental form of z is
parallel.

By =-—

Example 2.2 ([4]). For any positive integers my, ..., ms with mq+---+mg =
n — 1 and any non-zero constants A1, ..., \s, we define z : R"~1 — RP to be a
spacelike oriented hypersurface in Ry given by

(il s el YZSSYAY
xr = 5 , UL, U2y .. ., Usg, 2 )

where (u1,...,us) € R™ x ... x R™s = R*" ! and |u;|? = u; - usi = 1,...,s.
Then 7o (z,€) = (2/,¢) : R"™1 — UR"™, and we obtain the hypersurfaces
2/ : R"1 — R™. From [4], we know that = has s(s > 3) distinct Laguerre
principal curvatures:

T —T .
Bi= —————, 1<i<5,
Ei(ri_r)Q
where
1 kiry 4+ karg + -+ - 4 ks
r=-— = )

and k; # 0 is the principal curvature corresponding to e;. We also know that
the Laguerre form is zero, L;; = 0 for 1 <+4,7 < n — 1 and the Laguerre second
fundamental form of z is parallel.

3. Propositions and lemmas

Throughout this section, we shall make the following convention on the
ranges of indices:
1§a)b§m1) m1+1§p)q§ml+m23
m1+m2+1Sa,ﬂgmlerngmg:nfl, 1§Z.,j,]€§n*1.
Let L, B and D denote the n x n-symmetric matrices (L;;), (B;;) and (D;;),
respectively, where L;;, B;; and D;; are defined by (2.10), (2.11) and (2.23).

From (2.22) and (2.23), we know that BL = LB, DL = LD and BD = DB.
Thus, we may choose a local orthonormal basis {E1, Ea, ..., E,} such that

Lij = Lidij, Bij = Bidij, Dij = Didij,
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where L;, B; and D; are the Laguerre Blaschke eigenvalues, the Laguerre prin-
cipal curvatures and the Laguerre para-Blaschke eigenvalues of the immersion
x.

In the proof of the following propositions and theorems, we agree on the
fact that a local orthonormal basis {F1, Es, ..., E,} may be always chosen
such that Lij = Liéij, Bij = BZ-(SZ-]-, Dij = Dz5”

Proposition 3.1. Let x : M — R" be an n — 1-dimensional hypersurface
with vanishing Laguerre form in R™. If the multiplicity of a Laguerre principal
curvature is constant and greater than 1, then this Laguerre principal curvature
is constant along its leaf.

Proof. Let B;,i=1,...,n—1, be the Laguerre principal curvatures of x with
constant multiplicities. We choose a local orthonormal frame {Ey, ..., E,_1}
such that E; is a unit principal vector with respect to B;. From (2.15), we have
(3.1) Bijx = Ey(Bi)8ij + (B, — By),

where F{k is the Levi-Civita connection for the Laguerre metric g given by
(3.2) wij = 3 Thwy, TI =-Th.
k

From (2.22), we know that B;; ; = B;; ;. Thus from (3.1), we get
(3.3) Ej(B;) =T}(Bi — B;) for i#j.
Without loss of generality, we may assume that Bj is the Laguerre principal
curvature of & with constant multiplicity m; and m; > 2, that is, for 1 < a <
my we have B, = B;. From (3.3), we have
E.(By) =T%(B1 — B,) =0 for a#1,

and

Ey(By) = Ey(B,) =T.,(Bs — B1) =0 for a# 1.
Thus

E,(B1) =0 for any a.

This implies that B; is constant along its leaf. We complete the proof of
Proposition 3.1. (|

We may prove the following proposition by reasoning as in [2].

Proposition 3.2. Let x : M — R™ be an n — 1-dimensional hypersurface in
R™(n > 5) with vanishing Laguerre form and three distinct Laguerre principal
curvatures By, Bo, B3 one of which is simple. Then either By, By, Bs are
constants or Bapn—1 =0 for every a,p.

