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COUPLED N-STRUCTURES APPLIED TO IDEALS IN
d-ALGEBRAS

SUN SHIN AHN AND JUNG MI Ko

ABSTRACT. The notions of coupled N -subalgebra, coupled (positive im-
plicative) N-ideals of d-algebras are introduced, and related properties
are investigated. Characterizations of a coupled NV -subalgebra and a cou-
pled (positive implicative) N-ideals of d-algebras are given. Relations
among a coupled N-subalgebra, a coupled N-ideal and a coupled posi-
tive implicative AV/-ideal of d-algebras are discussed.

1. Introduction

J. Neggers and H. S. Kim ([14]) introduced the idea of a d-algebra as a gener-
alization of BC'K-algebras introduced by Y. Imai and K. Iséki ([8]). This class
of algebras has been studied in rather great detail and is of current interest to
many researchers ([3, 4, 10, 12, 13]). Beside d-algebras, other generalizations of
BC K-algebras include the class of BC'I-algebras, also introduced by Y. Imai
and K. Iséki ([7]), the class of BC H-algebras, introduce by Q. P. Hu and X. Li
([5, 6]), of which the class of BCI-algebras is a proper subclass. The class of
BC K-algebras is a proper subclass of the class of d-algebras, and it has been
shown that many constructions on the class of d-algebras leave this class invari-
ant, but not so the class of BC'K-algebras. For example, the mirror algebra of
a d-algebra is a d-algebra, but the mirror algebra of a BC K-algebra is not nec-
essarily a BCK-algebra ([3]). J. Neggers, Y. B. Jun and H. S. Kim ([13]) have
studied the ideal theory of d-algebras, introducing the notions of d-subalgebra,
d-ideal, d#-ideal and d*-ideal, and various relations among them. After that
some further aspects were studied in [1, 4, 10, 12]. In [1], S. S. Ahn and K. H.
Han introduced the notion of N-subalgebras, (positive implicative) A/-ideals of
d-algebras and investigated their related properties. Jun et al. ([9]) introduced
the notion of coupled N-structures and its application in BCK/BCI-algebras
was discussed.
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In this paper, we introduce the notion of coupled N-structures, and dis-
cuss its application in d-algebras. We introduce the notions of a coupled N/-
subalgerba, a coupled A-ideal and a coupled positive implicative N-ideal, and
investigate their relations. We discuss characterizations of a coupled N-ideal
and a coupled positive implicative N -ideal.

2. Preliminaries

A d-algebra ([14]) is a non-empty set X with a constant 0 and a binary

operation “x” satisfying the following axioms:
(I) zxxz =0,
(I) 0%z =0,

(III) x*y=0and y*x =0 imply = y for all z,y € X.

For brevity we also call X a d-algebra. In X, we can define a binary relation
“ <7 by x <y if and only if z xy = 0.

A BCK-algebra is a d-algebra (X; #,0) satisfying the additional axioms:

AV) ((@xy)) * (% 2)) x (2% y) =0,
(V) (x*x(z*xy))*xy=0forall z,y,z € X.

Example 2.1 ([13]). Let R be the set of all real numbers and define x * y :=
—z(z—y),z,y € R, where “” and “—” are the ordinary product and subtraction
of real numbers. Then zxx =0, Oxax =0.If x*xy = y+xx =0, then z(x —y) =
yly —x) and so (z —y)(x +y) = 0. Hence z =y or x = —y. If x = —y, then
0=2*(—2) = —z(z+2z) and 0 = —z*xx = —(—2)((—2)—2) = 2(-22) = —222.
Thus = y = 0. Hence z = y. Therefore (R;x*,0) is a d-algebra, but not a
BCK-algebra, since 5 0 = —52 = —25 # 5.

Definition 2.2 ([13]). Let (X;*,0) be a d-algebra and § # I C X. I is a d-
subalgebra of X if zxy € I whenever x € [ and y € I. I is called a BCK -ideal
(briefly, an ideal) of X if it satisfies:

(DO) 06]7
(D) zxy €l and y € I imply x € I.

