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CONTRACTION OF HOROSPHERE-CONVEX
HYPERSURFACES BY POWERS OF THE MEAN
CURVATURE IN THE HYPERBOLIC SPACE

SHUNZI GUO, GUANGHAN L1, AND CHUANXI WU

ABSTRACT. This paper concerns the evolution of a closed hypersurface of
the hyperbolic space, convex by horospheres, in direction of its inner unit
normal vector, where the speed equals a positive power 3 of the positive
mean curvature. It is shown that the flow exists on a finite maximal inter-
val, convexity by horospheres is preserved and the hypersurfaces shrink
down to a single point as the final time is approached.

1. Introduction and main result

Let M™ be a smooth, compact oriented manifold of dimension n > 2 without
boundary, (N"*1, g) be an (n+1)-dimensional complete Riemannian manifold,
and Xo : M™ — N™*! a smooth immersion. Consider a one-parameter family
of smooth immersions: X; : M™ — N"*!. The hypersurfaces M; = X,(M™)
are said to move by powers of the mean curvature, if X; = X(+,t) satisfies the
evolution equation

2X (p,t) = —H? (p,t) - v(p,t), pe M™,

(1.1)
X(" 0) = XO(');

where 8 > 0, v (p,t) is the outer unit normal to M; at X (p,t) in the tangent
space TN" 1 and H (p,t) is the trace of the Weingarten map #_, (p,t) =
—%, (p,t) on the tangent space TM™ induced by X;. Throughout the paper,
we will call such a flow HP-flow.

For 8 = 1, this flow is the well-known mean curvature flow, Huisken [14]
showed that, when N™*! is the Euclidean space R™*! any closed convex hy-
persurface M, evolving by mean curvature flow contracts to a point in finite
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time, becoming spherical in shape as the limit is approached. In [15], he ex-
tended this result to compact hypersurfaces in general Riemannian manifolds
with suitable bounds on curvature. In fact, the speed of the mean curvature
flow can be viewed as a symmetric function of the principal curvature with
homogeneous degree one, the results of [14] and [15] have been generalized to
a class of fully nonlinear parabolic equations of degree one in the Euclidean
space (or some Riemannian manifolds), see [1], [2], [8], [9], and [19]. If one
considers the flows for which the speed has other positive degrees of homogene-
ity in the principal curvature it is more difficult to prove corresponding results
for the flows. In some case it is known that if the initial hypersurface has an
appropriate pinching condition on the principal curvature (unless the case the
dimension of the hypersurface is two, see [3], [5] and [23]), then the evolving
hyersurfaces converge to a single point (see [4], [8] and [26]).

The present flow (1.1) has been considered by Schulze in [24] when N™*1 is
the Euclidean space for My of strictly positive mean curvature hypersurface, he
proved that (1.1) has a unique, smooth solution on a finite time interval [0,T")
and M; converges to a point as t — T if My is strictly convex for 0 < § < 1 or
My is weakly convex for 8 > 1. Here “weakly convex” and “strictly convex”,
resp., are defined as all the eigenvalues of Weingarten map being positive and
nonnegative, resp.. But some counterexamples show that in general the evolv-
ing hypersurfaces may not become spherical in shape as the limit is approached.

However, the result of [24] does not closely relate to the ambient space,
we face the challenges of extending the above result to hypersurface to more
general ambient spaces. But not every Riemnnian manifold is well suited to
deal with the situation analogous to the setting in the Euclidean space. The
present paper wants to consider the case that the ambient space is a simply
connected Riemannian manifold of constant sectional curvature k(< 0) whose
flow behaves quite differently compared to the Euclidean space to a certain
extent.

Set a = \/m and N1 be isometric to the hyperbolic space H? ! of radius
1/a:

Hyt = {p e L""*: (p,p) = —%}-
Here (L™*2,(-,-)) denotes the (n + 2)-dimensional Lorentz-Minkowski space.
To consider the flow (1.1) in N*! is then equivalent to considering the flow

(1.1) in H2*!. Indeed, in order to formulate the main result of this work, it is
necessary to provide some definitions as in [6, 7] as follows.

Definition 1.1. A horosphere H of H"*! is the limit of a geodesic sphere of
H?*! as its center goes to the infinity along a fixed geodesic ray.

Definition 1.2. An horoball J# is the convex domain whose boundary is a
horosphere.

Definition 1.3. A hypersurface M of H?*! is said to be convex by horospheres
(h-convex for short) if it bounds a domain 2 satisfying that for every p € M =
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09, there is a horosphere H of H?*! through p such that Q is contained in ¢
of H™"*! bounded by H.

Remark 1.4. In fact, Currier in [10] showed that h-convex immersions of smooth
compact hypersurfaces are embedded spheres, and Borisenko and Miquel in [6]
showed that horosphere H of H?™! is weakly (strictly) h-convex if and only
if all its principal curvatures are (strictly) bounded from below by a at each
point.

Now our main result which is an analogue of that on the flow (1.1) of convex
hypersurface of the Euclidean space in [24] can be stated by the following
theorem.