Proof. From (2.16), (2.8) and (3.2), the curvature tensor of z may be given by
(see [2])

(3.4) Riju =Bx(T%) — Ey(T%) + > T4, T
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D 8 /RN 5 SR N v v
m m m

Since = has three distinct Laguerre principal curvatures By, Bs, B3 one of
which is simple and n > 5, without loss of generality, we may assume that
ms =1, my > 1 and mg > 2. From (2.17), we have

mldBl + mgng + mgng = 0,
mi1B1dB1 + moBodBs + m3BszdBs = 0.
Thus
(3 5) m1d31 - mgng o mgng

- Bs—By; Bi—Bs By—Bp

From Proposition 3.1 and (3.5), we have

(3-6) Ep(BZ) = Ep(Bl) = Ep(BS) =0,

and from (3.1), we have
(3.7) I =T =0,a#b, Iy =0p#gq, I't, = e, e, =T,
Bll « Baa B o,a
(38)  TIB, = e po _ _Zeab | pe . _Tpos
By — B; P B3—B1 " By—DBs

(i) If my > 2, from Proposition 3.1 and (3.5), we have

(3.9) Eo(B1) = Fa(B) = Ea(Bs) = 0.

From (3.1), (3.3), (3.6) and (3.9), we have

(310) FZ[; = ng - 05 F?L—ln—l = Ffzflnfl = 07
E,_1(B _ E,_1(B

(311) FZ;I 1( 1) " 1 _ 1( 2)

B, — By PP By — B3

From (3.8), we have

Ba n—1 Bb n—1 — Bb n—1
3.12 Fp — D, F;D —_ P, Fn 1 — q,
( ) an—1 By — BQ, n—1b Bs — B2’ bg B — B37
anl — Bbq,n—l
ab By — B3’
Thus, from (3.4), (3.7) and (3.10)—(3.12), we have
Rapbg = Ep(Th,) = Bg(Th) + > T8, Th
(3.13) DD ¥ NEE NS wik KNS WA v
= an—ll—‘gz;l - an—lrgljl + FZq_lrﬁflb - Flengq_l

Bap,n—leq,n—l + Baq,n—lep,n—l + En—l(Bl)En—l (32)6ab5pq
(B1 — B3)(Bs — B2) '
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On the other hand, from (2.21), we have
(3.14) Rapbg = —(La + Lp)ab0pq.
(3.13) and (3.14) imply that
Bap.n—1Bgn-1 + Bagn-1Bop,n—1
= {—(La + Lp)(B1 — Bs)(Bs — Bz) — En—1(B1)En—1(B2) }oabpg-
Putting
(3.15)  0ap = —(La+ Lp)(B1 — B3)(Bs — B2) — Ey—1(B1)En—1(B2),
we get
Bap,n—1Bbgn—1 + Bagn—1Bbp.n—1 = 0a,p0ablpq-
If a = b, we have
(3.16) 2Bupn—1Bagn—1 = Oa.plpq-

From (3.15), we know that g, p depends on a,p. If L1 = Ly = --- = L,,_1,
from (3.15), we see that for any a,p, all g, , are equal. If there is po, such
that Bapyn—1 # 0, 1 < a < my. By (3.16), we have Bgp,—1 = 0 for other

p(p # po). By (3.16) again, if p = ¢, then ng,nfl = 222 for any p. Since for
any a,p, all g, , are equal, we have ngo,n_l = g“% = fer — ngm—l = 0 for

po, (P # po). Thus Bygpy.n—1 = 0, this is a contradiction. Therefore we know
that Bopn—1 = 0 for any a,p.

If at least two of Ly, Ls, ..., L,_1 are not equal, since ms > 2 and m; > 2,
we may prove that there exists at most one p, such that g,, # 0 for any a,
1 < a < my and there exists at most one a, such that g,, # 0 for any p,
m1+1 <p < mq+ms. In fact, if there exists more than one p, for example pq,

P2, (p1 # p2) such that g p, # 0, 0ap, # 0. By (3.16), we have B2, ,, | = 242
for any p. Thus B2, , , = gap1 £, B = 222 o£ (. By (3.16) again,

we see that Bap, n—1Bap,,n—1 = 0, this is a contradiction. Thus, we know that
there exists at most one p, such that g,, # 0 for any a, 1 < a < m;. By the
same proof as above, we also know that there exists at most one a, such that
Oa,p 7 0 for any p, m; +1 < p < my + ma.

