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COMMUTING AUTOMORPHISM OF p-GROUPS WITH
CYCLIC MAXIMAL SUBGROUPS

FATEMEH VOSOOGHPOUR, ZEINAB KARGARIAN, AND MEHRI AKHAVAN-MALAYERI

ABSTRACT. Let G be a group and let p be a prime number. If the set
A(G) of all commuting automorphisms of G forms a subgroup of Aut(G),
then G is called A(G)-group. In this paper we show that any p-group with
cyclic maximal subgroup is an A(G)-group. We also find the structure
of the group A(G) and we show that A(G) = Aut.(G). Moreover, we
prove that for any prime p and all integers n > 3, there exists a non-
abelian A(G)-group of order p™ in which A(G) = Aut.(G). If p > 2,
then A(G) 2 Zp x an,g and if p = 2, then A(G) = Za X Za X Zgn—3 or
Zg X Zg.

1. Introduction

Let G be a group. An automorphism « of G is called a commuting automor-
phism if ga(g) = a(g)g for all g € G. The set of all commuting automorphism
of the group G is denoted by A(G).

It is well known that A(G) does not necessarily form a subgroup of the
Aut(G), but it has a number of interesting properties (see [1]). Also, if G
satisfies some special conditions, then A(G) is a group. It is clear that A(G)
contains the group Aut.(G) of central automorphisms of G. The converse
inclusion does not hold in general. A group G is called A(G)-group if the set
A(G) forms a subgroup of Aut(G). For example, A(G) = 1 whenever G has
no nontrivial abelian normal subgroups (see [4]) or G = G’ (see [1]).

Also, Deaconescu, Silberberg and Walls [1, Theorem 1.1] proved the follow-
ing results:

Theorem 1.1. Let G be a group satisfying maximal condition on subgroups.
If a € A(G), then [G,a] C Zs(G). In particular for such a group, A(G) =1
if and only if Aut.(G) = 1.

As a direct consequence of Theorem 1.1 one obtains:
Corollary 1.2. If G satisfies maximal condition on subgroups and Zs(G) =
Z(G), then A(G) = Aut.(G).
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Let Ry(G) denote the set of all 2-Engel elements of G. The next result gives
another condition which implies the equality A(G) = Aut.(G).

Lemma 1.3 ([2, Lemma 2.2(i)]). If R2(G) = Z(G), then A(G) = Aut.(G).

We will see later, the converse of Corollary 1.2 and Lemma 1.3 is false.
In [5] Deaconescu, Silberberg and Walls asked the following questions about
the set A(G):

(1) TIs it true that the set A(G) is always a subgroup of Aut(G)?

(2) What conditions on G imply the equality A(G) = Aut.(G)?
Regarding to these questions, in this paper we will compute the commuting
automorphism of finite p-groups of order p” which have a cyclic maximal
subgroup. We show that any p-group with cyclic maximal subgroup is an
A(G)-group. We also find the structure of the group A(G) and we show that
A(G) = Aut.(G).

In [7] we proved that the minimum order of a non-A(G) p-group is p>. We
also found the smallest group order of a non-A(G) p-group. Furthermore we
proved that for any prime p and for all integers n > 5, there exists a non-A(G)
p-group of order p™.

In this paper we prove that for any prime p and all integers n > 3, there
exists a non-abelian A(G)-group of order p™ in which A(G) = Aut.(G). If
p > 2, then A(G) = Zy X Zypn—2 and if p = 2, then A(G) = Zo X Zgy X Zgn-s or
ZQ X ZQ.

We will use the following classification theorem to obtain information about
the commuting automorphisms of these groups (see [6, 5.3.4]).

Theorem 1.4. A group of order p" has a cyclic maximal subgroup if and only
if it is of one of the following types:
(i
(ii) the direct product of a cyclic group of order p"~* and one of order p;

) a cyclic group of order p";
)

(iii) (z,a | 2P =1=a?" ' ,a* =a ™" "), n>3;
)t
)

n—1

(iv) the dihedral group Daon, n > 3;
(v) the generalized quaternion group Qan, n > 3;

(vi) the semidihedral group (z,a | 2> =1=a2""

o =a2" "), n > 3.
The main results of this paper are as follows:

Theorem 1.5. Let G be a p-group of order p™ which has a cyclic mazimal
subgroup. Then G is an A(G)-group. In particular, A(G) = Aut.(G).

Next we obtain the structure of commuting automorphisms of non-abelian
p-groups with cyclic maximal subgroup.

Theorem 1.6. Let G be a non-abelian p-group of order p™ with cyclic mazimal
subgroup. If p is an odd prime, then A(G) = Zy X Zyn—2. If p = 2, then
A(G) = ZQ X ZQ X ZQn—B or A(G) = ZQ X ZQ.
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In particular, we have the following consequences of the above theorems.

Corollary 1.7. For a given prime p and all integers n > 3, there exists a
non-abelian A(G)-group of order p"™ in which A(G) = Aut.(G) is an abelian
p-group.

Corollary 1.8. For a given prime p, the minimum order of a mon-abelian
A(G) p-group is p>.

Corollary 1.9. Let G be a group of order p™. If G has a unique subgroup of
order p, then G is an A(G)-group and A(G) = Aut.(G).

2. Proofs of the main results

In this paper all unexplained notation is standard and follows that of [6].
First we establish the following easy but basic result, required in the proof of
the main results.

Lemma 2.1. Let G = {(x,a) be a non-abelian group and {(a) be a normal
cyclic mazimal subgroup of G. Then Cg(a) = (a), Co(x) = (x)Z(G) and
Ca(za) = (za)Z(G).

