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ON QUASI-A(n, k) CLASS OPERATORS

M1 RYEONG LEE AND HYE YEONG YUN

ABSTRACT. To study the operator inequalities, the notions of class A op-
erators and quasi-class A operators are developed up to recently. In this
paper, quasi-A(n, k) class operator for n > 2 and k > 0 is introduced
as a new notion, which generalizes the quasi-class A operator. We ob-
tain some structural properties of these operators. Also we characterize
quasi-A(n, k) classes for n and k via backward extension of weighted shift
operators. Finally, we give a simple example of quasi-A(n, k) operators
with two variables.

1. Introduction

Let H be a separable, infinite dimensional, complex Hilbert space and let
L(H) be the algebra of all bounded linear operators on H. Recall that an
operator T' € L(H) is said to be p-hyponormal if (T*T)P — (TT*)? > 0,p €
(0,00). If p = 1, then T is hyponormal. In particular, T is said to be oo-
hyponormal if T is p-hyponormal for every p > 0 ([3]). It follows from the
Lowner-Heinz inequality that every p-hyponormal operator is a g-hyponormal
operator for ¢ < p. An operator T belongs to class A if |T?| > |T'|?, where
|T| = (T*T)"/? ([4]). The class A operator is developed as a nice application
of the Furuta inequality and there are many generalized classes of operators of
class A operator (cf. [2], [4], [9], [12]-[14]).

An operator T is quasi-class A operator if T*|T*T > T*|T|?T ([11]). In
[5], Gao-Fang generalized this operator as k-quasiclass A for a positive integer
k, ie., T**|T?|Tk > T**|T|>T*, and showed some useful inequalities of this
class of operators. An operator T is a normaloid if ||T|| = r(T), where r(T)
is the spectral radius of 7. In [11], some structural properties of quasi-class
A operator are developed in several notions, and they provide some examples
which are quasi-class A operator but not normaloid. Recall that an operator
T is spectraloid if w(T) = r(T'), where w(T) is the numerical radius of T.
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The inclusion relationships among these classes are well known as follows:
e quasinormal = oco-hyponormal = p-hyponormal (0 < p < 00) = class
A = normaloid = spectraloid;
e class A = quasiclass A = k-quasiclass A = spectraloid.

In general the reverse of above implications are not true. The study of partial
normalities such as p-hyponormality and other weak hyponormalities has been
considered for more than 20 years (see [3]). But until now, we obtained a few
models which characterize the properties among above classes of operators. So
it is worthwhile to investigate a model to show distinctions between classes of
operators.

In this paper, we consider a new notion, namely quasi-A(n, k) class operator,
which generalizes class A and k-quasiclass A operators.

Definition 1.1. For integers n > 2 and k > 0, a bounded operator T is called
a quasi-A(n, k) class if

(1.1) Tk |1\ 7% > T T T,

An operator T is called the quasi-A(oo, k) class if the inequality in (1.1) holds
for all n > 2.

Obviously the quasi-A(2,0) (or A(2,1), respectively) class operator is re-
ferred as the class A (or quasi-class A, respectively) operator ([11]). For k > 1,
the quasi-A(2, k) class operator is k-quasiclass A operator ([5]). Suppose that
T is oco-hyponormal, by the Lowner-Heinz inequality, obviously we have that T’
has the quasi-A(n,0) class for all n > 2. An easy property of operator inequal-
ity shows that if T is quasi-A(n, k) class, then T is quasi-A(n, k + 1) class for
all k > 0. Recall that if T is a p-hyponormal for p > 0, then T**T™ > (T*T)"
for all positive integer n < p ([4]). By using Léwner-Heinz inequality, we easily
show that if T is co-hyponormal, then T is quasi-A(n, k) class operator for all
n > 2 and k > 0. In fact the study of quasi-A(n, k) class operators contributes
to the operator gaps related to various classes of operators locating among
quasinormal operators and spectraloid operators (see Remark 3.3).