I is called a d-ideal of X if it satisfies (D7) and

(Dg) xelTandy € X imply zxy eI, ie, I[+X CI.
I is called a d*-ideal of X if it satisfies (D;), (D2) and

(D3) x*z € I whenever zxy € I and y*z € I for any x,y,z € X.
I is called a d*-ideal of X if it satisfies (D1), (D2), (Ds) and

(Dy) zxy el and yxx € I imply (zx2)* (y*xz) € I and (zxz)x (zxy) €T
for any z,y,z € X.
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Example 2.3 ([14]). (a) Let X := {0,a,b, c,d} be a d-algebra which is not a
BCK-algebra with the following table:

|10 a b ¢ d
0(0 0 0 0 O
ala 0 a 0 a
blb b 0 ¢ O
cle ¢ b 0 ¢
dlc ¢ a a 0

Then L := {0,a} is a d-ideal which is not a d#-ideal of X, since bxd = 0 €
Ld«xc=a€L,butbxc=c¢ L.

(b) Let X := {0,a,b,c} be a d-algebra which is not a BCK-algebra with
the following table:

*|0ab c
0j]0 0 0 O
ala 0 0 a
blec b 0 c
cle b b 0

Then I := {0,a} is a d”-ideal, but not a d*-ideal, since 0 x @ = 0 € I and
ax0=acl,but (cx0)*(cxa)=cxb=>b¢ I.

(c) Let X := {0, a,b, c} be a d-algebra which is not a BC'K-algebra with the
following table:

*|0a b ¢
0j0 0 0 O
ala 0 0 a
bbb b 0 0
clec ¢ a 0

Then J :={0,a} is a d*-ideal of X.
Note that d*-ideal C d#-ideal C d-ideal in a d-algebra (see [14]).

Definition 2.4 ([14]). Let (X;#,0) be a d-algebra and x € X. Define zx X :=
{z*a|a€ X}. X is said to be edge if for any z € X, z x X = {x,0}.

Lemma 2.5 ([14]). Let (X;%,0) be an edge d-algebra. Then x 0 = x for any
r e X.

Definition 2.6 ([13]). A d-algebra X is called a d*-algebra if it satisfies the
identity (zxy)*x =0 for all z,y € X.

Clearly, a BC'K-algebra is a d*-algebra, but the converse need not be true
(see [13]).

Theorem 2.7 ([13]). In a d*-algebra, every BCK -ideal is a d-ideal.
Corollary 2.8 ([13]). In a d*-algebra, every BCK -ideal is a d-subalgebra.
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Definition 2.9 ([1]). Let (X;x*,0) be a d-algebra, and let § # I C X. [ is
called a positive implicative ideal if it satisfies, for all x,y,z € X,

(i) 0 €1,
(ii) (xxy)xz€lTand yxz € I imply x x z € 1.
For any family {a; | ¢ € A} of real numbers, we define

s | max{a; | i€ A} if A is finite,
\/{al i€ A}:= { sup{a; | i € A}  otherwise.

inf{a; | i € A}  otherwise.

Denote by F(X,[—1,0]) the collection of functions from a set X to [—1,0].
We say that an element of F(X,[—1,0]) is a negative-valued function from X
to [—1,0] (briefly, N'-function on X). By an N -structure we mean an ordered
pair (X, f) of X and an N-function f on X. We define an order relation “<”
on [—1,0] x [—1,0] as follows:

(V(Tl,kl),(TQ,kQ) S [71,O]X[71,0]) ((Tl,kl) < (TQ,]CQ) S < T2, kl > k2) .

Ndai |i € A} ._{ min{a; | i € A} if A is finite,

3. Coupled N-structures applied to subalgebras and ideals in
d-algebras

Definition 3.1 ([9]). A coupled N -structure C in a nonempty set X is an
object of the form

C={(z;fe.9c) : v € X},
where f¢ and ge¢ are N-functions on X such that —1 < fe(x) + ge(z) < 0 for
all z € X.

A coupled NV-structure C = {(x; fc,gc) : * € X} in X can be identified to an
ordered pair (fc, gc) in F(X, [—1,0]) x F(X, [—1,0]). For the sake of simplicity,
we shall use the notation C = (f¢, g¢) instead of C = {{(z; fe,gc) : v € X}.

