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PARAMETRIC OPERATIONS FOR TWO FUZZY NUMBERS

J1soo BYUN AND YONG SIK YUN

ABSTRACT. There are many results on the extended operations of two
fuzzy numbers based on the Zadeh’s extension principle. For the calcu-
lation, we have to use existing operations between two a-cuts. In this
paper, we define parametric operations between two a-cuts which are dif-
ferent from the existing operations. But we have the same results as the
extended operations of Zadeh’s principle.

1. Introduction

In a fuzzy set theory, various types of operations between two fuzzy sets have
been defined and studied. One of the most famous operation is the extended
operations and there are many results on the extended operations of two fuzzy
numbers based on the Zadeh’s extension principle. Especially, many results of
the extended algebraic operations between two triangular fuzzy numbers are
very well-known.

In this paper, we prove that there exists some function (called the para-
metric a-function) which characterizes the a-cuts of fuzzy number. Using the
parametric a-functions, we define parametric operations between two a-cuts.
And then we define parametric operations between two fuzzy numbers. Finally
we get the same results for extended addition, extended subtraction, extended
multiplication and extended division between two fuzzy numbers.

2. Preliminaries

Let X be a set, A be a fuzzy set in X and p4(z) be the membership function
of A.

Definition 2.1. For a € [0,1], the set A, = {z € X | pa(x) > a} is said to
be the a-cut of a fuzzy set A.
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Then the followings are well known. The membership function of a fuzzy
set A can be expressed in terms of the characteristic functions of its a-cuts
according to the formula

pa(z) = sup min(w, pa, (z)),
ae(0,1]

1, z€A,,
pa,(r) = { .

where

0, otherwise.

Definition 2.2. A fuzzy set A is convex if
pa(Az1 + (1= Nz2) > min(pa(@1), pa(r2))
for all 1,22 € X and X € [0,1].

If we apply the extension principle to algebraic operations for fuzzy sets, we
have the following definitions for extended operations.

Definition 2.3 ([3]). The extended addition, extended subtraction, extended
multiplication and extended division are defined by
(1) extended addition A(+)B

pas(2) = sup min{pa(z), up(y)}, v € A,y € B.
z=z+y

(2) extended subtraction A(—)B

pa-)p(z) = sup min{pa(z), ps(y)}, € Ay € B.
Z=r—Y

(3) extended multiplication A(-)B
pacys(z) = sup min{pa(z), up(y)}, € A,y € B.

Z=x-y

(4) extended division A(/)B
pas(z) = sup min{pa(z),pp(y)}, © € Ay € B.

z=z/y
Remark 2.4 ([1]). Let A and B be fuzzy sets and A, = [a§“> (a)] and B, =

[bga), béa)] be the a-cuts of A and B, respectively. Then the a-cuts of A(+)B
A(=)B, A(- )B and A(/)B can be calculated as follows.

(1) (A(+)B)a = Aa(+)Ba = [ + b, al™) +b5].
(2) (A(=)B)a = Aa(—)Ba [““Lbé“), ay™ — bi).
(3) (A()B >a:A ()B af[aﬁ‘“)b%“’,aé“’béa)].

(4)

1) (A())B)a = Aa(/)Ba = [ay™ /65", a5 /i),
In case X = R, there are many more definite results.

Definition 2.5 ([4]). A fuzzy number A is a convex fuzzy set on R such that
(1) there exists unique z € R with pu(x) =1,
(2) pa(x) is piecewise continuous.
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Definition 2.6. A triangular fuzzy number on R is a fuzzy number A which
has a membership function

Oa r<ai, as < z,
pa() = o=, a1 < <as,
a3z —=x

as—as’ az <x < as,

where a; € R, i =1,2,3.

The above triangular fuzzy number is denoted by A = (a1, a9, as3). In the
calculations of algebraic operations for two fuzzy numbers, the concept of a-
cut is very important. The following results of algebraic operations for two
triangular fuzzy numbers are well-known.

Example 2.7 ([2]). Let A = (1,2,4) and B = (2,4,5) be triangular fuzzy
numbers, i.e.,

0, r<l1, 4<uz,
palz) =< -1, 1<z<2,
f%erQ, 2<x <4,
and
0, r<2 5<Zux,
up(x) = %x—l, 2 <ux <4,

—x+5, 4<z<5,
we calculate exactly the above four operations using a-cuts.
Let A, and B, be the a-cuts of A and B, respectively. Let A, = [aga), aga)]

)
and B, = [bga), béa)]. Since a = aga) —1and @ = —%3— + 2, we have

(@) (a) : by (@)
Ao = [ay ',ay '] = [@+1,-2a + 4]. Since o = =%~ — 1 and a = —by ' + 5,
Ba = 18,07 = 20+ 2, —a + 5).
(1) extended addition:
By the above facts, A (+)Ba = [al® + b ol + b7 = [3a+3, =3+ 9.
Thus pa4)p(x) = 0 on the interval [3,9]° and pa4)p(z) = 1 at x = 6. By the
routine calculation, we have