This paper consists of three parts as follows. In Section 2, we show some
properties of quasi-A(n,k) class operators via the Hansen inequality and Holder-
McCarthy inequality. In Section 3, we consider a model to distinguish with
quasi-A(n, k) class operators relative to n > 2 and k > 0. As the main tool in
this note, we use a backward extension of weighted shift operators. Finally, we
show mutually disjoint ranges of quasi-A(n, k) class operators for n > 2 and
k > 0 in 2-dimensional space.

Throughout this paper, we write Ry for the set of positive real numbers.

2. Some properties of quasi-A(n, k) class operators
We begin our work with the following lemmas.

Lemma 2.1 (Hansen inequality ([7])). If bounded operators A and B satisfy
A>0and | B| <1, then (B*AB)° > B*A°B for all0 < § < 1.
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The following lemma is a slight modification of [11, Theorem 2.2] and [5,
Lemma 2.1].

Lemma 2.2. Let T be a quasi-A(n, k) class forn > 2 and k > 1 and let

T = L Tp relative to ranTF & kerT**.
0 13

Assume that ranT* is not dense. Then Ty has the inequality [T > |T1|"
(n >2) on ranT* and TY = 0. Moreover, o(T) = o(T1) U {0}.

Proof. This idea comes from proof of [11, Theorem 2.2]. Let P be the or-
thogonal projection of H onto ranT*. Then T} = TP = PTP. Since T is
a quasi-A(n, k) class, P(|T"| — |T|")P > 0. Using facts that TP = PTP,
PT* = PT*P and Hansen inequality, we have
" = (T T2 = (PT* - PT*PT*PT* TPTPTP. .. TP)'/?
= (PT*-.- PT*PT*T*TTPTP---TP)'/?
= (PT* .- PT*T*T*TTTP---TP)"/? = ...

= (P|T"?P)Y? > P|T"|P.

Since |T|P = P|T|P on ranT*, we get (P|T|>P)/? = P|T|P on ranT*. So
|Ty|" = (PT*TP)"/? = (P|T|P)" = P|T|"P.
Hence |T7"| > P|T"|P > P|T|"P = |T}|" for n > 2.
For any = = (x1,22) € ranT* @ kerT**, we have
(T, 3) = (TH(I = P)a, (I — P)z) = {(I — Py, T*(I — P)a) =0,
which implies that 7% = 0.
Since o(T)U® = o(T1)Uo(T3), where & is the union of holes in o(T") which

happens to be a subset of o(T1)No(T3) (see [6]), o(T3) = {0}, and o(T1)No(T3)
has no interior points, we have o(T") = o(7T1) U {0}. O

Lemma 2.3 (Holder-McCarthy inequality ([3])). Let A > 0. Then the follow-
ing assertions hold.

() (A7z,z) > (Az,z)"||z||*?=") for r > 1 and all z € H.

(ii) (A"z,2) < (Az,z)"||z||2C=") for 0 <r <1 and all x € H.

The following results are slight improvements of [5, Theorem 2.2].

Proposition 2.4. Let T be a quasi-A(n, k) class for n > 2 and k > 0. Then
Q) ([T ™| T™ x| > | T || || T ||*>~™ for all x € H and all m > k.
(ii) If T™ = 0 for some m > k, then T*+1 = 0.

Proof. (i) From the operator inequality, it is clear that quasi-A(n, k) class op-
erators are quasi-A(n, k 4+ 1) class operators, and so we will prove for the case
m = k. Without loss of generality, we assume that T*z # 0.
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Using Holder-McCarthy inequality, we have that for all x € H,
(THT™The, ) < (T PT 2, TFa) V2| TR PO = |7 e | T
(TH|T|" T e @) > (|ITPT e, Ty 2| T |07 = || T || T a2

Hence we obtain that
T || | T || > | T | | T*)*", = € H.

(ii) If T* = 0, then it is obvious that 7%*! = 0. Suppose that T* # 0 and
Tk+J = 0 for some j > 2. Take n = j and m = k in Proposition 2.4(i). It
follows from (i) that T*+! = 0. O

Theorem 2.5. Let T be a quasi-A(n, k) class forn > 2 and k > 1. If (T —
ANz =0 for some X\ # 0, then (T — \)*xz = 0.