For a coupled N-structure C = (f¢,gc) in X and ¢,s € [—1,0] with ¢ + s >
—1, the set

N{(fe;gc);(t,8)} ={z € X | fe(z) <t, ge(z) > s}

is called an N (¢, s)-level set of C = (fe, gc). An N (¢, t)-level set of C = (fc, gc)
is called an N-level set of C = (f¢, gc)-

Definition 3.2. A coupled N-structure C = (f¢, gc) in a d-algebra X is called
a coupled N -subalgebra of X if it satisfies:

31)  felwxy) <\ {fe(@), fe(y)} and ge(z+y) > N\{ge(®), 9c(v)}

for all z,y € X.

Theorem 3.3. A coupled N -structure C = (fc,gc) in a d-algebra X is a cou-
pled N -subalgebra of X if and only if the nonempty N (¢, s)-level set N{(fe, gc);
(t,8)} is a subalgebra of X for allt,s € [—1,0] witht+ s > —1.
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Proof. Assume that C = (fe, gc) is a coupled N-subalgebra of a d-algebra X.
Let t,s € [-1,0] with t+s > —1 and =,y € N{(fc,9c); (t,s)}. Then fe(x) <t,
fely) <t, ge(x) > s, and ge(y) > s. If follows from (3.1) that

fe(wxy) < \/{fe(@), fe(y)} <t and ge(zxy) > )\ {gc(),9c(¥)} > s

so that z x y € N{(fc,g¢c); (t,s)}. Hence the nonempty N(¢,s)-level set
N{(fc,gc); (t,s)} is a subalgebra of X for all ¢,s € [-1,0] with ¢t + s > —1.

Conversely, suppose that the nonempty N (¢, s)-level set N{(fc,g¢c); (¢, 9)}
is a subalgebra of a d-algebra X for all ¢t,s € [—1,0] with ¢t + s > —1. Let
z,y € X be such that C(x) = (t5,s5) and C(y) = (ty,sy), that is, fe(x) = tg,
ge(z) = sz, fely) = ty, and ge(y) = sy with —1 < t, + s, and —1 < ¢, + s,.
Then = € N{(fe,g9¢); (tz.52)} and y € N{(fe,gc); (ty, sy)}. We may assume
that (t5, sz) < (ty, sy) without loss of generality. Then

N{(fe:g¢); (tes s2)} € N{(fe, ge)i (ty, 54) 1,
and so z,y € N{(fc.gc); (ty, sy)}. Since N{(fc,gc); (ty, sy)} is a subalgebra of
X, it follows that z xy € N{(fc,gc); (ty, sy)} so that
felwxy) <ty =\{fe(x), fe(w)} and ge(xxy) > s, = /\ {gc(@), 9c(v)} -
Therefore C = (fc,gc) in X is a coupled N-subalgebra of X. O

Lemma 3.4. Every coupled N -subalgebra C = (fc,gc) of a d-algebra X satis-
fies fc(0) < fe(x) and ge(0) > ge(x) for all x € X.

Proof. For any x,y € X, we have

fe(0) = fe(z ) < \/ {fe(@), fe(@)} = fe()
and
9¢(0) = ge(x + ) > A\ {ge (), ge(x)} = ge ().
This completes the proof. (]

Proposition 3.5. Let X be an edge d-algebra. If every N -subalgebra C =

(fe,gc) of X satisfies the inequalities fe(x xy) < fe(y) and ge(x *y) > ge(y)
for any x,y € X, then fec and gc are constant functions.

Proof. Let x € X. Using Lemma 2.5 and assumption, we have fe(z) = fe(x *
0) < fe(0) and ge(z) = ge(x % 0) > gc(0). It follows from Lemma 3.4 that
fe(z) = fe(0) and ge(z) = ge(0). Hence fc and g are constant functions. O

Definition 3.6. A coupled N-structure C = (f¢, gc) in a d-algebra X is called
a coupled N -ideal of X if it satisfies:

(c81) fc(0) < fe(w) and ge(0) > ge(x),
(c82) fe(x) < V{fc(z*y), fe(y)} and ge(x) > A{gc(z*y),g9c(y)}

for all z,y € X.
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Example 3.7. (1) Let X = {0,a,b,c} be a d-algebra (]2]), which is not a
BCK/BClI-algebra, with the following Cayley table:

* | 0 a b ¢
o0 O 0 O
al a 0 0 a
bl b b 0 a
cle ¢ ¢ O

Let C = (fe, gc) be a coupled N-structure in X defined by
C = {(0;-0.8,-0.1), (a; —0.4, —0.3), (b; —0.4, —0.3), {c; —0.3, —0.5) }.

