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SOME BILATERAL GENERATING FUNCTIONS INVOLVING
THE CHAN-CHYAN-SRIVASTAVA POLYNOMIALS AND
SOME GENERAL CLASSES OF MULTIVARIABLE
POLYNOMIALS

SEBASTIEN GABOURY, MEHMET ALI OZARSLAN, AND RICHARD TREMBLAY

ABSTRACT. Recently, Liu et al. [Bilateral generating functions for the
Chan-Chyan-Srivastava polynomials and the generalized Lauricella func-
tion, Integral Transform Spec. Funct. 23 (2012), no. 7, 539-549] inves-
tigated, in several interesting papers, some various families of bilateral
generating functions involving the Chan-Chyan-Srivastava polynomials.
The aim of this present paper is to obtain some bilateral generating func-
tions involving the Chan-Chyan-Sriavastava polynomials and three gen-
eral classes of multivariable polynomials introduced earlier by Srivastava
in [A contour integral involving Fox’s H-function, Indian J. Math. 14
(1972), 1-6], [A multilinear generating function for the Konhauser sets
of biorthogonal polynomials suggested by the Laguerre polynomials, Pa-
cific J. Math. 117 (1985), 183-191] and by Kaanoglu and Ozarslan in
[Two-sided generating functions for certain class of r-variable polynomi-
als, Mathematical and Computer Modelling 54 (2011), 625-631]. Special
cases involving the (Srivastava-Daoust) generalized Lauricella functions
are also given.

1. Introduction

The Chan-Chyan-Srivastava polynomials gﬁlal""’ar)(xl, ...,x,) are a mul-

tivariable extension of the Laguerre polynomials generated by the following
relation [1, p. 140, Eq. (4)]:

r
(1.1) H(l —xjz)
=1
o0
- Z g’Elah.“’aT)(:I;l’ e Xp)2" (|z| < min{|x1|_1, e |xr|_1}) .
n=0

Received December 14, 2012.

2010 Mathematics Subject Classification. 33C45, 33C65.

Key words and phrases. Chan-Chyan-Srivastava polynomials, Srivastava polynomials,
(Srivastava-Daoust) generalized Lauricella functions, bilateral generating functions, special
functions.

(©2013 The Korean Mathematical Society

783



784 S. GABOURY, M. A. OZARSLAN, AND R. TREMBLAY

Obviously, setting r = 2, a3 = a and as = f in the last equation yields the
familiar Lagrange polynomials g,(la’ﬁ )(.Tl,l'g) which occur in some statistical
problems [3, p. 267]. The last generating function (1.1) yields the explicit

representation [1, p. 140, Eq. (6)]:

x’fl ke
(L2) gt m) = 30 (e (e Py gk
k14 +kr=n ' r
or, equivalently, [9, p. 522, Eq. (17)]
(1.3)
glavsen) ()
Z TZ1 Z 041 n1 042 no—my " ( r)nfnr 11'”1:6”2_”1 B
—_ |. _ | 1 2 T )
Npr—1= Onr 2= =0 nip= 0 n2 nl) (n nT 1)

where (A),, denotes the Pochhammer’s symbol defined by

I'A+n)
INCYR
These polynomials have been extensively investigated first by the work of Chan
et al. [1] and subsequently by the works of [2, 4, 5].
Almost four decades ago, Srivastava [12, p. 1, Eq. (1)] introduced and
investigated the general class of polynomials SI""(x) defined by
[%]

(1.4) Sy = (_Z?’"’“ Anpz®  (n=0,1,2,..)),
k=0 ’

where m is an arbitrary positive integer, the coefficients A4, (n,k > 0) are
arbitrary constants, real or complex. By suitably specializing the coefficients
A, k, the polynomials S (z) can be reduced to the classical orthogonal polyno-
mials (Jacobi polynomials, Hermite polynomials, Laguerre polynomials, see for
details [12, 18, 19]). Other interesting special cases of the polynomials S/ (x)
include the generalized hypergeometric polynomials such as the Bessel polyno-
mials y,(z, o, 8) investigated by Krall and Frink [8, p. 108, Eq. (34)] and the
generalized Hermite polynomials g/*(z, h) considered by Gould and Hopper [6,
p. 58].