If there exists at most one p, such that g,, # 0 for any a, possibly, say
Oa,po # 0 for any a. From (3.15), we have

En_1(B1)En_1(B2)
(B1 — B3)(Bs — B)
By (3.17), we know that L, = L; for any a,b. On the other hand, since we
know that there exists at most one a, such that g, , # 0 for any p, possibly,
8aY Qao,p 7 0 for any p. By (3.15), we also have

En 1(B1)E,_1(Bo)
(B1 — B3)(B3 — By)’

(3.17) Lo+ L,=— , P Po.

Lo+ L,=—

a # ao,
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and we know that L, = L, for any p,¢. Thus, from (3.15) we see that only
0a,p = 0 for any a,p holds exactly. Thus, by (3.16), we have B, ,—1 = 0 for
any p and a.

(ii) If my = 1, from (3.3) and (3.7), we have

(3.18) r,=rpt=o0, 10 =T} =0,
E1(B3) 1 E1(Bz)
: r! =07 Lo
(3 19) n—1ln—1 33 _ Blv pp 32 _ Blv
-t _ Bo-1(B1) - ey _ Bnoa(B2)
11 -

By —Bs; PP By— DB’
From (3.4), (3.7), (3.8), (3.18) and (3.19), by a similar calculation as in (i), we
have

(320) 2Blp,nlelq,n71 = vpépq

for any p, g, where

(3.21)
o ) B FEy(Bs)FEy(B3)
v, = (B) — Ba)(By &%(%+%4+QVBM&—&)

+[En—1(32) — Ey—1(B3)]En—1(Bs) En—l(En—l(B2))+ En—1(B2) }

(B2 — B3)? By — Bs (B2 — B3)?

From (3.21), we know that v, depends on p. If Ly = Ly = --- = L,,_1, from
(3.21), we see that for any p, all v, are equal. By the same proof as in (i), we
know that By ,—1 = 0 for any p.

If at least two of Ly, Ls,...,L,_1 are not equal, since mos > 2, by the same
proof as in (i), we easily know that there exists at most one p, such that v, # 0.

If for any p, v, = 0, by (3.20), we have Bip,,—1 = 0.

If there is pg, such that vy, # 0 and v, = 0, for other p(p # po), we have

(3.22) Upy = Up, — Up = (B1 — B2)(B1 — B3)(Lp, — Lyp).
On the other hand, since m; =1, ms = 1 and B;; ;, is symmetric for all indices

i, J, k, interchanging 1 and n in the above equations, we also have,

(323) 2Bn71p,1Bn71q,1 = wpépq,

where
En—1(B2)En—1(B1)
@M)wp(&&Wﬁ«&%(%+hﬂ(&—Bﬁ&—&)

[E1(B2) — E\(B1)|E1(B2)  Ei(Er(B2)) LB (B2) }
(BQ — 31)2 B2 — Bl (BQ — 31)2 '
From (3.24), we know that w, depends on p. By the same assertion as above,
we know that there exists at most one p, such that w, # 0.

If for any p, w, = 0, by (3.23), we have By, ,—1 = 0. Otherwise, we may
prove that w,, # 0 for the above pg in (3.22). In fact, by (3.20), we have
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B? = 220 5 0. On the other hand, by (3.23), we have B2 Zro

1po,n—1 n—1lpo,1 = T2
Since Bipy,n—1 = Bn—1py,1, We have wp, = vp, # 0. Since there exists at most

one p, such that w, # 0, we know that for other p(p # po), wp = 0. By (3.24),
we also have

(3.25) Vpy = Wpy = Wp, — Wp = (Bs — Ba)(Bs — B1)(Lyp, — Ly).
Thus, from (3.22) and (3.25), we have
(B1 — Bs)(B1 — 2By + B3)(Ly, — L,) = 0.
If L,, = L, by (3.22), we have v, = 0, this contradicts with v,, # 0. Thus
By —2By+ B3 =0,

and

(3.26) dB; —2dBy + dBs = 0.