Then C = (f¢, gc) is both a coupled A -subalgebra and a coupled N-ideal of X.
(2) Consider a d-algebra X = {0,a,b,c} as in Example 2.3(c). Let C =
(fe,gc) be a coupled N-structure in X defined by

¢ = {(0;-0.6,—0.3), (a; —0.6, —0.3), {b; —0.4, —0.5), (¢; —0.6, —0.3) }.

Then C = (f¢, gc) is a coupled N-subalgebra of X, but not a coupled N-ideal
of X, since

fe(®) =-04%£ —0.6=\/{fe(bxc), fe(c)}
and/or

ge(b) = =0.5 # -0.3 = N\ {ge(b* ), gc(c)} -

Proposition 3.8. Every coupled N -ideal of a d-algebra X satisfies the follow-
mng assertions:

(i) (Vw,y,z € X)(‘T*y <z = fc(x) < v{fC(y)afC(Z)}a gC(x) >
N9c(y), ge(2)})-

(il) (Vz,y € X)(z <y = fe(z) < fe(y), ge(z) = ge(y))-
Proof. (i) Let z,y,z € X be such that z xy < z. Then (x xy) * z = 0, and so

fe(@) < \/{fe(zxy), fe(y)}

< VAV tfel@ry) «2) fel@)} few)}
VAV 7). fe()} . few) }
\ {fe(), fe(2)}

and

Y

N Age(x*y), ge(y)}
A{A e+ ) 2).9¢(2)} o) |

A {/\ {90(0)796(2)},gc(y)}
N {ge®). ge(2)} -

ge(w)

Y
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(ii) Let 2,y € X be such that x < y. Then z *xy = 0, and so

fe@) < \/{fe(z*y), fe(y)}
= \/{fe(0), fc(v)}

= fe(y)
and
ge(@) > Ndgelz*v),9c)}
= A {9c(0),9c()}
= ge(y)
This completes the proof. ([

Theorem 3.9. For a coupled N -structure C = (fc,gc) in a d-algebra X, the
following are equivalent:
(1) C = (fe,gc) is a coupled N -ideal of X.
(2) The nonempty N (t,s)-level set N{(fc,gc); (t,$)} is an ideal of X for
allt,s € [-1,0] witht +s > —1.

Proof. (1) = (2). Obviously, 0 € N{(fc,gc); (t,s)}. Let 2,y € X be such that
axy € N{(fe,9c); (t.s)} and y € N{(fe, gc); (t,5)} for all t,s € [~1,0] with t+
s> —1. Then fe(axxy) <t, ge(zxy) > s, fe(y) <t,and ge(y) > s. Using (c82),
we have fe(z) <\ {fe(z*y), fe(y)} <t and ge(x) > A{ge(z *y),gc(y)} > s
which imply that x € N{(fc, gc); (t,s)}. Hence the nonempty N (¢, s)-level set
N{(fc,g¢c); (t,s)} is an ideal of X for all t,s € [-1,0] with ¢ +s > —1.

(2) = (1). Since 0 € N{(fc,9c); (t,s)}, we have the condition (c81). Let
x,y € X be such that C(z * y) = (t3, ;) and C(y) = (ty, sy), that is,

fe(@xy) =to, ge(x *y) = 54, fc(y) =ty, and ge(y) = sy
Then o5y € N{(Je, g )i (far 52)} and y € A{(fe, 9c); (ty, 5,)}. We may assume
that (t3,52) < (ty, sy) without loss of generality. Then
NA{(fesg¢); (tess2)} S N{(fe, ge)i (ty, s4) 1,

and so z * y,y € N{(fc,gc); (ty, sy)}. Since N{(fe,gc); (ty,sy)} is an ideal of
X, it follows that = € N{(fc., gc); (ty, sy)} so that

fe(x) <ty =\[{fe(xxy), fe(v)} and ge(x) > s, = \{ge(x *y), gc(v)} -
Therefore C = (f¢,gc) in X is a coupled N-ideal of X. O