In 1987, Srivastava and Garg [14, p. 686, Eq. (1.4)] introduced the mul-
tivariable analogue of the polynomials S7*(x). This new class of polynomials
SMiseoMs (g .. xg) is defined by

(1.5) Syt Ms (gL, )

miki+-+msks<n xllcl ks
S

= Z (_n)m1k1+”'+msksA(n; kl’. ”71{; )m,
k17~~~,ks:0
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where mq, ..., mg are arbitrary positive integers, and the coefficients
Ansky, ... ks) (nki >0,i=1,...,7)

are arbitrary constants, real or complex.
Another interesting class of generalized multivariable polynomials, namely
the polynomials Syl-7s (21,...,25) have been given in 1985 by Srivastava

[13, p. 185, Eq. (7)]. These polynomials are defined as follows:

R
) =3 - Z nlmlkl'::li:!ns)msst(n;kl,...,ks)x’fl...fo,

k1=0

where my, ..., mg are arbitrary positive integers, ni,...,ns are arbitrary non
negative integers and the coefficients

Qny ki, ... ks) (nyk; >0,i=1,...,7)

are arbitrary constants, real or complex.
These classes of polynomials are related to the Srivastava-Daoust generalized
Lauricella function [15, p. 37 et seq.] defined as follows:

(1.7)
P [(a): o, .., 9<5>] : [b(l); (]5(1)]; co [b(s); ¢(5)];
. .Y”.-Y el 217 . 7ZS
R BT R OC PR VLD RS O )}
e mi mge
- Z Q(mlv"'vms>21 "'ZS )
m1! ms!

mi,...,ms=0
where, for convenience,
(1.8)

A B, (1) B
152103 000 4 m 00 T , (b I | (b§s))ms¢;s>

Qma,...,mg) = .
c DO (1) DO, 1(s)
H] 1( )mlz//( )4 dm w( ) H ( J )mlé;l) e Hj:l (d] )rrL,J;S)

The coefficients

9(’” G=1,....4 k=1,...,s), ¢<k> (G=1,....B®; k=1,...,s),

1/)§k) (j=1,...,C; k=1,...,s) and 5(k) (Gj=1,...,D®™: k=1,... )

(k)

p(v ) abbreviates the array of B®) parameters

are real constants and (b
k) (s k). . —

b; (G=1,...,BW; k=1,...,s)

with similar interpretations for other sets of parameters.

By assigning suitably special values to the arbitrary coefficients A(n; k1, .. .,
ks) and Q(n;kq,...,ks) of equations (1.5) and (1.6) respectively, we arrive to
the following special cases.
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Setting
A(?’L kl, ceey s)
Q(?’I, kla AR S)
A B (1 B® (s
B [[=1(a5),,, 0D 4 m 00 II;- (0 ))m1¢§” R | b (b ))ms¢;s)
el DM, (1 D), (s
T2 €m0 4o TL (@57), g0 - TLZ (@57, 00

n (1.5) and (1.6), we obtain respectively
(1.9) SytteeoMs (gL, )

[(=n):m1,...,ms], [(@):0D, ... 08)]:

D(l)
“ -, [(€) : v,
R PRI AT Bk
L1y.-.9Lg
[dD;6M]; L [d®);60));
and
(1.10)

e (T, Ts)

W ()] -
A14BD, 14 B [(a): 0D, ..., 00)]:
B Fc D). DG

[() : M), )]
[nma], B eM] [—ns;ms], ()5 5¢)];
T1y..-,Ts

- a0, C 950,

Finally, in 2011, Kaanoglu and Ozarslan [7] introduced a certain class of mul-
tivariable polynomials Pyt Nr=1 (21,...,2,) and obtained two-sided linear
generating functions for this class of polynomials. These polynomials are a
generalization of the three variable polynomials studied by Srivastava et al.
[17]. Explicitly, the polynomials Py, " N1y N (z1,...,7,) are defined by
(1.11)

P:ln,lenaNT*l (1‘1’ R $r)

[N:—J [f;r_—lz] [ka] [kg ] klxkz_lel L x:‘L*Nrflkr—l

= Z Z Z Z Am+n ki,ookpz 1/{31 (k; —2N1k'1)'

o _ 1
K120 kp—2=0  ka=0 k1=0 Lo (n = No—ihro)!
(m,n € No; N1, Na,...,N,_1 € N),

where {Am+4n. ki, k. 1} 1S & sequence of complex numbers.
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Following the works of Liu et al. [9, 10, 11], we propose, in this paper, some
bilateral generating functions involving the Chan-Chyan-Srivastava polynomi-
als and the three classes of generalized polynomials defined above in (1.5), (1.6)
and (1.11). Some special cases are computed and presented under the form of
corollaries.