0, r<3, 9<z,
MA(-‘,—)B('I) = %‘T - 13 3<z < 63
143 6<z<9,
ie., A(+)B = (3,6,9).
(2) extended subtraction:

Since An(—)Bs = [aga) - bga),aga) - b§“>] = [2a — 4, —4a + 2], we have
pa(—ys(z) = 0 on the interval [—4,2]° and pa—yp(z) = 1 at x = —2. By the
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routine calculation, we have

0, r< —4, 2<uz,
pacyp(@) =S se+2,  —4<w<-2
7%1}‘{’%, —2< <2,

ie., A(—)B = (—4,-2,2).

(3) extended multiplication:

Since A (-)Ba = [a{® - bl b)) = 202 + 40 + 2,202 — 14a + 20],
pacys(x) = 0 on the interval [2,20]° and payp(z) = 1 at o = 8. By the
routine calculation, we have

0, r <2, 20<ua,
MA()B(:E) = 72%@5 2<z< 85
Toveter 8 < < 20.

Thus A(-)B is not a triangular fuzzy number.

(4) extended division:
Since Ao (/)Ba = |

a%a) aéa)

() 7 ()
by by

] = [_a;_:y _aa—:f], ,LLA(/)B(SC) = 0 on the interval

[£,2]¢ and pa(/)p(x) = 1 at = 3. By the routine calculation, we have

0, x<%,2§x,
_ ) sa—1 1 1
pas(@) =3, s<v<3,
—x+2 1
Z+1 ° §§ZL'<2

Thus A(/)B is not a triangular fuzzy number.

Generally, for two triangular fuzzy numbers A and B, A(+)B and A(—)B
always become triangular fuzzy numbers. But A(-)B and A(/)B may not be
triangular fuzzy numbers.

3. Main results

In this section, we study a fuzzy number defined on R. If A is a fuzzy
number on R, the membership function pa(z) is piecewise continuous. We
will find some piecewise continuous function f,(¢) such that the a-cut A, of A
equals to {fa(t) | t € [0,1]} in Theorem 3.2. Using f,(t), we define parametric
operations. And then we have the same results in Theorem 3.5 as the extended
operations.

Definition 3.1. A «a-cut of a fuzzy number A is defined by A, = {z € R |
ua(z) > atifa€ (0,1 and A, =cl {z € R| pa(z) > a} if a =0.

Note that a piecewise continuous function f on [a,b] € R means that the
function f is continuous on [a, b] except finitely many points (it may contains
a or b) in [a, b].
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Theorem 3.2. Let A be a fuzzy number defined on R and A, = {x € A |
wa(z) > a} be a a-cut of A. Then for all a € [0,1], there exists a piecewise
continuous function fo(t) defined on [0,1] such that A, = {fa(t) | t €]0,1]}.

Proof. Since A is a fuzzy number defined on R, the membership function g4 (x)
is piecewise continuous. Let Ay = [a,b] be the O-cut of A. Then pa(z) is
continuous on [a, b] except finitely many points x; < 23 < --- < x,. Note that
z1 and x,, may equal to the end points a and b, respectively. Let « € [0,1] be
fixed. Let aga) and aéa) be the left and right end points of A,, respectively.
Assume that z; < -+ < 23 < aga) < Tig1 < -0 < Tjpm < aga)
.-+ < 2. If the end points a® and a{™(
can be proved similarly. Define

< Titm+1 <
or one of them) equal to some z;, it

folt) = (@ —al Nt +a\™ it telo,1],

except the points
()

_ Ty — 4y .
t= ) Ok 7=1,2,...,m.

ag " — 0y
Then f,(t) is piecewise continuous on [0,1] and Ay = {fo(t) | t € [0,1]}. In
fact, if ¢ € Ay, pa(z) > aand x # x; (1 =1,2,...,n). Thus aga) <z< aga).
Ifx = a§“> or x = aéa), fa(0) = aga) or fo(l) = aga). If a§“> <z< aga), we
have

0< 7@)@(3}) <1
g " — g
Let
P a§“>
=

Then ¢t € (0,1) and fo(t) = x. Thus z € {f,(¢t) | t € [0,1]}. This proves
that Ao C {fa(t) | t € [0,1]}. Let 2 = fu(t) = (@& — al®)t + al® for
some t € [0,1] except t = %, j=1,2,...,m. Then aga) <z < aga)
and ¢ # x; (i = 1,2,...,n§. Tllaus pa(z) > o and ¢ € A,. The proof is
complete. O

We call a fuzzy number A is continuous if the membership function pa(z)
of A is continuous. If A is a continuous fuzzy number, then the a-cut A, of A
is a closed interval in R.