Theorem 1.5. Let Xo : M™ — H™* be a smooth immersion with the mean
curvature strictly bounded from below by na, that is H(My) > na. Then there
exists a unique, smooth solution to the flow (1.1) on a finite maximal time
interval [0,T) and T is between ﬁ(Hmax(Mo))_(B“) and g (Hmin(Mo) —
na)~B+Y . In the case that

i) My is strictly h-convex for 0 < 8 < 1,

i) My is weakly h-convex for f > 1,
then the hypersurfaces My are strictly h-convex for all t > 0 and they contract
to a point in H'™ as t approaches T.

Remark 1.6. The hypothesis of the mean curvature on the initial hypersurface
My in H*! is essential to ensure short-time existence like the Euclidean case
in [24], and the h-convexity we work with for My is the same as that of [7] in
order to ensure that the initial hypersurface is sufficiently positively curved to
overcome the obstructions from the negative curvature imposed by the ambient
spaces.

About techniques used to prove the above theorem, this paper perturbs the
second fundamental form by adding a suitable multiple of the induced metric
and follows the ideas introduced in the Euclidean case [24]. The organization
of the paper is as follows: Section 2 introduces the notation for the paper and
summarizes preliminary results employed in the rest of the paper. Section 3
gives the proof of short-time existence and uniqueness of solutions, and derives
the induced evolution equations for some geometric quantities and the corre-
sponding turbulent quantities. Using these, Section 4 deduces that solutions of
the flow (1.1) remain h-convex as long as it exists. Section 5 shows the lower
and upper bounds on the maximal time, and establishes the long time existence
for solutions of the flow (1.1). Section 6 proves that these hypersurfaces shrink
down to a single point in H?*! as the final time is approached.

2. Notation and preliminary results

From now on, we use the same notation as in [7, 14, 24] in local coordinates
{z'}, 1 <4 < n, near p € M™ and {y*}, 0 < a, B < n, near F(p) € H? 1.
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Denote all quantities on H?™! by a bar, for example by § = {gas} the met-
ric, by 7' = {g*?} the inverse of the metric, by V the covariant derivative,
by A the rough Laplacian, and by R = {Rag.ﬂ;} the Riemann curvature ten-
sor. Components are sometimes taken with respect to the tangent vector fields
0o (= ayia) associated with a local coordinate {y®} and sometimes with respect
to a moving orthonormal frame e,, where g(eq, eg) = dap. The corresponding
geometric quantities on M™ will be denoted by g the induced metric, by g—!
the inverse of g, V, A, R, 9; and e; the covariant derivative, the rough Lapla-
cian, the curvature tensor, the natural frame fields and a moving orthonormal
frame field, respectively. Then further important quantities are the second fun-
damental form A(p) = {hs;} and the Weingarten map #" = {g"*hy;} = {hi} as
a symmetric operator and a self-adjoint operator respectively. The eigenvalues
A1(p) < -+ < Au(p) of # are called the principal curvatures of X (M™) at
X (p). The mean curvature is given by

H :=tr,# =h! = i)\i;
the squared norm of the second fundamental form by
|A)? i= trg (W H) = hih = hiThy; = zn: 22,
and the GauB-Kronecker curvature by

K = det(#) = det{h}} = iﬁgﬁ H Ai.

More generally, the mixed mean curvatures E,.,1 < r < n, are given by the
elementary symmetric functions of the \;

1
E,(\) = > /\h...)\iT:T—Z)\“ i, for A=(\1,...,\,) €R™,

1<ip < <i-<n Ulyenny -
and their quotients are
E:())
) = =1
Q ( ) Erfl(/\)
where Eg = 1, and E; =0,if r >n, I, :={AeR" | E; >0,i=1,...,r}
Denote the sum of all terms in F,(\) not containing the factor A; by E,.;()).

Then the following identities for E, and the properties on the quotients @,
were proved by Huisken and Sinestrari in [16].

for \eTI',_q,

Lemma 2.1. For anyr € {1,...,n}, i € {1,...,n}, and A € R",

(2.1) ag—;\jl()\) = Eri(N),

(2:2) Erp1(A) = Eri1ii(A) + AiEri (M),
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(2.3) Z Eri(A) = (n —r)E.(\),

(2.4) Z ANiBri(A) = (r + 1) Erpa(N),
i=1

(2.5) Z )‘%Er;i()‘) = E1(N)Er11(A) — (1 + 2)Erg2(N).
i=1

Lemma 2.2. i) Q41 is concave on T, for r € {0,...,n —1}.

ii) 66?:()\)>0onFTforie{l,...,n—l} andr € {2,...,n—1}.

Consider the functions:
inh inh
5u(z) = sinh(y/|k|x) _ sin (aac)7 en(r) = 5. (2),
VAl a

k() 1
) cox(x) = tan (@)

Denote r, the function “distance to p” in H™! and use the notation 9, =
Vrp. and denote the component of Or, by 8;; tangent to My, which satisfies
GTP = V(Tp|]\/jn).

Hadamard’s theorem in the hyperbolic space implies that a hypersurface
bounds a strictly convex body makes it possible to represent it as a graph over
a geodesic sphere. In our case, M" is a strictly convex hypersurface in H?*1,
consider geodesic polar coordinates centered at p. Then the metric takes the
following representation:

(2.6) g =dr® +s2(r)o;;du’du?,
where ¢ := 0;;du’du’ is the canonical metric of the unit sphere S™ in T, H?*!.
Consider this embedding

Xg:S™ = M™ s HP tel0,7).