Proof. We may assume that = # 0. Let M = span{z}. Then M is an invariant
subspace of T' and

(X T N
T—(O TB) on M & M-,

Let P be the orthogonal projection of H onto M. For the proof, we claim that
Ty, = 0. Since T is a quasi-A(n, k) class and x = T*(z/\*) € ranT*, we have
P(|T"| — |T|*)P > 0. It follows from TP = PTP and PT* = PT*P that
P|T"|2P =p7r*...T*T7...TP=Pr*PT*...T*T ... TPTP
——

n n

2n

n n

Then using Hansen inequality, we have that

A" 0 _ n(2 p\1/2 n np _ [A[" 0
( 0 0 = (P|T"|*P) > P|T"|P > P|T|"P = 0 E
n_ (AT A
Hence

2P0\ (1 0) (A A (A" A (1 0
<o o) =PI =g o){a= B) a4+ B)lo o

_(m%+Am %

So we may write

0 0
which implies that A = 0 and

n|2 __ |)\|2n 0
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On the other hand,
2 = A0 (X 0N [N T\ (N T
T \1y T3 Ty T5)\0 T 0 Tj
_ (P X'c
~ e o+ mp)

where C' = Z?:_Ol ToTiA"~1~% Hence C = 0 and B = |T%|. Also using Lemma
2.2, we have

2n
P|T)*"P = P(T*T)"P = ('AA 8) .

From |T'|? = T*T and some computations, we may write for n > 1
Azn Ba
T 2n _ *n n ,
L

Asp = Ag(m—1yA2 + Bogm—1)B3, Az =A%,
(2.1) Bom = Ag(m—1)B2 + Ba(y—1)C2, Bas = NI,
Com = B3(;n_1)B2 + Ca(m-1)C2, Cz = |T|? + | T3
for all m > 2. For each n > 2,
(5 ) -mee-( (& 26 -5 9
Using the recurrence formula (2.1), we have
Agp = Ag(n-1)|AI> + Bagn—1) B3
= Ag(n—2)|A|* + (IA?Ba(n—2) + Ban—1)) B3 =
— RO (|>\|2(n—2)32 T AROIB, 4+ 32(n_1)) B}

where

= P A (IR By + NP B 44 By T3,
which implies that Ty = 0 for all n > 2 because of |A\]*" = Ay, (A # 0). O

3. Distinctions of quasi-A(n, k) class operators

In this section we characterize the quasi-A(n, k) class weighted shift for all
n > 2 and k > 0 for being distinction of quasi-A(n, k) class operators. For this
purpose, we consider a backward extension of weighted shift (cf. [8]).

For a sequence o = {a;}52, of positive real numbers, a weighted shift W, is
defined by Wae, = anen41 for all n > 0, where {e;}32, is an orthonormal basis
for £2(Z,.). Obviously, W, is normal if and only if o, = 0 for all n. > 0, and W,
is quasinormal if and only if oy, (a2, —a2) = 0 for all n > 0. Moreover, W,, is
p-hyponormal for all [some] 0 < p < oo if and only if « is monotone increasing,
ie, ap < a3 < as < ---. By a simple calculation, we see that W, is of class
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A if and only if the sequence « is monotone increasing. But there exists a
sequence {an}j’fzo C Ry such that a; < as < a3z < --- and W, is quasi-class
A but not normaloid ([11]). Moreover, W, is k-quasiclass A operator if and
only if oy, < a1 < agqa < -+ for a positive integer k ([5]).

Now we obtain some conditions of quasi-A(n, k) class property for any n > 2
and k > 0 for a weighted shift operator.
Lemma 3.1. Let W, be a weighted shift with weight sequence o = {@;}2,.
Then W, is quasi-A(n, k) class if and only if

n—1

(3.1) H Qiyjri =2 oy, for all j > 0.
i=1

Proof. By direct computations, we have that

WIRIWEWE > Wi Wal" Wy

k—1+j ktn—1+j o
& Diag H o H Qi — Qg >0,
i=j i=k+j =0
which is equivalent to (3.1). O

Corollary 3.2. Let W, be a weighted shift with weight o = {;}2,. If o is
an increasing sequence, then Wy, is quasi-A(n, k) class for alln > 2 and k > 0.