2. Main results

In this section, we present some bilateral generating functions involving the
Chan-Chyan-Srivastava polynomials and the three classes of polynomials re-
spectively defined previously by (1.5), (1.6) and (1.11). Some corollaries are
also given as examples of applications of these presumably new generating
functions.

The following lemma, given in [9, p. 521, Eq. (13)], will be useful in the sequel.
Lemma 2.1. The following multiple summation formula

(2.1) > Z Y A(ngyna, .. ny)

ny=0n,_1=0 n1=0
[e ] o0 o0
= g E E A(ni,n1+na,...,n1 +ng+ -+ n,)
n,=0n,_1=0 ni

holds true provided that each of the series involved is absolutely convergent.

For a suitably bounded non-vanishing multiple sequence {Q(k1, ..., ks) by, ks eNo
of real or complex parameters, we define a function ®,(n2, mo;...;ns, ms; Y1,
..,ys) of s variables where m; € N, for j = 2,...,s, and n; € Ny, for

j=2,...,8, by
(2.2)

Dy (no, mas. .5 s, M3 Y1, - -+, Ys)

Sl,mQ ..... ms

= Pn,ng,...,n. (yla'--ays)
o ][5
DD I I e IS AR

k1=0 k2=0 ks=0

where Slme.oms(y, 4) denotes the generalized Srivastava polynomials

NyN2,.., N

defined by (1.6). As usual, [z] denotes the greatest integer in z and

No:=NU {O}
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Theorem 2.2. The following bilateral generating function holds true:
(2.3)

zg<m, ) (@) SEE ()

5 i o) z1 )zr (=n2)maks * ** (—7s ).k,
= . kol k!

= H(l —xjz) Y Z

l1,0.0l-=0 k2=0

Iy L,
1221 12T
X bl oK) yil) (y1> vt
r

Proof. 1t is easy to see that
(2.4)

.....

- Z ggzahm’a”(l'l, cey ) Z e Z (=)ky (=n2)maky - (=Ms)m. b,

kql--- k!

> = - - TL+k1 Jerey Ol —N2)moks "\ Ns)m ks
S S (M g e Tty o)

n=0k1=0 ko=0 k.= kol - k!
X ki, k) (—yr2)™ eyl
Now, by making use of the following formula [1, p. 143, Eq. (20)]:

— (n+m\ (a1,.a n
(2.5) Z ( >g7(l+m )(:cl, cey T2

n=0 n
= 1 — . —Qy (0411---7047‘) ‘Tl o :L'T e N
g( -T]Z) gm (1:012’ ) I*Z'TZ (m O)

and equation (1.3), we obtain
(2.6)

.....
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T

% 1— 1. a; (a1,...,ar) T T,
H( SCJZ) 9k, 1_1_12, 71_$TZ

j=1
—a; [ ] —na) m2k2 (=) sk,
S | (D Z N

Jj=1 ko=0

(Oél)ll (2)i,—1y = (@ )by —1, 4

% Z Z Z Zﬂkl’“-’ s ll!(bill)!...(klflrfl)!

k1=01,_1=01,_2=0 11=0

ll l27l1 klflrfl
k1 ks 1 T2 Ty
x _— Z DRI .. .
(=312) Ys (1—9012:) (1—902,2) <1—$Tz>

With the help of Lemma 2.1, we thus arrive to the desired result.