Let D be the Levi-Civita connection on S™. For each ¢, regard r, as a function
on S™. Then a local coordinate vector field of M; has the following representa-
tion

0
3ui)

and the outward unit normal vector of M; can be expressed as

(2.7) K = Dir(u)0r, +sx(r(u))e;, 1<i<n,

(2.8) v = %'(s,ﬁ(n)&p — i Dirtei)
i=1

(2.9) €] = \/s2(re) + | Dre”.
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After a standard computation, the second fundamental form of M; can be
expressed as
1

(2.10) hij = —H (s,.i(rt)DjDirt — si(rt)cﬁ(rt)aij — QCK(rt)DirtDjrt),

and the metric g;; induced from H?*! is
(211) 9ij = Dﬂ’DjT + Si(T)O’ij.

From this, the inverse metric can be expressed as

3 1 D R
(2.12) g = (a” - —DZTDJT),
s2(r) €1

where (07)=(0;;)~! and Dir = ¢“D;r. Then equations (2.10) and (2.12)
imply that

1 1 ck(r) | Dr|?
(213) H=-————(Asr — —V2r(Dr,Dr)) + n+ :
€] 5 (r) ( gl” ° ) § ( 55 )
Using (2.11) and (2.12) the Christoffel symbols have the expression:
1
(2.14) I‘fj = W {DiDerlr + 8, (r)cs(r) (Diralj + Djroy — Dlraij)}
2(r

1
. (O’kl — —2DkTDlT).
I€]

Finally, define the inner radius p_ by
p_(t) = sup{r : B,(q) is enclosed by M; for some ¢ € H"*1},

where B, (q) is the geodesic ball of radius r with centered at g. The following
well-known result in H?*! will be applied in the later sections.

Lemma 2.3. Let 2 be a compact h-convexr domain, o the center of an inball
of Q (the largest ball enclosed by of ), p_ its inner radius. Furthermore let
T :=ta. (=), then

i) the mazimal distance max d(o, 9Y) between o and the points in OQ sat-

isfies the inequality

In(1+/7)

d(0,090) < p_
maxd(0,00) < p_ +a T

<p-+aln2.

ii) For any interior point p of Q, <1/, 8Tp> > ata, (dist((p, 99Q)), where dist
denotes the distance in the ambient space HITL.

Proof. See ([6], Theorem 3.1) for the proof. O
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3. Short time existence and evolution equations

This section first considers short time existence for the initial value problem
(1.1).

Theorem 3.1. Let Xg : M™ — H"! be a smooth closed immersion with the
mean curvature strictly bounded from below by na everywhere. Then there exists
a unique smooth solution X; of problem (1.1), defined on some time interval

0,7), with T > 0.

Proof. In fact, if f is any symmetric function of the curvatures \;, 7 € {1,...,n},
it is well-known (see e.g. Theorem 3.1 of [17]) that a flow of the form

(3.1) SX (1) =1 (p.1) v (0,1

is parabolic on a given hypersurface with the condition g—Afi > 0 for all ¢ holds
everywhere. Then, given any initial immersion Xg satisfying the parabolicity
assumption, standard techniques ensure the local existence and uniqueness of
a solution to (1.1) with initial value Xo. In our case f = H? and the condition

reads

OHP OH
3.2 =pHP ' —— =pH""" >0
(32) o =Bl ,
which is satisfied the condition of Theorem 3.1 of [17]. O

The rest of this section is devoted to compute the induced evolution equa-
tions of geometric quantities under the flow (1.1). The derivation of some
induced evolution equations can follow the Theorem 3.15 in [1], for example,
using Simon’s identity for the rough Laplacian of the second fundamental form
(see [25]), the evolution equation for the second fundamental form of evolving
hypersurfaces by H?-flow in an arbitrary background space can be written as
a reaction-diffusion equation:

O¢thij = BHP=YAhy; + B(B — 1)HP =2V, HV;H — (B + 1)HPhFhy,
+ 5HB—1‘A’2hij + (1 = B)HPRoioj + BHP " hijRoke"
— BH T hp RE — BHP T ha RN + 28H T hiy RE
— BHPYV,;Roxd — BHP 71V Ry,

(3.3)

where v is arranged to be eg. Also note that in our case where the background
space is a hyperbolic space, the ambient space is locally symmetric (VR = 0)
and the Riemann curvature tensor takes the form

(34) Raﬁ—yS = —a’ (gavglﬁ - f_]azigﬁ'y) :

Then, compared with the Euclidean case [24], extra terms of following equations
involving the second fundament form are now due to the background curvature.
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Theorem 3.2. On any solution My of (1.1) the following hold:

(3.5) drgij = —2Hhyj,

(3.6) ow = BHPIVH

(3.7)  9(dpe) = —H M dp,

(3.8)  O¢hij = BHP ' Ahy; + B(B— 1)HP ">V, HV ;H — (B + 1)H b} hy;
+ (!A!2 +na®) H* h;; — a®(B + 1)HP gi;,

(3.9) Owhl = BHP "' AR} + B(B — 1)HP 2V, HV'H — (8 — 1)H" hFhi,
+ 8 (A" + na?) HO 0] - a(8+ 1) H4],

(3.10)  O&H = BHP'AH + B(8 — 1) HP2|VH|? + (|A|2 - na2) H,

(3.11)  O:H' = pHP'AH' +18(8 — )HPT'=3|VH|?
+1 (‘A‘ — na2) HPH=1 [ eR.

