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ON THE STABILITY OF A GENERAL ADDITIVE
FUNCTIONAL INEQUALITY IN BANACH SPACES

SaNcg-CHO CHUNG*

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam
stability of the additive functional inequality

I (2z1) + f(2m2) + - + Fzn)|| < Itf(z1 + 22+ - + 0) ||

in Banach spaces where a positive integer n > 3 and a real number
t such that 2 <t < n.

1. Introduction

In 1940, S. M. Ulam [4] suggested the stability problem of functional
equations concerning the stability of group homomorphisms.

In the next year, D. H. Hyers [1] gave a first (partial) affirmative
answer to the question of Ulam for Banach spaces as follows: If§ > 0 and
if f: X — Y is a mapping between Banach spaces X and Y satisfying

[f(z+y) — flz)— fy)] <6
for all x,y € X, then there is a unique additive mapping A : X — Y
such that || f(z) — A(z)| < 6 for all z,y € X.

This type is called the Hyers-Ulam stability.

Throughout this paper, let X be a normed linear space and ) a
Banach space. Let f : X — ) be a mapping. In 2007, C. Park, Y. S.
Cho and M. H. Han [3] proved the generalized Hyers-Ulam stability of
the additive functional inequality

[£@)+ F@) + fR)| < [[f@+y+2)
in Banach spaces. In 2011, J. R. Lee, C. Park and D. Y. Shin [2] studied
the generalized Hyers-Ulam stability of the additive functional inequality

Hf (2z) + f(2y) + 2f (= H H2f(a:—|—y+z)“
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in Banach spaces.
In this paper, we give some generalized Hyers-Ulam stability of the
additive functional inequality

1 (21) + f(22) + -+ fQun) | < ([t (21 + 22 4 -+ + 20|
in Banach spaces where 3 <n and 2 <t <n(n € Z and t € R).

2. Hyers-Ulam stability in Banach spaces

To obtain our main result, we need the following lemma.

LEMMA 2.1. Let f : X — Y be a mapping and let 3 < n and
2 <t < n where n is an integer and t is a real number. Then f is
additive if and only if it satisfies

(2.1)  f221) + f(22) + -+ fan)l| S [tf(x1 + 22+ - + 20) |
for all z1,x9,--+ , 2, € X.
Proof. If f is additive, then clearly
[£221) + -+ FQan)l| = [12f (w1 + -+ 2n)l| < [[Ef (@1 + -+ @)

for all z; € X.
Conversely, assume that f satisfies (2.1). Letting z; = 0 in (2.1), we

gain an H Htf H and so f(0) = 0 by the assumpution. Putting
;=0 for all i =3,---,n, and replacing x1, 2 by z, —z in (2.1), we get
Hf— H Htf H—Oandsof( x) = —f(x) for all x € X.
Setting =1 = T,l‘g = T‘T,$3 = 2y z; =04 <7 <n)in (2.1), we
have
[f(@+y) + f(-= vl <[t 0)ff =0

for all z,y € X. Thus we obtaln f(x+y) = f(z) + f(y) for all x,y €
X. L]

THEOREM 2.2. Let f : X — ) be a mapping with f(0) = 0 and let
3 <nand2 <t <n. If there is a function ¢ : X — [0, 00) satisfying

(2.2) fQxr) + -+ fQRun)|| < tf (21 + -+ @) + (1, - 20)

and
(2.3)
(Z(xh'" y L 22790 Jxla( 2)]1.2,(_2)].%.3"%4"“ 71'11) <00

j=0
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for all x1,---,x, € X, then there exists a unique additive mapping
A: X — Y such that
(2.4) 1)~ A@) | < 57 (2,5, 2,0, ,0)
for all x € X.
. . z T x
Proof. Replacing x1, 9, x3, x;(4 < i) by (—2)”“5, (—2)”5, (—2)”5, 0,

respectively, and dividing by 2"*! in (2.2), since f(0) = 0, we get
F((=2)" ) f((=2)"2)
( 2)n+l (_2)71
1 T T x
< _o\nt+1Y  o\n¥ [ o\n
< grrre (™15, (=25, (-2)"3,0,-+- ,0)

for all z € X and all nonnegative integers n. From the above inequality,
we have

F(=2)"z)  f((=2))
R
S F((-2)  f((—-2)a)
2| Ty
n—1
< 3 (-2 (<27 Y, (<2) 10, ,0)

for all x € & and all nonnegative integers m,n with m < n. By the

condition (2.3), the sequence {W} is a Cauchy sequence for all

x € X. Since ) is complete, the sequence {%} converges for all
x € X. So we can define a mapping A : X — ) by
- f((=2)"z)
A(z) = lim —————
n—o0 (—2)”

for all x € X.
In order to prove that A satisfies (2.4), taking m = 0 and letting n
tend to oo in (2.5), then we have the following inequality (2.4).