Proof. Using Lemma 3.1, it is obvious. (I

Remark 3.3. Consider a weighted shift W, with ag = 2 and a;, =1 (n > 1).
From simple computations, W, turns to be quasi-A(2,k) class for all & > 1.
i.e.,, W, is co-quasiclass A, equivalently, quasi-A(2, 0o) class. However, since

r(Wo) = lim [|[W2|+ =1,
n— oo
it turns out that W, is not normaloid.

To find gaps among classes of quasi-A(n, k) class operators with respect to
n and k, we consider a backward extension weighted shift operator (cf. [8]).
For a weighted shift W, with weight sequence o = {e;}2, and £ € N, let

X1,y Ty) P X1, Ty, Xg, O, O, -

be an augmented sequence with positive real number z;, 1 < j < £. Such a
weighted shift W4, ... 2, is called an (-step backward extension weighted shift
operator of W, (cf. [10]). Write the set

Rﬂ_ ={(x1,...,xp) s x; >0, 1<i</}

For finding the region for distinction of quasi-A(n, k) class operators, we con-
sider the following sets

(3.2)  A(n,k;0) :={(z1,...,2¢) € Rﬁ : Waar,...z) 18 quasi-A(n, k) class}
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for n > 2 and k > 0.

The following example proves easily that the increasing condition of weight
sequence is essential in order to show gaps between classes of quasi-A(n,k)
class operators each other for all n > 2 and k& > 0.

Example 3.4. Let a : 2,2,1,1,1,... and let () : x,2,2,1,1,1,.... We
consider the corresponding weighted shift operators W, and W, with weight
sequences « and «(x), respectively. A straightforward calculation shows that

W, can be never quasi-A(n, k) class operator for alln > 2 and k > 0. Moreover,
we can obtain that A(n,k;1) =0 for all n > 2 and k > 0.

Proposition 3.5. For a positive integer £, let W (4, ... z,) be an £-step backward
extension of weighted shift operator W, with an increasing sequence «. Then

A(n, k; 0) = Rﬁ forallm>2 and k > £.
Proof. For brevity, we consider a sequence 5 = {3, }5°_,, where

By, = Tme1 (0<m<L—1),
mo Qs (m > 2).

For all n > 2 and k£ > 0, it follows from Lemma 3.1 that
Wa(zy,....z,) 18 quasi-A(n, k) class <= H?;olﬂkJerri > ﬂ,’jﬂ- (j >0).
For k > ¢, using the increasing property of « in (3.1), we have that
T2 Bl jibi = Qb Qe j— 41+~ Qo jmtin—1 > Qg j_g = By
for all j > 0 and all (z1,...,2¢) € Rﬂ. Hence A(n, k;¢) = Rﬁ forallk >/¢. O

Theorem 3.6. For a positive integer £, let Wy (s, ... ,) be an L-step backward
extension of weighted shift W, with an increasing sequence «. Suppose that
m,n>2and 0 <p, q<4{. Then

(i) it holds that

A(m,p; 0)
4 m—Il+i—2 ﬁ
= (21,0 m) 1 0< ; < H zj, H Qjy ,i=p+1,...,0%,
Ji=i+1 J2=0

(ii) 4t holds that A(m,p;€) # A(n,¢;{) < (m,p) # (n,q).

Proof. (i) Using the condition (3.1) about Wy, .. 2,) and the condition of
increasing sequence «, we have that

20) 18 quasi-A(m, p; £) class

m—1 .
S Tppjaz T 00 Oppjime1—0 Z Ty (0<j < l—p—1)
L m—L+i—2

<:>$?171 < H T, H a, (P+1<i<?).
Ji=i+1 J2=0
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(ii) We first show that A(m,p;1) # A(m,q;1) for m =n and 0 < p # g < L.
From (3.1) and the increasing condition of «, the following holds:

(1'15' < 51‘€> € A(mvpa£>
= T T Q0 Qipm—t—2 > T (p+ 1 <0 <),

This holds for all z; > 0 (j = 1,...,p), which implies that A(m,p;f) #
Alm, g, 0) for 0 <p#q <.