O

Corollary 2.3. In view of equations (1.10) and (2.3), we have the following
relation
(2.7)

00 PR [(a) : o, ... ,9(5)] :
Z gr(zahm’ar)(xla tee 7xT)FC:-D(1);...;5.(1$)

[(e) M), ]
[—n;1], pW5eM) L [ mg), B 60);

Yi,-- -3 Ys Zn
R ) OIS
—a; pA+B:1;..51;14+B@;. ;14 B()
H L =2;2) " Y Fepo! 0ip@;....pee)
J=1
Voot ans1]; oo [aeil]; [—ngimal,
0 . elrts— 1)] : — co —; -,
b QS(Q) s [Fngmy), [0 60));
glljillv"w51jzrlay2:"’7ys
[d®;6@); . - [d®);60); '

where the coefficients e;, fj, gag-k) and @;k) are given by

{aj (1<j<A

T \ba (A<j<A+B),
P L (1<j<E)
" \diia (E<j<E+D),
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6\ 1<j<A1<k<r)
w JOTTTTY A <i<Ar<k<res—1)
(P,
J bj—a (A<j<A+B;1<k<r)
0 (A<j<A+Bir<k<r+s—1)
and
pl) 1<j<E;1<k<r)
o) _ \If(’“ o <j<Br<k<ris—1)
! 5J_A (E<j<E+D;1<k<r)
0 (E<j<E+4+Dir<k<r+s-1),
respectively.

Considering now a suitably bounded non-vanishing multiple sequence

{Q(?’L, kl;nQa k2; ey Mg, ks)}kl,---7ks€N0

of real or complex parameters where n,no,...,ns are fixed nonnegative inte-
gers, we define a function Z,,(mq;na, ma;...;ns, Ms; y1,...,ys) of s variables
where m; € N, for j=1,...,s, by
(2.8)

En(mi;ng, maj. .5 Ns, Msi Y1y -+, Ys)

m m
Sn 711’2, s (yla . -ays)

H;:1(1 aj)n

][ ] n)mlkl ) (_ns)msks Q(nakl;n%k%---;nsyks) ki, ks

T yS )
zz: kS' szl(l*aj)n 1

where Sph ™ (yl, ...,ys) denotes the generalized Srivastava polynomials de-

.....

fined by (1 6)

[

3‘:

HM

Theorem 2.4. The following bilateral generating function holds true:

oo
(2.9) Zg%’ll*” """ T (g ) B (M e, s Ny T YLy - Ys) 2™
n=0

11""lr!((1—a))< li++lr,na,.. ,ns(yl,...,ys)

(2 10) Z g(alfn ..... OL,,-*’n) (xl T ) n,n27~~T77‘zgs (yla e ,ys)zn
. gy Lp
29 T (1—ap)
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B i (—:L'lz)ll - (—;L'TZ)ZT G

I 1, ((1—a))< L4t yna,.. ,ns(yl,...,ys>,

11,0l =0
where
(2.11) (1-a);=l0-aj) and G= > i
7j=1 k=1 (kij)

Proof. By using (1.3), we have

(2.12)
o0
Zg%’ll*” """ G‘T*”)(xl, e ) B (M Ne, Ma; N, Mg Y1y ey Ys )2
n=0

)2 1\ Qe = N1,y
Z Z Z Z 2*11)1 l(n(lrl)!) l

n=010,_1=010,_2=0 11=0

:Clll 1,122 b, .. z:}*lrfl
H;—l(l - aj)n 2,
-y v Z Z W (zp2)tt - (—p2) Tt
— — |
n=010,._1=01,_2=0 11=0 12 ll) (” lr71).
Sn,nz,...,nss (yla v ;ys)
(1—a1)n_1,(1 —a2)pntort, - (1 — )y,

7ns(ylv .. 'ays)zn

X

Applying Lemma 2.1 to the last relation, we find

(2.13)
Zg(al T (g ) B (M N2, i e M YL Y )2
_ i (lez)ll .. (*SCTZ)IT M1, M (y1 ) ys)
e Il 1) ((1—a))< Lt ot na,y...,
which completes the proof. (I

Corollary 2.5. In view of equations (1.10) and (2.9), we have the following
relation

(2.14)

1SN G
.Tl,...,xT)FAl_,’_B(l) 1+B(5) [(a) ) ) ]

n
Z T (1= aj)n D). D)

[(c) : M, ]
[—nsma], WM Lo [—ngmg], b6

Y1y Ys z
_ [dD; 60D L — [d(); 5()];
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[(a):6W),...,06)]:

_ i (_‘le)ll e (_‘TTZ)ZT FA:l-‘,—B(l);...;lJ,-B(S)
ll'lr| ((170[))< C:D();..;D(s)
l

Il =0 [(c) : pM ... )]
[+ L)ymal, MW s [agmg], [BE)5804));
Yty s Ys )
- [dD;6M) L - [d);60)];
where
ks ks
(=) =J[0-ap)e and G=" > I
j=1 k=1 (k+#j)

For a suitably bounded non-vanishing multiple sequence {A(n;k1,...,ks)}
n.ki,....ks €Ny Of real or complex parameters, we define a function U, (myq, ..., ms;
Y1,---,Ys) of s variables where m; € N, for j =1,...,s, by
(2.15) Up(ma, ..oy Ms; Y1y -5 Ys)

_ S’Z’Ll 1111 ms(ylv"'ays)
kit tmaks <
_ e ‘ " (_n)m1k1+"'+msks . yfl o 955
= Z HT (1_ ) A(?’L,kl,...,k/’s)m.
ki ,eoka=0 =107 A)n pe s

Theorem 2.6. The following bilateral generating function holds true:

(2.16) Z gleammar=) (e YU (M, g YL, - Ys) 2"
n=0

Z (7$12)l1 e (7:CTZ)IT ML,y Mg

(yla"'ay)v
LS Il 1, ((1—04))< Lyt A+l s

where
(2.17) (1—a) =[]0 =ajg and ¢G= > I
j=1 k=1 (k#j)
Proof. From (1.3), we have
(218) ZQ%OQ*TI VVVVV arin)(xlv"'7$T)\Iln(mla'"ams;yla"'ays)zn
n=0

o0 n l,«7 2
_ Z Z Zl L lz (al - n)ll (a2 - n)lz—ll U (aT - n)n_lr—l
=01, 1201, 220 =0 ll'(lg 711)!"'(n717~,1)!

Iy lo—11 n—lp_1
Ty Ty ce e T

[ —a)n
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$1Z :CQZ)lQ—ll - (_xTz)n—lr,l
"z:ohzl:ohgo l120 12711) (nflrfl)!

S:lnl 7777 S(yla"'ays)
(1 - al)n—ll (1 - a2)n—l2+l1 o (1 - aT)lT—l

With the help of Lemma 2.1, the result follows easily. (I

X

The next lemma [16, p. 102, Eq. (17)] is required to establish Corollary 2.8.

Lemma 2.7. The following multiple summation formula

oo miki+-+msks<n

(2.19) Z Z Ak, ... kg;n)

k1,....ks=0

= Z Z A(/{?l,...,l{is;n+mlk1+"'+msks)
n=0k1,....ks=0

holds true for positive integers my, ..., ms.

Corollary 2.8. The following bilateral generating function holds true:
(2.20)

i (—xlz)ll e (_xrz)lr SMl -----

Il ((1704))( L+ +l Y1y, Ys)

l1,ln=0
00 (a1 —n—miki—-—msks,...,0p—n—miky1—--—msks)
_ Intmikit+moks (:Cl’ ’:CT)
= G -
nkr k=0 Hj:l( = ) ntmy ke mks

X A(n+miky + - +meks, Ky, ... k)
(=2)™y)" - ((—2)moy)™ 2n

X (1 + n)mlkl"r”"‘l‘msks

k! k! ’
where
(1—a).=[[0 =y and ¢G= > .
Jj=1 k=1 (k#7)

Proof. Applying Lemma 2.7 to the left hand side of equation (2.16) yields the
result. O

Corollary 2.9. In view of equations (1.9) and (2.16), we have the following
relation

(2.21)

$1,...,$T)FA+1B(1) LB® [(—n):mh...,ms],

n
Z T (1= aj)n Cc:DW).. D)
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[(a): 0,0 MM s ;6]
Y1, -y Ys 2"
(60, ][O0 ;500
= i (=z12)" - (mae2)h pA+LBD B (== b)),
LT b (A = a))e DD .
[(a): 0W,.,0]: MM s [p); 6]
yl’ A ,ys b
[(€) : @, ] [dW56M]; Ly [dl);60));
where
(-a)c=Jla-ape and G= > b
j=1 k=1 (ht)

Let us shift our focus on two special cases of Theorem 2.6. First of all,
setting s = 1 and using the fact that the Gould-Hopper polynomials [6, p. 58]
g (y, h) defined by

(%]
k=0 " ’

are related to the polynomials S]7(y) (see [18, p. 161, Eq. (1.15)]) by

(2.23) s = 1 (4)" gy ( (g)”m,h> .