Corollary 3.3. Let A be a continuous fuzzy number defined on R. Then the
a-cut Aq = {x € A | pa(x) > a} becomes a closed interval [aga),aéa)] on R.
And for all a € [0,1], there exists a continuous function fo(t) defined on [0,1]
such that [a§“>, agl)] ={fa(t) | t €10,1]}.
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The above corresponding function f,(¢) is said to be the parametric a-
function of A. And the parametric a-function of A is denoted by f,(t) or

fa(?).

Definition 3.4. Let A and B be two continuous fuzzy numbers defined on
R and A, Ba, fa(t), f(t) be the a-cuts and parametric a-functions of A and
B, respectively. The parametric addition, parametric subtraction, parametric
multiplication and parametric division are fuzzy numbers which have their a-
cuts as followings.

(1) parametric addition A(+),B :

(A(+)pBa = {fa(t) + f5(t) | t € [0,1]}.
(2) parametric subtraction A(—),B :
(A(=)pB)a = {falt) = fe(1 —1) [ t € [0,1]}.
(3) parametric multiplication A(-),B
(AC)pBla = {fa(t) - fa(t) | t € [0, 1]}.
(4) parametric division A(/),B :
(A(/)pBa = {fa(®)/fp(1 = 1) [t € [0,1]}.

Theorem 3.5. Let A and B be two continuous fuzzy numbers defined on R.
Then we have the followings.

() A+ ) A(+)B.
(2) A(-) A(-)B.
(3) A(),B ( )B.

(4) A(/)pB = A(/)B-

Proof. Let A, = [aga),aéa)], B, = [b(a) b a)] fa(t), fe(t) be the a -cuts and
parametric a-functions of A and B, respectively. Then f4(0) = al , fa(l) =
s, fp(0) = b and fz(1) = b5

(1) Since fa(0) + f5(0) = a* + b1 and fa(1) + f5(1) = af” + by, we
have
(A(+)pB)a = {fa(t) + fB(t) | t € [0,1]}
~ of?) 4, o 4 )

= (A(+)B)a.
Thus A(+),B = A(+)B

(2) Since £4(0) — f5(1) = a{® — b\ and f4(1) — f5(0) = a’ — b’ we

have
(A(=)pB)a = {fat) = fe(1 —1) | t €]0,1]}
)87, o )

= (A(=)B)a-
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Thus A(—),B = A(—)B
(3) Since £4(0)- £5(0) = al® bl and f4(1) - f5(1) = a5 - b we have

(A()pB)a = {fa(t) - fo(t) | t € [0,1]}
= [a{™ b1, af™ - by
= (A(-)B)a.
Thus A(-),B = A(-)B
(4) Since £4(0)/f5(1) = a{™ /65 and fa(1)/f5(0) = al /6{, we have
(A(/)pB)a = {fa(®)/f(1 =) | t € [0,1]}
= [a{™ /0, af® /bi)]
= (A())B)a-
Thus A(/),B = A(/)B. 0
Corollary 3.6. Let A and B be two triangular fuzzy numbers defined on R.

Then we have the followings.
(1) A(+),B=A(+)B

(
(2) A(=)pB = A(-)B
(3) A(-)pB = A()B.
(4) A(/)pB = A(/)B

Example 3.7. In Example 2.7, the a-cuts of two triangular fuzzy numbers A =
(1,2,4) and B = (2,4,5) are A, = [a+1,—2a+4] and B, = [2a+ 2, —a+ 5],
respectively. In this case, Ay = fa(t) = {(-3a+3)t+a+ 1]t €[0,1]} and

By = fp(t) ={(-3a+3)t+2a+ 2|t € [0,1]}. Thus we have the followings.
(1) (A(+)pB)a = {(—6a+6)t+3a+3 |t € [0,1]}.
(2) (A(=)pB)a = {(-=6a+6)t +2a—4 |t [0,1]}.
(3) (A()pB)a = {((( Ba+3)t+a+1)- ((—3a+3)t+2a+2)|te0,1]}.
3a+3 t+a+1
@ AwBla={ Ga =g —azs | t€ 0.1}

We have the same a-cuts as those in Example 2.7. In fact,

Ao (+)By = [a! (o) + b(a) (Ot) + béa)]
[3a +3,-3a+19],
Aa(=)Ba = [0} = 057, 05" — bi")
= [2a — 4, —4a + 2],
Ao()B [ala b(a (a ).b(fl)]
=

202 +4a + 2,20% — 14a + 20]
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and
a§“> aéa) [ a+1 —a+2]

AOt Ba: N TN = _—,
(/) {bgﬂt) bga)} —a+5 a+1
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