For the proof of the main theorem, as mentioned in the introduction, it is

convenient for us to define some suitable perturbations of the second funda-
mental form. Define the turbulent second fundamental form

(3.12) iLij = hij — agij-

Denote A (resp. #) the matrix whose entries are h;; (resp. B;) Then \; given
by

(3.13) N=XN-—a, ic€l,...,n,

are the eigenvalues of # . Denote the elementary symmetric functions of the
Ai by E.,1 <r <mn. From the definition it follows that

f{:trgW:ENH:ZS\i:H—na,

‘A‘Q:trg :Z |A|2+na2—2Ha,
and their quotients
~ E.(\) - -
, = = — for A eI, _q,
Qr(N) By 1

where I, := {5\ eR"|E; >0, i=1,...,r},if E, is considered to be a function
of A. It is easy to check that

Vihi; = Vihij,
and therefore the Codazzi equations hold for V;JLij.
The following theorem is easily obtained from Theorem 3.2.
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Theorem 3.3. On any solution My of (1.1) the following hold:

(3.14)  9;hij = BHP Y Ahy; + B(B — 1)HP 2V, HV;H — (8 + 1)HPhFhy,
+ BH YAy + a(B + 1) HP by,

(3.15) 9kl = BHP"'AR! + B(B — )H 2V, HV'H — (8 — 1)H h¥h,
+ BlA[*HO = h] + a(B + 1) H R,

(3.16)  9,H = BH 'AH + B(8 — )WHP*|\VH|* + HP|A|* + 2aHP H,

(3.17)  8H' = BHP'AH' +1 [(ﬂ —D)H- (- 1)H} H2H52|VH]?
+IHPHY A + 20lHP A, 1€ R,

Furthermore, the quotients Q, (5\) satisfy the following evolution equation
which is an extension of ([24] Lemma 2.4) to hypersurfaces of (1.1) in HZ*! :
Lemma 3.4. For 3> 1 let X : M™ x [0,T) — H**! be an HP-flow with

E._1(p,t) >0, Epq1(p,t) >0 forall (p,t) € M™ x[0,T).
Then
(3.18) 8,0, > BHPIAQ, + HP ! {BM}Q — (B - 1)HO, +2aH| O,

Proof. As in [24], from the evolving equation (3.15) of A/, using

0Qr (57 5 _ 0G5y PR kiio
04, =5 - (6th) and AQ, = o Ahi—i—ah]a VFRIV
it is easy to calculate the derivative of Q,:
2Q, = BHPTIAQ HP! °Qr A AW
i Qr = Qr—p oion
20Qr o o 0Qr 17
+B(B - 1)HP 22V, HVIH — (B — 1)HP == hEh]
BB —-1) o] B-1) ont 1
a(B+1)H 586’5%@51{[’ 1\A|2‘9Q’“

2 [

Choosing a frame {e;} which diagonalises #, the fifth and the sixth term
appearing here can be simplified using the following simple calculation with
the aid of Lemma 2.1:
a ~7‘ 7 a T
Qr i — Q (RE -+ ao¥) B
oh! Oh j

_ Z 8@7" a@r ﬁg
aﬁg ’
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and

0Qr 5 :ia@x

onl = ok
1 _ no _ o _
= 79 <E7‘—1 Z Er—l,i)\i - E, Z Er—2,z)\z>
E’l“*l =1 =1
= Qr-

In view of the Lemma 2.2, the second, the third and the last term in the
right hand side (RHS for short) of the evolution equation of @, are positive
by monotonicity and concavity of the Q,. So the desired inequality can be
obtained with the hypotheses. (I

If the hypersurfaces M; are strictly h-convex, consider the inverse 7/;;1 of
#,, at a given point p € M", set 7/;;1 = {b]}, where b] is given by b¥hi = /.
The evolution equation of l;f is similar to the Euclidean case:

Lemma 3.5. For 3 > 0, let M; be an HP-flow of strictly h-convex hypersur-
faces in H L. Then

O] = BHP VA, — 25H" (VVIF ) B (Vb))
B8~ VH 2 (W, ) (V1ik))
+(B—-1)H 6! — BHP A’ — 2aH — aBHP A 005
< BHP'A + (8 — 1) HP 8] — pHP | A|*D]
— 2aHP5] — aBHP T AVPD).
Proof. Compute from l;flﬂ = 5g ,
o) = =1 (auhi) by
and B y o
Vb = <t (Viht) b
which implies
Ab] = <8 (ARE) by + 294 VB,
Together with Theorem 3.3, this gives the equality. For 8 > 1, the inequality

follows immediately. To show that also for 0 < 8 < 1, the two gradient terms
in the RHS of the equality in Lemma 3.5 have the desired sign, we have to work
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a bit more. As in ([24], Lemma 2.5), note that H?()\) = (Q7(6))~', where the
0; are the principle radii, i.e., ; =1 / \;. For general functions f, g satisfying
f(hl) =1/g(b]) one can compute that