Thus, we obtain the following relationship between the Chan-Chyan-Srivastava
polynomials and the Gould-Hopper polynomials:

(2.24)
) 7(la17n ..... ar—n) T1yen Ty . n/m . 1/m .
e e () (‘ %) ’h> :

_ i (xlz)ll ---(acrz)lr (g) Lty o - (ﬁ)l/m .
0 ll' . lrl ((1 _ a))< h Ti4- A+l Y ) )

li,..5l=

where
(1—a)e =[] -aj), and G= > I
i=1 k=1 (k#j)

Next, putting s = 1, y; = v and considering the relation established by Sri-
vastava and Singh [18, p. 160, Eq. (1.13)] between the generalized Bessel
polynomials y, (y, v, 8) introduced by Krall and Frink [8, p. 108, Eq. (34)] and
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defined by

(2.25) Yn(y, 7, B) = i <Z> <n+vzk2)k! <%>k

k=0

and the Srivastava polynomials S/ (y), namely,

(2.26) Su(y) = yn(—By. 7, B).-

This relation is obtained by replacing A, by (y +n — 1); and m by 1 in
(1.4). Therefore, we have the next relation between the Chan-Chyan-Srivastava
polynomials and the generalized Bessel polynomials:

00 (al—n,...,ozr—n)(
n

(2.27) >

n=0

Hr (1 1;_,)...,zr)yn(ﬂu7’yaﬂ>zn
j)n

j=1

oo (_.le)ll R (_ZCTZ)ZT
= Z Yy +---+1 (_Buavaﬁ)
... L) — T
LT LW (1= a)),
We end this paper by giving a bilateral generating function involving the
class of polynomials Pyt Nr-1 (z1,...,7,) defined by (1.11). For a suitably
bounded non-vanishing multiple sequence {Apn ks.... .k 1 Frm k... ks 1 €Ny Of

real or complex parameters, we define a function A, (m, N1,..., Ns_1;y1,.- .,
ys) of s-variables where N; € N, for j =1,...,s — 1, by
(2.28)

An(maNla"'aNs—l;yla"'7yS)

ylv"'vys)

} ki, ko—Nik; n—Ng_1ks—1
Am+n-,k17-~--,ks_1 Y1 Ys s

(1 — Oz]‘)n kl'(kg — leil)' e (n — Ns—lks—l)! '

ks_1=0 ks_2=0 k2=0 k1=0 HJ=1

Theorem 2.10. The following bilateral generating function holds true:

(2.29) Z glermmsar =) (e )AL (my Ny N 1551, - ys) 2"
n=0

o0 ll lT‘
—z12) - (—mp2
_ (za12) - (=202) " Nty ),
b=

w7y Bl (=) e

where

T T

(1—a) = [[0 -0 and G= 3 &

j=1 k=1 (k#j)
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Proof. The proof is omitted since it is almost the same as the one of Theorem
2.6. O

Setting N1 = NQ == NS,1 =1 and

Am+n,k1,m,k371 = (al)kl (aQ)k2—k1 T (as_l)ksfl_k572 (as)m(as + m)n_ksfl’
we find from [7, p. 627, Eq. (1.7)] that

(2.30) Pty y) = (@s)m g0 ™) (yy L ).

Putting s = r, m = 0 and substituting x; = y; for j = 1,...,r, we obtain the
next relation.

Corollary 2.11. The following bilateral generating function involving the prod-

ar)(

uct of two Chan-Chyan-Srivastava polynomials g " (21, ..., x,) holds true:

T1yeeny Tp) g,(,al"”’aT)(:El, ... ,xr)zn

28

& oo o)
=

IFARRRY | ((170[))< It +--+1, ($1;...,$r)a

e grslalfn,,..,arfn)(

(2.31) >

n=0

117. sl O
where
(1-a) =l -ap)e and G= > I
j=1 k=1 (k#j)
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