Definition 3.10. A coupled N -structure C = (f¢, gc) in a d-algebra X is called
a coupled positive implicative N -ideal of X if it satisfies (c81) and

) felzx2) < \/{fc((z xy)*2), fe(y*2)} and

(c83
ge(zxz) = \ge((@*y) * 2), ge(y  2))}



716 SUN SHIN AHN AND JUNG MI KO

for all z,y € X.

Example 3.11. Let X = {0,1,2,3,4,5} be a d-algebra ([1]), which is not a
BCK/BCI-algebra, with the following Cayley table:

[0 1 2 3 4

B W — O
W~ O
W oo
s wo oo
s oo oo
o oo o
== =N O Ot

5/ 5 5 5 5 0
Let C = (fe, gc) be a coupled N-structure in X defined by
¢ = {(0;—0.8,-0.2), (1;—0.6,—0.3), (2; —0.6, —0.3),
(3;-0.6,-0.3), (4; —0.6,—0.3), (5;—0.3, —0.5) }.

It is easy to check that C = (fe,gc) is both a coupled N-ideal of X and a
coupled positive implicative N -ideal of X.
Let D = (fp,gp) be a coupled N-structure in X defined by

D = {(0;-0.7,-0.2), (1; —0.5, =0.3), (2; —0.5, —0.3),
(3; 0.5, -0.3), (4; 0.5, —0.3), (5; —0.5, —0.3) }.

It is easy to show that D = (fp,gp) is both a coupled N -subalgebra and a
coupled N-ideal of X, but not a coupled positive implicative AM-ideal of X,
since

fp(2%4) = fp(2) = =05 £ —0.7=\/{fp((23) *4), fp(3 4)}

and/or
gp(2%4) = gp(2) = 0.3 % —0.2=\/{gp((2%3)x4),gp(3%4)}.

Example 3.12. For a coupled N-structure C = (f¢, gc) in a d-algebra X, the
following are equivalent:
(1) C = (fe,gc) is a coupled positive implicative N-ideal of X.
(2) The nonempty N (¢, s)-level set N{(fe, gc); (t,s)} is a positive implica-
tive ideal of X for all ¢,s € [—1,0] with ¢ + s > —1.

Proof. Assume that C = (fc,gc) is a coupled positive implicative N-ideal of
X. Let t,s € [-1,0] be such that ¢t +s > —1. Obviously, 0 € N{(fc, gc); (¢, 5)}-
Let z,y,z € X be such that (z *y) * z,y * 2 € N{(fe,gc); (t,s))}. Then
fe((xxy)*x2) <t fe(yxz) <tand ge((z*xy)*x2) > s,gc(y*z) > s. It follows
from (c83) that fe(x * 2) < V{fe((z *xy) * 2), fe(y * 2)} <t and ge(x * 2) >

MNMogc((z *y) * 2),gc(y * 2)} > s, which imply that = * 2 € N{(fc,gc); (t,5)}.
Hence the nonempty N (¢, s)-level set of C = (fc,gc) is a positive implicative