2 ~

(319) 2L _20F 0F 1 O _9°9_ g, vy, — 2w 9 g

onlonS — fonlohl  obpobl dhia Ohiy
By the chain rule

OHP - OH -
(3.20) aﬁq( ) = BH(A )6h (\) = BH 1 (\)6P
and
O?HP -

3.21 ———(\) = B(B—1)H2(\)66P.
(3.21) ahmhg() B(B—1) (A)

From (3.19) (with f = H?) and (3.20), it follows

2 7 ~
o 2B HO 25760 — H?P ——~1 0°Qp b*Pby b b,
ohn, Oh Dbz b

— BHP16,,b™ — BHP15™PD,,,

(3.22)

Replacing (3.22) into (3.21), by multiplication with VA" V,, ﬁg and summation

B(B—1)HP 2V HV  H = 23*HP~2V'HV ,H — Hw;bsg;uvvbsv b

— 2BHP™INVVRE Vb,

which is

0°Q; VDV Wbt — 2BHY™ NV 1P,V yhpy = 0.

+1)VYHV  H — HP? =1
B(B+1) by

Using the Codazzi equations for Vh,; and the concavity of Q7 (6) for 0 < 8 <
1, it follows that
BB+ 1)V HV H — 28H™ VAP, V. yhpy < 0.
Using H < H, this leads to
BB+ 1)HP2 (E;.vaﬁ) (vwm}gj) _28HP (vkif;) hg (vki)g) <0

which implies that the sum of the two gradient terms in the RHS of the equality
in Lemma 3.5 is non-positive for 0 < S < 1. Then this shows the desired
inequality for 0 < 8 < 1. O
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4. Preserving h-convexity

With the notation of Theorem 1.5, this section shall show that h-convex
hypersurface remains so under the HA-flow, while in the case 8 > 1 they
immediately become strictly h-convex.

As a first step the maximum principle applied to the evolution equation of
H guarantee that the minimum Hy;, of H is increasing under the flow (1.1).

Proposition 4.1. Under the assumptions of Theorem 1.5,

T B+I

B+1

n

Hnin(t) > na + (Hmin(0) — na) (1 — (Hpmin(0) — na)ﬁJr1 t)

which gives an upper bound on the maximal existence time T

L (Huin(0) — na)”+Y.

T<
T B+1

Proof. A direct calculation using |A|2 > %H 2 gives an estimate

~ 1 1
‘AF = ‘A’Q —2aH +na® > —H? — 2aH + na’® = —H?,
n n
which implies that from the evolution equation (3.16) of H

- 1 -~
Hmin > _HEI;;?-

min~ " min min
n

Oy Honin > %Hﬁ H%,, + 2aH!
Now let ¢ be the solution of the ODE
= 152
$(0) = Hinin(0),
then by the maximum principle
H>¢ on 0<t<T.

On the other hand ¢ is explicitly given by

Thus,

f{min(t) — o0 as 1-—

which proves Proposition 4.1. O
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To show that h-convexity of M; is preserved, next consider the evolution
of Amin := minyy, A; as in Chap. 3 of [13]. In order to do so, define a smooth

approximation 4 to max(x1,...,x,) as follows: for 6 > 0 let
1+ r1 — To\2
(4.1) Ag(wr,2) = H=2 4 \/(%) + 62,
n+1

1 R
An1(21,. .., Tpgr) = —— Z;-A2($i;~/4n(x1a ce @iy Ty1), N> 2,
P

The approximation has the following properties, for a proof see ([13], Lemma
3.3).

Lemma 4.2. Forn > 2 and § > 0,

i) An(x1,...,2,) is smooth, symmetric, monotonically increasing and
conve,
i) max{zy,...,2n} < Ap(z1,... ..., 2y) <max{zy,...,z,} + (n—1)0,
iif) 2An(Tnatn) <
)

An(@1,. oy wn) = (n—1)8 < Yo SAelbstinl g < A (0, ),
v) S, MGt =1,

Schulze in [24] proved that the minimal principal curvatures of the hypersur-
faces under the HP-flow is increasing by applying the properties of A,,, which
is also valid in the context of H? 1.

Lemma 4.3. Let M, be a solution of the flow (1.1) in HZ L. Suppose the initial
hypersurface My is strictly h-convex. Then all My are also strictly h-convex
and Amin(t) is monotonically increasing for t > 0.

Proof. Note that the monotonicity of :\min(t) in time is the same as that of
Amin(t), so it is sufficient to prove that :\min(t) is monotonically increasing.
Firstly, Proposition 4.1 ensures that H preserves positivity in time.