Next, we claim that if m # n and 0 < k < £, then A(m, k; £) # A(n, k; ).
In fact, from Proposition 3.5, we see that A(m, k;¢) = A(n, k; ¢) for k > ¢ and
all m,n > 2. It is sufficient to show that for 0 < k£ < £. To show the distinctions
of the classes A(m, k;1), we consider the last two cases of i = ¢ — 1 and i = /£.
In fact, we can verify that

o <z < (Oé()---Ck77_2)ﬁ
g3
for n = m and n = n. Suppose 2 < m
<

< n. From the increasing condition
of a, we obtain that 1/(agp- - an—3) < 1

/(g m—s3). If we denote a :=
1

(A0~ )71 and b:= (ag -+~ n_2) ™7, then

(m—=1)(n—1)(Inb—1Ina) = (m —n) i: Ina; + (m—1) i: In o
=0

i=m—1
>(m—n)(m—1)Inay_—o+ (m—1)(n—m)Ina,_1
=(n—m)(m—1) (Inam—1 — Inam_2) > 0.
Hence b > a for 2 < m < n, which induces that A(m, k;¢) # A(n,k;{) for
2<m<nand 0 <k <{ Alsowe observe that A(m,k;¢) C A(n,k;¢) for

m < n and A(m,p;€) C A(m,q;¢) for p < g < £. This proves the arbitrary
cases by the above two cases. ([

We now close this note with an example of the quasi-A(n, k) class operators
with two positive variables which provides a distinction for such classes.
Example 3.7. Consider an augmented weight sequence a(\/x, \/y): v, \/¥,
g, a1, ... with o, = ,/Z—ii (n > 0) and positive real variables  and y. Let

Wavz.vi) be a 2-step backward extension of a weighted shift W,. From some

easy computations, we can obtain that
{(z,y) e RY : Wa(yz, ) 18 quasinormal} = @.

But our model A(n, k; £) as in (3.2) has a region below the classes of quasinormal
operators. For n > 2 and k > 0, we denote

An, k) == A(n, k;2) = {(z,y) € R : Wa(ya, ) 18 quasi-A(n, k) class}.
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For k > 2, the increasing property of {a;}$2, proves that the condition (3.1)
holds for all =,y > 0, i.e.,

A(n, k) =R for all k > 2.

Now we only consider the cases such that £ = 0 and 1 for each n > 2. Also
we note that if k + j > 2 for all k,j > 0, then the condition (3.1) holds for all
x,y > 0. In order to show the distinctions among the sets A(n, k) for n > 2
and k = 0, 1, we find equivalent conditions to (3.1) for each n and k. By some
calculations in condition (3.1), we can have the followings:

n— 3y - 3
A(7%,()):{(96,.0)61@3:ﬂc 1§n+1,y 1§n+2};
3

An,1) = R%: y" 7t <
(TL, ) {(x7y>€ + Yy _n+2}7

which imply that the sets A(n, k) are distinct with respect to n and k. Further,
we also have that A(m, k) C A(n, k) for 2 <m < nand k = 0,1 (Indeed, since

1/(z—1)
; _(_3 . . . .
the function f(z) = (I—H) is strictly increasing for > 2, we have that
3 \1/(m-1) 3 \/(@-1)
(m—+2) < (n—+2) for 2 <'m < n). Hence

Wa(yz,ym) 18 class A operator <= (z,y) €A(2,0) <= 0 <z <y < 3/4,
Weo(yz, ) 18 quasi-class A operator <= (z,y) €A(2,1) =Ry x (0,3/4].
And we have

Weo(vz, ) 18 quasi-A(c0,0) class <= (z,y) € UpZ,A(n,0) = (0,1) x (0, 1),

Weo(va, ) 18 quasi-A(co, 1) class <= (z,y) € UpZ,A(n, 1) = Ry x (0,1).
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