ideal of X for all ¢,s € [-1,0] with t + s > —1.
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Conversely, suppose that the nonempty N (¢, s)-level set of C = (fe, gc) is
a positive implicative ideal of X for all t,s € [-1,0] with ¢ + s > —1. Since
0 € N{(fe,9¢);(t,s)}, the condition (c81) is valid. Assume that there exist
a,b,c € X such that fe(a xc) > V{fe((a*b) xc), fe(b*c)} or ge(a*c) <
N{gc((axb)*c),gc(bx*c)}. For the case fe(axc) > \/{fe((a*xb)*c), fe(bxc)}
and ge(a*c) > A{ge((axb)xc),ge(b*c)}, there exist sg,to € [—1,0) such that
felaxe) > to > V{fe((axb)xc), fe(bxc)} and sg = A{gc((axb)*c), gc(bxc)}. It
follows that (axb)xc,bxc € N{(fc, gc); (to, s0)}, but axc & N{(fe, gc); (to, s0)}-
This is impossible. For the case fe(a * c) < V{fc((a *b) xc), fe(b*c)} and
ge(axc) < N{ge((a *b) *c),ge(b*c)}, there exist so,tg € [—1,0) such that
to = V{fe((axb)*c), fe(bxc)} and ge(ax*c) < so < A{gc((axb)=*c),ge(bxc)}.
Then (a * b) x ¢,bxc € N{(fe,9¢); (to,s0)}, but a xc & N{(fe,gc); (to, s0)}
This is a contradiction. If fe(axc) > \/{fc((a*b)*c), fe(b*c)} and ge(a*c) <
A{ge((a x b) * c),gc(b x c)}, then (a*b) x c,bxc € N{(fe,gc); (to, s0)}, but
axc & N{(fc,gc); (to, s0)}, where to := 2(fe(axc)+\V{fc((axb)*c), fe(bxc)})
and sg := %(gc(a xc) + Ngc((axb) x¢c),gc(bxc)}). This is a contradiction.
Therefore C = (fc, ge) is a coupled positive implicative N-ideal of X. O

Proposition 3.13. For any d*-algebra X, every coupled N -ideal is a coupled
N -subalgebra of X.

Proof. Let a coupled N-structure C = (f¢,gc) be a coupled N-ideal of a d*-
algebra X and let x,y € X. Then

fe(wxy) <\ {fel(@ xy) x ), fe(@)} = \[{fe(0), fe(@)} < \[{fe(@), fe(y)}

and
ge(wxy) > N\ {ge((@ =)« 2), 9¢(@)} = N9 (0), ge()} = A{ge(), 9e(v)}-
Hence C = (fc, gc) is a coupled N-subalgebra of X. O

The converse of Theorem 3.13 may not be true in general as seen in the
following example.

Example 3.14. Let X = {0,a,b,c} be a d*-algebra ([1]), which is not a
BCK/BClI-algebra, with the following Cayley table:

* | 0 a b ¢
0|0 O O O
ala 0 0 O
bl b b 0 0
clec ¢ a 0

Let C = (fe, gc) be a coupled N-structure in X defined by
€ = {(0;-0.7,-0.2), (a; —0.5, —0.4), (b; —0.5, —0.4), {c; —0.2, —0.6) }.
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It is easily verified that C = (f¢,gc) is a a coupled AN -subalgebra, but not a
coupled N-ideal of X, since

fe(e)=-02¢ —0.5=\/{fc(c*b), fe(b)}
and/or

ge(c) = =06 # —0.4=\/{ge(c*b),9c(b)} -

Proposition 3.15. Fvery coupled positive implicative N -ideal C = (fc, gc) of
an edge d-algebra X is a coupled N -ideal of X .

Proof. Put z:=0 in (c83). O

Proposition 3.16. Let C = (fc,gc) be a coupled positive implicative N -ideal
of an edge d-algebra X .

(1) If x <y for any x,y € X, then fe(x) < fe(y), ge(x) = ge(y).
(ii) If fe(z xy) = fe(0) for any x,y € X, then fe(zx) < fe(y).
(iil) If ge(z *y) = gc(0) for any z,y € X, then ge(x) > ge(y).

Proof. (i) Let 2,5 € X be such that < y. Then z x y = 0. Hence
fe(@) = fe(z % 0) < \/{fe((z *y) % 0), fe(y x 0)}
=\/{fe(x*y), fc(v)}
=\/{/e(0), fe(y)} = fe(y)

and
ge(x) = ge(z % 0) > Nf{ge((z xy) % 0), ge(y = 0)}

= /\{gc(x *y),9c(y)}
— Moc(®),ge(w)} = gc(p).