For f > 1, using a frame which diagonalises Vi, consider the evolution of
Amin(t) in the evolution equation (3.15) of #. Then

(42)  Odmin (0yt) > BHP T ANnin (0, 1) — (B — DHPNZ,, (0, 1)
+ 2aH M\pin (p, 1) + ﬁ‘flfHﬁ*l (a + Amin (P t))
= BHP " Adin (9, 1) + 20HP Apins (p, 1) + HP X2, (p, 1)

+ B AP (@ + Din (0,1) = BN (9,1)]

The part in the square brackets is nonnegative by the identity H = H + na,
the estimates |/I|2 > HX2 . and |/I|2 > nA2. . Then the maximum principle

min min*
shows the desired result.
For 0 < B < 1, observe that the gradient terms have the wrong sign, we

have to work a little bit more as in [24]. For a fixed 6 > 0 now choose a smooth
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approximation .7 (b)) := A, (61, .., 0n) to max(0y,...,0,), as defined in (4.1),
where the ; are the eigenvalues of b, i.e., §; = 1/)\;. By the chain rule
7J 2
O,y g O gy P
bl Ot ov! dbs by

grouping the two identities and applying Lemma 3.5 &7 satlsﬁes the following
evolution inequality:

Ol =

VUbEV,bY,

P _ - - X4
Ohet < BHP'Agt — BHP ' ————V bV, 0% + (8 — 1)HPtr | =—
— BH"~ 1|A|28f — 2 Hﬁ%bi api? 1 AP2 o bf;

i i i

The various terms on the RHS of this inequality can be easily estimated: First,
in view of Lemma 4.2 i) convexity of A implies convexity of &7, then the second
term can be estimated by

02
—BHPL ———V BV, b" < 0.
8b58b“
Using Lemma 4.2 v), 0 < 8 < 1, and H < H the third term can be estimated
by
(B—1)HP1H.
Lemma 4.2 iv) implies that the next term can be estimated by
—BHY A} (o — (n —1)5)

and the fifth term can be dropped. The last term also can be dropped since

gff bf b/ is positive. The following estimate is obtained:

0vt < BHP~' At + (B—1)HP~ 1( ~|A[*) e — B AP (o — (n - 1)B9).
At a point (p,t) with & — (n — 1)86 > 0, since

E a = Hj\min < ‘A‘Qa

A

]

- emax

this gives an estimate of the form
oo < BHP'Ad

which gives a contradiction if o7 attains a first maximum larger than (n—1)39.
The limit as ¢ is approached to 0 then implies the conclusion of Lemma 4.3. [J

Corollary 4.4. Let X : M" x[0,T) — H* be an HP-flow of strictly h-convex
hypersurfaces. Then

A| (9, t) < H (p,£) < (Hinax (0)~+D — (8 + 1)) "T¥D.
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Proof. Lemma 4.3 implies that if My is strictly h-convex, under the flow (1.1),
M, is strictly h-convex as long as it exists, then |A‘ < H, which implies that
from the evolution equation (3.10) of H

atI_Imax S Hﬁ:)? - G‘ZHﬁax S Hﬁ:)?
Now let ¢ be the solution of the ODE
do _ 2
dar — ¢ﬁ+ )

$(0) = Hmax(0),
then by the maximum principle
H<¢ on 0<t<T.
On the other hand ¢ is explicitly given by

1
6(t) = (6(0)" Y — (B + 1)) 7D,
Thus, this gives the desired estimate. O

Corollary 4.5. Let X : M" x [0,T) — H?*! be an HP-flow of weakly h-convex
hypersurfaces. Then My is weakly h-convex for all t € [0,T).

Proof. The initial surface My can be smoothly approximated by strictly h-
convex hypersurfaces M{. Let these hypersurfaces move by H A_flow, which by
Lemma 4.3 remain strictly h-convex. For any t € [0,T), Corollary 4.4 implies
the uniform C?-estimates for these hypersurfaces. For o > 0 the uniform C%-
estimates can be obtained for these hypersurfaces as follows: For 0 < 8 <1
the speed H” is concave in h! and in this case with the uniform C?“-bounds
are known in general for concave operators (see [20], Theorem 2, Chapter 5.5,
or also see [18]). For 8 > 1, M} can be locally reparameterized as graphs
over the unit sphere S™ with center p in T,H?™!. From (1.1) and (2.8), a
short computation yields that the distance function on S™ satisfies the following
parabolic PDE

(4.3) O = s, () H [¢],

where the mean curvature H and the outward normal vector length [£| are
given by the expressions (2.13) and (2.9), respectively. The function H? in
the coordinate system under consideration is a function of D?r and Dr. Since
H(-,t) is larger than na and bounded above by Corollary 4.4 this implies that
HB~1 are also uniformly Hélder continuous functions. Then this ensures that
(4.3) is a linear, strictly parabolic partial differential equation

(4.4) Oir = aijDiDjT + bijDiTDjT + cijaij,
with coefficients given by

a = g HPY b = g HP o, (r) and ¢ = —gY HP s, (r)c, (1)
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in space and time. The interior Schauder estimates by the general theory
of Krylov and Safonov [18], [20] lead to C?%-estimates. In both cases, i.e.,
0 < B <1andf > 1, such a property implies all the higher order estimates
by using standard linearization and bootstrap techniques (see [18], [20]). By
extracting a convergent subsequence of strictly h-convex flows it follows that
the original flow also had to be h-convex. (|

For g > 1, the following Proposition shows that weakly h-convex hypersur-
faces immediately become strictly h-convex under the H”-flow in H?+L,

Proposition 4.6. For > 1, let M, be a solution of the H?-flow in Hn L
Suppose the initial hypersurface My is a weakly h-convex hypersurface with
H(0) > na. Then M, is strictly h-convex for all [0,T).