From (3.5) and (3.26), we easily know that dB; = dBy = dB3 = 0, that is,
By, By, B3 are constants. We complete the proof of Proposition 3.2. O

4. Proof of theorems

Proof of Theorem 1.2. Let By, By, B3 be the three distinct Laguerre principal
curvatures of multiplicities my, mo, m3 and one of which is simple. Since
n > b, without loss of generality, we may assume that ms = 1, m; > 1 and
mo > 2. By Proposition 3.2, we know that either Bi, By, B3 are constants
or Bgpn—1 = 0 for any a,p. In the first case, we know that x is a Laguerre
isoparametric hypersurface with non-parallel Laguerre second fundament form.
In the second case, if Bypn—1 = 0 for any a,p, we may consider two cases:

(i) If my > 2, since Bapn-1 = 0 for every a,p, setting p = ¢ in (3.16),
we have g, = 0 for any a,p. From (3.15), we get for any 1 < a < m; and
m1+1<p<mqg+ma,

E,1(B1)En_1(B>)

(B1 — B3)(Bs — Ba)

Thus, we know that L, = L; for any a,b and L, = L, for any p, q. This implies
that = has at most three distinct Laguerre Blaschke eigenvalues Lg, Ly, Ly—1
with multiplicities m1, ma, 1 and mq > 2,mo > 2.

(ii) If mq = 1, since B1pn—1 = 0 for any p, setting p = ¢ in (3.20), we have
vp =0 for any p, m1 +1 <p <mj+ mq. By (3.21),

(4.1) Lo+ L,=—

(4.2)
_ E(B2)Er(Bs)
%__%“+BrBM&j&)
" [En—1(B2) — En_1(B3)|En—1(B2)  En—1(En-1(B2))  En_1(B2)

(B2 — B3)? By — B3 (B2 — B3)?
Thus, we know that x has at most three distinct Laguerre Blaschke eigenvalues
Ly, Ly, L,,—1 with multiplicities 1, mg, 1 and mg > 2.
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Next, we may prove that x : M — R” is only a Laguerre isotropic hyper-
surface, that is, the number of distinct Laguerre Blaschke eigenvalues is only
1. In fact, if Ly, Ly, L,,—1 are the three constant Laguerre Blaschke eigenvalues
with multiplicities my, mo, 1 and the number of distinct Laguerre Blaschke
eigenvalues is 2 or 3. From (2.14), we have

(4.3) Lije = Bu(L)bij + Dy (Li = Ly),

where F{k is the Levi-Civita connection for the Laguerre metric g.
From (218), we know that Lii,j = Lij,i- Thus

(4.4) Ej(L;) =TJ(L; — L;) for i#j.

If the number of distinct Laguerre Blaschke eigenvalues is 3, that is, L, #
L,#L,1,1<a<my, m+1<p<mg+mgand mg > 2, from (4.4), we
have

(45)  0=Eq(Ly) =T5,(Ly — La), 0=E,_1(Ly) =Ty (Lp — Ln—1).
a _1n—1 _
Thus Fpp = Fpp =0.
On the other hand, from (2.15), we have
(4.6) Bijx = Ex(Bi)dij + 1. (B; — By),

where ng is the Levi-Civita connection for the Laguerre metric g.
From (2.22), we know that B;; ; = B;;;. Thus

(4.7) Ej(B;) =T%(B; — Bj) for i# j.
We get
Eq(Bp) =T2,(By — By) =0, En_1(Bp) =T}, (By, — By_1) =0.