HA(ﬂf) —f@)| <> QTlﬂgo((—Q)j:c, (=2)1~1z, (~2)7 12,0, -+ ,0)
7=0
1. A
=37 (2550 0)
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Next we show that A is additive. Replacing x; by (—2)"z; for all
i=1,2,---,n, and dividing by 2" in (2.2), we obtain

Hf(((—2)"2m1) HED"2m) () 20)

) (—2) 2
PP T R )
- (=2)"
1
+ 27”(‘0((_2)7%17 (=2)"wa, -+, (=2)"zn)
for all x1,x9, -+ ,x, € X and all nonnegative integers n. Since (2.3)
gives that
1
lim —o((=2)"21, (=2) 22, -, (=2)"2,) =0
n—oo 2N
for all z1,x9, -+ ,z, € X, letting n tend to oo in the above inequality,

we have

HA(Qxl) + A(222) + -+ A(22,)

< HtA(xl +x2+---+xn)

so A is additive by Lemma 2.1.
Let A’ : X — Y be another additive mapping satisfying (2.4). Since
both A and A" are additive, we have, for all positive integer n

A) - 4'@)]
= 2l - 2 (21|
< e (IA(-2"2) = F((-2" )| + £ (-2"2) - A'((-2)"2) )

< @((_2)%57 (—2)n71x, (—2)"*1377 0, 70)

1
on
o)
j=n
which goes to zero as n — oo for all x € X by (2.3). Therefore, A is a
unique additive mapping satisfying (2.4), as desired. O

| =

(=2 ", (=27 7, (—2)771 7,0, ,0)

[\)

THEOREM 2.3. Let f : X — Y be a mapping and let 3 < n and
2 <t < n. If there is a function ¢ : X" — [0, 00) satisfying

(2:6) NIf 1) + -+ fQRun)[| < tf (@1 + -+ @) + (@1, s 20).



On the stability of a general additive functional inequality 911

where

(;Z(:Ela Z2, - - 73311)
(2.7) > ; T T2 I3

= 2] - - . ce <

jz_; SO (_2)]? (_2)]7 (_2)]7'r47 7:1:71 oo
for all x1,x9, -+ ,x, € X, then there exists a unique additive mapping
A: X — Y such that
1 r

2. —A <7~()_77_7) y Ty )
(23 [7@) - A@]| < 37 (2.-5.-5.0.++ 0
for all x € X.

Proof. We have ¢(0,---,0) = 0 by (2.7), and so f(0) = 0 by (2.6).
. . x X
Replacing 1, 22, 23, 2;(4 < i) by

x
(_2)77«’ (_2)n+17 (_2)7’L+1’O’ respec-

tively, and multiplying by 2”1 in (2.6), since f(0) = 0, we get

21 () - 201 (5 |

1 T T T
< 2% (e o 0 0)

for all x € X and all nonnegative integers n. From the above inequality,
we have

(2.9) H(—2)"f (<_§)n> - =27 <<_§>m) H

: 5 k() ()
< j:Z;lel@ ((—Zﬁ’ o ’0>

for all x € X and all nonnegative integers m,n with m < n. By the

condition (2.7), the sequence {(2)”f (( a;)n> } is a Cauchy sequence
for all z € X. Since Y is complete, the sequence {(—2)"f <(_a;)n>}

converges for all x € X'. So we can define a mapping A: X — ) by

e = m {21 (557

for all z € X.
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In order to prove that A satisfies (2.8), taking m = 0 and letting n
tend to oo in (2.9), then we have the following inequality (2.8).

oo
_ j—1 L x r
|46 =22 o (o o a0 0)
]:
1 r
=3 (x,-2,-Z 0, 0).
2(p<$7 27 27 ) )

Next we show that A is additive. Replacing z; by Yi for all

(=2)"

i=1,2,---,n, and multiplying by 2" in (2.6), we obtain

|i-2rs (5 + s ((33”) O R (=

)|

r1+x2+ -+
< |- >f<( =]
( )
Tn
"0 .
-2 (g )
for all z1,x9,--- ,z, € X and all nonnegative integers n. Since (2.7)
gives that
. I xI9 In

lim 2" e, —2 1 =0

w7 <<—2>n’ (=2 <—2>n>
for all 1,9, -+ ,z, € X, letting n tend to oo in the above inequality,

we have

HA(le) + A(222) + -+ A(22,)

< HtA(zl +x2+---+1:n)

so A is additive by Lemma 2.1.

Let A" : X — Y be another additive mapping satisfying (2.8). Since
both A and A" are additive, we have, for all positive integer n
1A(z) — A"(2)]|

A(( )~ ()|
<2 (| (5r) - f(w)H*Hf(e%n)A’Q

~ — X9 —I3
< 2"
= ((—2>n’ 2yt gy ’0>

— 9on

)|)
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NS g 1 — T2 —3
- 2 2“”((—2>fn’(—z)jﬂn’(—mmn’o’ ’°>

Jj=n+1
which goes to zero as n — oo for all x € X’ by (2.7). Therefore, A is a
unique additive mapping satisfying (2.8), as desired. O
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