Proof. Tt is sufficient to prove that \; > 0. Since H(t) > na, i.e., H(t) > 0,
for all [0,T), Q2 is well-defined and Corollary 4.5 implies that M; is weakly
h-convex. Then an immediate consequence is

- <12

Qs = w > 0.
2H a

For t € [0,¢], € < T, the bounds on ‘A‘Q imply the bounds on Mf, |H|, and
Q2 which imply

HY7V[B|A]* = r(8 = 1)HQs + 2aH| < C

on this interval. An application of Lemma 3.4 for w = e“tQ, shows the
following estimate:
Ow > BHP T Aw.

Suppose that there exists (po,to) € M™ x (0,¢) with Qa(po,to) = 0, then also
w(po,to) = 0. The Harnack’s inequality in the parabolic case (see i.e., [20])
applied to the above equation shows that w = 0 for all ¢ € (0,tp), i.e., Q2 = 0,
which is in contradiction to the existence of strictly convex points on My, and
s0 Q2 > 0 on M™ x (0,T). An iterative application of this yields that Q, > 0
on M™ x (0,T). This concludes the proposition. O

5. The long time existence

The third section has shown that the equation (1.1) has a (unique) smooth
solution on a short time if the initial hypersurface in H?*! is h-convex. This
section considers the long time behavior of (1.1) and establishes the existence
of a solution on a finite maximal interval.

Theorem 5.1. Let [0,T) be the mazimal existence interval of the flow (1.1)
M with H(-,0) > na in H?™'. Then
1
B+1

n

) _ —(8+1)
) (Hpmin(0) — na) .

(Himax(0))”PD < T <
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2
Moreover, maxyy, |A| — 4o ast—T.

Proof. The estimates on the maximal time 7" of existence can be easily derived
from Proposition 4.1, Corollary 4.4 and the proof of Corollary 4.5. To complete
the proof of the theorem, assume that ‘AF remains bounded on the interval
[0,T), and derive a contradiction. Then the evolution equation (1.1) implies
that

IﬂnﬂfX@JNS/zﬂnﬂﬁ

for 0 <7 <o <T. Since H is bounded, X(-,t) tends to a unique continuous
limit X(-,7) as t — T. In order to conclude that X(-,T') represents a hyper-
surface M7, next under this assumption and in view of the evolution equation
(3.5) the induced metric g remains comparable to a fix smooth metric § on
Aeg(u,u) g(u,u) 9(u,u)
< 2|H||h[y=

M™:
9 (g(u, U)>
Ot \ g(u, u) g(u,u) g(u, u) g(u, u)
for any non-zero vector u € TM™, so that ratio of lengths is controlled above

and below by exponential functions of time, and hence since the time interval
is bounded, there exists a positive constant C' such that

)

Si<9<Cq

Then the metrics g(t) for all different times are equivalent, and they converge
as t — T uniformly to a positive definite metric tensor g(T') which is continuous
and also equivalent by following Hamilton’s ideas in [12]. Using the uniform
C?%“_estimates from the proof of Corollary 4.5 it is enough to imply bounds
on all derivatives of X. Therefore the hypersurfaces M, converge to a smooth
limit hypersurface Mp. Finally, applying the local existence result with initial
data X(-,t), the solution can be continued to a later times, contradicting the
maximality of T'. This completes the proof of Theorem 5.1. (|

Example 5.2. For the evolution of a geodesic sphere Sy with radius Ry and
the origin point of H" its center under the flow (1.1), we get

B8O = — (neon(R(1))”,
R(0) = Ry.

A straightforward analysis for the existence of solution of the above ODE im-
plies that the evolving geodesic spheres S; with radii R(t) contract to the center
of the Sy on a finite maximal existence time T satisfying

ﬁ (Ro+ f3(Ro)) <T <

where the function fg(x) on [0, 400) is given by

(an)? G In(cosh(aRo)) + fﬂ(RO)) ,
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18]
1

:Oﬁ+1—2m
1

Bt
1 & 1
= Y ————(tanh(ax))? 72", if [] is odd.
a ‘= B+1-—2m

1
" (tanh(ax))?T1=2™ if [3] is even,

fa(z) =

= 3

In the following, we wants to show that the flow exists as long as it bounds
a non-vanishing volume. In order to achieve this, using a trick of Tso [26] for
the Gauf curvature flow, see also [1], [7] and [21], we study the evolution under
(1.1) of the function

HB

b —¢
Here ® = s.(rp)(v, 0y,), which could be seen as “support function” of M™ in
H7*! and € is a constant to be chosen later.

(5.1) Z =

Corollary 5.3. Fort € [0,T) and any constant e,
2BHBA1

— €

0,7 = BHPIAZ + (VZ,V®) + (B + 1)cn(r) 2>

2
— eﬁ%ZQ —nBa’H’1Z.

Proof. For every X, Y tangent to M, the following formulas is well-known (see
[22] page 46 or [11]):

(5.2) ?XGTP = ok (7p) (X — (&p,X)@Tp) )
This implies that
(5.3) Ar, = ncoy(rp).