That is, Eq(B2) = 0, E,_1(B2) = 0. Since we assume that mo > 2, from
Proposition 3.1, we have E,(B2) = 0. Thus, B, is constant. Therefore, from
(3.5), we know that By and Bj are constants.

If the number of distinct Laguerre Blaschke eigenvalues is 2, when m; > 2,
without loss of the generality, we may assume that L, = L, # L,_1. By (4.4),
we have

0=F,_1(La) =T7 (Lo — Lp—1).
Thus, I'?, ! = 0. On the other hand, by (4.7)
En_1(By) =T""1(By — B3) =0.
From (3.5), we have

(4.8) m1E;(B1) _ moE;(B2) _ m3E;(B3)

' Bs — By B; — B3 By — By
By Proposition 3.1, we have E,(B1) = 0, 1 < a < my and E,(B2) = 0,
m1+ 1 <p<mq+msy. By (4.8), we have E,(B3) = E,(B3) = E,—1(B3) =0,
that is, Bs is constant. By (3.5) again, we know that By and Bs are constants.
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When m; = 1, without loss of the generality, we may assume that L; =
L,_1# L,. By (4.4), we have

0=Ei(Ly) =T},(Lp— L1), 0=E,_1(Lp) =Tp (L — Ln_1).
Thus T}, = " = 0. On the other hand, by (4.7)
Ei(By) =T,,(By — B1) =0, E,_1(B) =T}, "(By — Bs) =0.

From Proposition 3.1, we have E,(B2) = 0, 2 < p < 1+ mgy. Thus By is
constant. By (3.5) again, we know that B; and Bj are constants.

To sum up, we know that if the number of distinct Laguerre Blaschke eigen-
values is 2 or 3, then B, B> and Bj are constants.

From (4.6), we have Bayx = Bpgr = Bagr = 0 for any a,b,p,q,a, 5, k.
Since we know that Bgpn—1 = 0 for every a,p, we get B;; = 0 for any 1, j, k,
that is, the Laguerre second fundamental form of z is parallel. From (2.15), it
follows that

(49) 0= dBZ(Sl] + (Bz - Bj)wij, 1 S Z,j S n— 1.

If B; # Bj, we have w;; = 0. If for some k such that w;;, # 0 and wy; # 0,
by (4.9) we have B, = By, = By, this is in contradiction with B; # B;. Thus,
from (2.16), we have R;;;; = 0 for B; # B;. From (2.21), it follows that

Let By = By, Bo = B,, B3 = B, be the three distinct Laguerre principal
curvatures with multiplicities m1, mo, m3 one of which is simple, where 1 <
a<my,mi+1<p<mi+mg, mi+me+1<a<n—1 Since By # By,
B, # B, and B, # B,, from (4.10), we have L, + L, =0, L, + L, = 0 and
L, + L, = 0. This implies that L, = 0, L, = 0 and L, = 0 for any a,p, a.
That is L; = 0 for any 4. This is a contradiction with the assumption that the
number of distinct Laguerre Blaschke eigenvalues is 2 or 3. Therefore, we know
that the number of distinct Laguerre Blaschke eigenvalues is only 1, that is, x
is only a Laguerre isotropic hypersurface. This completes the proof of Theorem
1.2. O

Proof of Theorem 1.3. By the same assertion as in the proof of Theorem 1.2,
we know that either By, Bo, B3 are constants and z is a Laguerre isoparametric
hypersurface with non-parallel Laguerre second fundament form, or Bypn—1 =
0 for any a,p.

If Bap,n—1 = 0 for any a, p, we may consider two cases:

(i) If my > 2, since Bgp -1 = 0 for every a,p, setting p = ¢ in (3.16), we
have g4, = 0 for any a, p. From (3.15) and (2.23), we get for any 1 < a <my
and my +1<p<my+mao,

En_1(B1)En-1(B2)
(B1 — B3)(Bs — B2)

(4.11) D, + D, = A(By + By) —
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From (4.11), we know that for any a, all D, are the same and for any p, all D,
are the same. Thus, we know that x has at most three distinct Laguerre para-
Blaschke eigenvalues D, D), Dy,—1 with multiplicities mq, mo, 1 and my; >
2, mo Z 2.