(ii) For any =,y € X, we have
fe(x) = fe(z % 0) < \/{fc((z *y) % 0), fe(y x 0)}
=\/{fe(@*y), fc(v)}

= \/{/fe(0), fe(y)}
=fe(y)-

(iii) For any z,y € X, we have
ge(x) = ge(w * 0) = \{ge((x ) % 0), ge(y +0)}
= Ndloc(@ *y), ge(v)}

= A\{9c(0), gc(v)}
=gc(y)- O
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Proposition 3.17. Let C = (fc, gc) be a coupled positive implicative N -ideal
of an edge d*-algebra X . Then the following hold:

(1) (Vo,y € X)(fe(zxy) < fe(x), ge(x *y) > ge(x)).
(i) (Vo,y € X)(fe(z xy) < V{fe(z), fe()}, ge(x *y) > Nge (), ge(y)})-
(iii) (Vr,y,2 € X)(fc(if* (y*2)) < V{fe(@), fe(y), fe(2)}, ge(x * (y * 2)) >
MNMac(®), gc(y), ge(2)})-

Proof. (i) Since X is a d*-algebra, we have (zxy)*x = 0 for any x,y € X. Hence
xxy < x for any x,y € X. Using Proposition 3.8(ii), we have fe(zxy) < fe(z)
and ge(x xy) > ge(x) for any z,y € X.

(ii) It is easily verified from Theorem 3.13 and Proposition 3.15.

(iii) For any z,y,z € X, we have

fe(z * (y=*2) <\/{fc$ c(y*2)}
<\/{fe(@), fe(y), fe(2)}

and

ge(w* (y*2)) > N\ge(@), ge(y = 2)}
> Ndge(@), ge(v), ge(2)}- O

For any element a of a d-algebra X, let

Xo={z € X | fe(z) < fe(a), ge(z) > ge(a)}.
Obviously, X, is a non-empty subset of X.

Proposition 3.18. Let a be any element of a d-algebra X. If C = (fe, gc) is
a coupled (positive implicative) N -ideal of X, then the set X, is a (positive
implicative) ideal of X.

Proof. Obviously, 0 € X,. Let x,y € X be such that x xy € X, and y € X,.
Then fe(z xy) < fe(a),ge(x * y) > ge(a), fe(y) < fe(a) and ge(y) > ge(a).
It follows from (c82) that fe(z) < V{fec(x xy), fe(y)} < fe(a) and ge(z) >
N gc(z xy),gc(y)} > ge(a) so that z € X,. Therefore X, is an ideal of X.
Let x,y,z € X be such that (x xy) *z € X, and y *x 2z € X,. Then
fe((zxy)*2) < fela), ge((x*y) *2) = gela), fe(y*2z) < fe(a) and ge(y +z) >
ge(a). Tt follows from (¢83) that fe(axxz) < \/{fe((xxy)*2), fe(yx2)} < fe(a)
and ge(x*xz) > N{ge((xxy)*2),gc(y*z)} > ge(a) so that xxz € X,. Therefore
X, is a positive implicative ideal of X. (I

Proposition 3.19. Let a be any element of a d-algebra X and let C = (fe, gc)
be a coupled N -structure in X. Then
(i) if Xq is an ideal of X, then C = (fc, ge) satisfies the following assertion:

(@) >V ey 2) fe()} = fe(@) > fely)
(82) (va,y,2 € X) <gc< ) < AMacl=2),0e(2)} = ge(@) < ge(y) )
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(ii) of C = (fe,gc) satisfies (3.2) and
(3.3) (Vo € X) (fc(0) < fe(x), ge(0) > ge(x)),
then X, is an ideal of X.

Proof. (i) Assume that X, is an ideal of X for all a € X. Let x,y,z € X be

such that fe(x) >V {fe(y * =), fe(2)} and ge(x) < A{gc(y * =), gc(2)} . Then
y*z € X, and z € X,. Since X, is an ideal of X, it follows that y € X, so

that fe(y) < fe(z) and ge(y) = ge().

(ii) Suppose that C = (fe, gc) satisfies two conditions (3.2) and (3.3). Let
x,y € X be such that xxy € X, and y € X,. Then fe(zxy) < fe(a), ge(zxy) >
ge(a), fe(y) < fela) and ge(y) = ge(a). Hence fe(a) =\ {fe(z *y), fe(y)}
and ge(a) < A{ge(z *y),gc(y)}, which imply from (3.2) that fe(a) > fe(z)
and gc(a) < ge(z). Thus z € X,. Obviously, 0 € X,. Therefore X, is an ideal
of X. O
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