On the other hand,
Vo, (X,Y) = (Vx0,,,Y)
(5.4) = (Vx07,Y ) = (9, VxY)
= V2r,(X,Y) + h(X,Y)(0,,, V).
This implies that

2
(5.5) Ar, = cok(rp) (n - GTTP ) — H(0,,,v).
Using (1.1) and (5.2) a direct calculation gives
(5.6) V(84 (rp)0r,) = —cu(rp) H v,

which implies that
(5.7) 0:® = BH"s,,(rp)(Or,, VH) — cx(rp) H”.
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On the other hand, straightforward computations having into account (5.2)
and (5.5) as in (Section 4 of [7]) give

A® = (v, arp>ASr€(rp) +2 <VS,€(TP), Vv, aT;;)) + SH(TP)A<Va an>
= cp(rp)H +54(1p)(0r,, VH) — @‘AF.
Combining this with (5.7) yields

(5.8)

(5.9) 0 = BHP'AD — (8 + 1)e,(rp) H® + BHP 10| A,
From (5.1), (3.11) with I = 8 and (5.9), it follows

1
(5.10) 9,7 =z

—€
HP _ _ 2
- o (HT A (4 enlry)t” + 517 0l af).
Another computation leads to
BHP-YAHP  BH?*-'A®  BHP!
D —e¢ (D —€)? D —c

by combining (5.11) with (5.10), then the desired equation follows easily. [

(ﬂHﬁflAHﬁ 4 BH?P1 (|A|2 - na2))

(5.11)  BHP'AZ =

(VZ,V)

To get an upper upper bound for Z which is finite and independenat of ¢,
applying the maximum principle, first it is necessary to get an upper bound
for rp.

Lemma 5.4. Let A(M;) be the total area of My, Ay = A(My), A(S™) the
total area of the unit sphere S™ in R"1, o the inverse of the function s
A(S™)s(s), and p—_(t) the inner radius of ¢ whose boundary is My. Then

p-(t) < ¢(Ao)
for allt €10,T).

Proof. Since the total area A(M;) under the flow (1.1) is decreasing from the
evolution equation (3.7), then A(M;) < A for all ¢ € [0,T). In view of Lemma
2.3 ii) h-convexity of the initial hypersurface in HZ™* implies that (9,,,v) > 0
for all t € [0,T). Now choosing geodesic polar coordinates in H?*! around a
center p; of an inball of ; as mentioned in Section 2, the total area of M; is

given by

where du is the volume form of the unit sphere S” in R"*!. But the facts

p—(t) < s(u) and A(M;) < Ay, thus the conclusion of the lemma follows having
into account that 0 < (9,,,~) <1, s? and ¢! are increasing function. O

A direct consequence of the above lemma and Lemma 2.3 i) is:
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Corollary 5.5. For any t € [0,T), if p,q € Q¢, then
dist(p, q) < 2(¢(Ao) + aln2).

Theorem 5.6. Let M; be a solution of the HP-flow in H* . Suppose the
initial hypersurface My is a h-convex hypersurface, § > 0, qo € H'T! and
Bs(qo) C 4 for allt € [0,7), whose boundary is M. Then

H (p,t) < C(My,0d,,n,a) for all (p,t) € M™ x [0,7).

Proof. Since it is proved previously that M; is h-convex along the flow (1.1),
Lemma 2.3 ii) gives

P = s4(rgy) (v, 0r,, ) > ase(6)tan ().
Then taking the constant € in the definition (5.1) of Z as

€= gs,{(é)ta,{@)

implies
P —c>e>0.

Combining this, h-convexity of M; implies that
1
(5.12) Z>0 and |A>-HZ
n

On the other hand, by taking D := 2(¢(Ap) + aln2) a direct consequence of
Corollary 5.5 is that rq, on M; satisfies:

(5.13) re < D.

From Corollary 5.3, (5.12) and (5.13) the following inequality can be obtained:

07 < BHPIAZ + %Z(VZ, Vo) + ((/3 +1)cu(D) — %H) z2.

Assume that in (pg,to), Z attains a big maximum C > 0 for the first time.
Then

HB(pOatO) Z C((I) - 6)(p03t0) Z GCa
which gives a contradiction if

peEM™

B
C > max {Z(p,O),% (n(ﬁ%ﬂ)cﬁ@) }

6. Contraction to a point

Now proceeding exactly as in [24], this section shows that M; shrink down
to a single point as the final time is approached.
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Proof of Theorem 1.5. Theorem 5.1 and Theorem 5.6 ensure that the flow ex-
ists as long as it bounds a non-vanishing domain. Lemma 4.3 and Proposi-
tion 4.6 show that all hypersurfaces are strictly h-convex for ¢ € [0,7), thus
lim;—,7 Amin(¢) > a4+ ¢ > a. Suppose for all ¢ € [0, 7) there exist two distinct
points qi, g2 in ; C H?™! whose boundary is M;. Let P be any 2-dimensional
plane through ¢; and ¢, then P intersects M; transversally in regular curves
%P . Since Apin(t) > a + g, then the curvature of the curves %P has a lower
bound a+4" > a. Let I; := PNQ,. The fact the n-dimensional Hausdorff mea-
sure H"(Q;) — 0 implies that there is a P such that $2(I;) — 0, contradicting
that q1,q2 € I; and that the curvature of the curves 4 is uniformly bounded
from below by a. (I
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