Proof. Since (a) is a normal maximal subgroup of G, we have G = (a){(z).
Thus every element of G can be expressed in the form a’z’/ for some integers
i,j. Let g = a'z? € Cg(a), then [27,a] = 1. Tt follows that 27 € Z(G). Since
G is non-abelian and (a) is a maximal subgroup of G, we have Z(G) < {(a).
Hence Cg(a) = (a). Similarly, Cq(x) = (2)Z(G).

To complete the proof it is enough to observe that G = (a){xa). That is,
every element of G can be expressed in the form a’(xa)? for some integers i, 5.
Now, for any g = a’(xa)? € Cg(za), we have [a’, 2] =1 and hence a* € Z(G).
This completes the proof. (I

The relationship between the commuting automorphisms and central auto-
morphisms for a p-group with a cyclic maximal subgroup is given in Theo-
rem 1.5. Now we prove this result.

Proof of Theorem 1.5. If G is abelian, then A(G) = Aut.(G) = Aut(G). Let
G be a non-abelian p-group. First suppose G is of type (iii) in Theorem 1.4,
that is,
G=(zr,alal=1= apnil,am = a1+pn72>, n > 3.

Since (a) is a normal maximal subgroup of G, by Lemma 2.1, we have Cg(a) =
(a) and Cg(x) = (x)Z(G). Now consider « € A(G). There exist integers i, j
and s such that a(z) = 2'2° and a(a) = @’ where z = aP is a generator of
Z(G),1<i<p,0<s<p2and1<j<p" !l Since a is an automorphism,

n—2

we get (j,p) = 1 and p"~3 | 5. Now it follows from the relation [a, 2] = a?
that [a(a), a(x)] = oz(a)pnf2 and so ¢ = 1. Also, the equality [a(za),za] = 1
shows that p | j — 1. Therefore, a(a) = az* and a(z) = zz* for some integers
0<s<p'?and0<k<p" 2 where p"~3 | s. This shows that a € Aut.(G).
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In the cases (iv)-(vi) we have G = (2, a) where Z(G) = (2" ) and 22, (za)2

€ Z(G). For a € A(G), by Lemma 2.1, we have a(za) = raz* and a(x) = z2°
for some integers 0 < k, s < 2, where z = a2" . So a(a) = az! and a(z) = z2°
where 0 <1, s < 2. This shows that a € Aut.(G) and it has order 2. O

Proof of Theorem 1.6. First, let
G=(z,a|2P=1= a”" ' a" = a1+pn72>, n > 3.

Then, as we have shown in Theorem 1.5, for fixed « € A(G), we have a(a) =
az" and a(x) = x2° for some integers 0 < 7,5 < p"~2 where p"~3 | 5. Clearly,
A(G) is abelian and by considering the possible choices for r and s, we get
|A(G)| = p™~L. Since z = a? and «(a) = az", we obtain a(z) = 2"+, Hence,

Oém(a) = az" Z?;Bl(TP+l)k and Oém(l') _ SCZSZZL:T)I(TP‘Fl)k,

by a simple induction on m. Thus,
1—(rp+1)™ 1—(rp+1)™
a™(a) = az" “p and o™ (z) = zz° =
Now assume p is an odd prime and put » = 1. We may apply Binomial Theorem
to produce the following congruence relations:

(p+ 1)?’11:71 = 1 modpF,
—2
(p+1)P "= 14+p*! mod pF

for k > 1. This shows that A(G) has an element of order p"~2. So A(G) is
a cyclic group of order p™~! or the direct product of a cyclic group of order
p™~2 and one of order p, according to Theorem 1.4. Note that G is nilpotent
of class 2 and so Inn(G) < Aut.(G) = A(G). Therefore, A(G) has a subgroup
isomorphic to Z, x Z,. Hence A(G) = Zy, X Zyn—2.

Now suppose p = 2. We may assume n > 4 and define «, 3,7 € A(G) as
follows:

271.73_1 271,7271
. a = az X a = az . a = az
Qo 5 ﬂ . on—3 ) v

r = T —xz r =T

Clearly, g and ~ are of order 2 and by the following congruence relations:
216—2

(2+1) = 1 mod 2%,
2+1)2" "= 14281 mod 2

for k > 4, we have |a| = 2"73. An easy direct argument shows that A(G) =
(a) x (B) x (v) and hence A(G) = Zy X Zy X ZLon—s.

In the cases (iv)-(vi), as we see in the proof of Theorem 1.5, a(z) = x2°
and a(a) = az! for some integers 0 < 5,1 < 1. Thus |A(G)| = 22 and A(G) =
ZQ X ZQ. O

Remark 2.2. In [5], we have computed A(G) for any non-abelian group of
order p3, where p is an odd prime. Now let G be a non-abelian group of
order 23. Tt is well known that G = Dg or G = Qg. Theorem 1.5 implies
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Aut.(G) = A(G) = Zy x Zs. Hence we identify the structure of A(G) for any
group of order p3, where p is prime.

From our results, Corollary 1.7 and Corollary 1.8 are obvious.

Proof of Corollary 1.9. By Theorem 5.3.6 of [6], any group G satisfying the

hypotheses of Corollary 1.9 is cyclic or a generalized quaternion group. Hence

G is an A(G)-group and A(G) = Aut.(G) by Theorem 1.5. O
Finally, let

G=(z,a|2P=1= a?" L a® = at P ), n>3.

Then according to Theorem 1.5, A(G) = Aut.(G). But since G is a nilpo-
tent group of class 2, Z2(G) # Z(G) # R2(G). Therefore the converse of
Corollary 1.2 and Lemma 1.3 do not hold in general.
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