(ii) If mqy =1, since Bipn—1 = 0 for any p, setting p = ¢ in (3.20), we have
vp =0 for any p, m1 +1 <p <mj+ms. By (3.21) and (2.23),

(4.12)

- El(BQ)El(B )
Dp — Dn*l + )\(BQ + B3) + (Bl _ BQ)(BI —333)
+ [En-1(B2) = En1(Bs)|En1(B2) _ En-1(Bn-1(B2)) | En-1(Bs)
(Bz — By)? B; - Bs (B2 = By)*

From (4.12), we know that for any p, all D, are the same. Thus, z has at
most three distinct para-Blaschke eigenvalues D1, D), D,,_1 with multiplicities
1, mo, 1 and my > 2.

If the number of the distinct Laguerre para-Blaschke eigenvalues of Dy, D,
D,,_; is 1, then x is a Laguerre para-isotropic hypersurface.

If the number of the distinct Laguerre para-Blaschke eigenvalues of D,, D,
D,,_ is 2, we may prove that this case does not occur. In fact, if m; > 2,
without loss of the generality, we may assume that D, = D, # D,—1. From
(2.24), we have

Dijx = Ex(Dy)bij + I}y (Di — Dj),
where ng is the Levi-Civita connection for the Laguerre metric g.
From (2.25), we know that D;; ; = D;;,;. Thus

(4.13) Ej(D;) =TJ,(D; — D;) for i# j.
By (4.13), we have
0=FE,_1(D,) =T""YD, — Dy_1).

Thus, T, = 0.
From (4.7), we get

En_1(By) =T""Y(B; — B3) = 0.

Combining with E,(B1) =0,1 < a <mq, E,(B2) =0, m1+1<p<mj+ma,
(4.8) and (3.5), we easily see that By, By and Bj are constants.

If my = 1, without loss of the generality, we may assume that Dy = D,,_1 #
D,. By (4.13), we have

0=Ei(Dy) =T,,(Dp — D1), 0=E,_1(D,) =Ty (Dy — D).
1 _ n—1 _
Thus '), = I';7" = 0. On the other hand, by (4.7)
Ei(Bs) =T,,(By — B1) =0, E,_1(By) =T} (B, — Bs) =0.

Combining with E,(Bz2) =0, 2 < p < 1+ mg and (3.5), we easily see that By,
By and B3 are constants.
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By the same assertion as in the proof of Theorem 1.2, we know that the
Laguerre second fundamental form of z is parallel and L; = 0 for any i. Since
A #£ 0, it follows that x has three distinct Laguerre para-Blaschke eigenvalues
AB1,ABs, AB3. This is a contradiction.

If the number of the distinct Laguerre para-Blaschke eigenvalues of Dy, D,
Dy_qis 3, that is, Dy # Dp # Dp—1, 1 <a <my, m1 +1 <p <my +mo and
ma > 2, from (4.13), we have

(4.14) 0= Eu(Dy) =T3,(Dp — Dy), 0=E,_1(Dy) = FZ;l(Dp —Dyp—1).

Thus %, = 71 = 0.
By (4.7), we get

Eo(Bp) =T%,(By — Ba) =0, En_1(Bp) =T (B, — Bn_1) = 0.

That is, E,(B2) =0, E,_1(B2) = 0. Combining with E,(B2) = 0 and (3.5),
we know that Bj, Bo and Bs are constants.

By the same assertion as in the proof of Theorem 1.2, we know that the
Laguerre second fundamental form of z is parallel and L; = 0 for any . From
the result of Theorem 1.1 and Example 2.1-Example 2.2, we know that x is
Laguerre equivalent to an open part of the image of 7 of the oriented hyper-
surface z : R"~! — RP given by Example 2.2. This completes the proof of
Theorem 1.3. [l
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