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PARAMETRIC OPERATIONS FOR TWO FUZZY NUMBERS

Jisoo Byun and Yong Sik Yun

Abstract. There are many results on the extended operations of two
fuzzy numbers based on the Zadeh’s extension principle. For the calcu-
lation, we have to use existing operations between two α-cuts. In this
paper, we define parametric operations between two α-cuts which are dif-
ferent from the existing operations. But we have the same results as the
extended operations of Zadeh’s principle.

1. Introduction

In a fuzzy set theory, various types of operations between two fuzzy sets have
been defined and studied. One of the most famous operation is the extended
operations and there are many results on the extended operations of two fuzzy
numbers based on the Zadeh’s extension principle. Especially, many results of
the extended algebraic operations between two triangular fuzzy numbers are
very well-known.

In this paper, we prove that there exists some function (called the para-
metric α-function) which characterizes the α-cuts of fuzzy number. Using the
parametric α-functions, we define parametric operations between two α-cuts.
And then we define parametric operations between two fuzzy numbers. Finally
we get the same results for extended addition, extended subtraction, extended
multiplication and extended division between two fuzzy numbers.

2. Preliminaries

Let X be a set, A be a fuzzy set in X and µA(x) be the membership function
of A.

Definition 2.1. For α ∈ [0, 1], the set Aα = {x ∈ X | µA(x) ≥ α} is said to
be the α-cut of a fuzzy set A.
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Then the followings are well known. The membership function of a fuzzy
set A can be expressed in terms of the characteristic functions of its α-cuts
according to the formula

µA(x) = sup
α∈(0,1]

min(α, µAα
(x)),

where

µAα
(x) =

{

1, x ∈ Aα,

0, otherwise.

Definition 2.2. A fuzzy set A is convex if

µA(λx1 + (1− λ)x2) ≥ min(µA(x1), µA(x2))

for all x1, x2 ∈ X and λ ∈ [0, 1].

If we apply the extension principle to algebraic operations for fuzzy sets, we
have the following definitions for extended operations.

Definition 2.3 ([3]). The extended addition, extended subtraction, extended
multiplication and extended division are defined by

(1) extended addition A(+)B :

µA(+)B(z) = sup
z=x+y

min{µA(x), µB(y)}, x ∈ A, y ∈ B.

(2) extended subtraction A(−)B :

µA(−)B(z) = sup
z=x−y

min{µA(x), µB(y)}, x ∈ A, y ∈ B.

(3) extended multiplication A(·)B :

µA(·)B(z) = sup
z=x·y

min{µA(x), µB(y)}, x ∈ A, y ∈ B.

(4) extended division A(/)B :

µA(/)B(z) = sup
z=x/y

min{µA(x), µB(y)}, x ∈ A, y ∈ B.

Remark 2.4 ([1]). Let A and B be fuzzy sets and Aα = [a
(α)
1 , a

(α)
2 ] and Bα =

[b
(α)
1 , b

(α)
2 ] be the α-cuts of A and B, respectively. Then the α-cuts of A(+)B,

A(−)B, A(·)B and A(/)B can be calculated as follows.

(1) (A(+)B)α = Aα(+)Bα = [a
(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ].

(2) (A(−)B)α = Aα(−)Bα = [a
(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ].

(3) (A(·)B)α = Aα(·)Bα = [a
(α)
1 b

(α)
1 , a

(α)
2 b

(α)
2 ].

(4) (A(/)B)α = Aα(/)Bα = [a
(α)
1 /b

(α)
2 , a

(α)
2 /b

(α)
1 ].

In case X = R, there are many more definite results.

Definition 2.5 ([4]). A fuzzy number A is a convex fuzzy set on R such that
(1) there exists unique x ∈ R with µA(x) = 1,
(2) µA(x) is piecewise continuous.
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Definition 2.6. A triangular fuzzy number on R is a fuzzy number A which
has a membership function

µA(x) =











0, x < a1, a3 ≤ x,
x−a1

a2−a1
, a1 ≤ x < a2,

a3−x
a3−a2

, a2 ≤ x < a3,

where ai ∈ R, i = 1, 2, 3.

The above triangular fuzzy number is denoted by A = (a1, a2, a3). In the
calculations of algebraic operations for two fuzzy numbers, the concept of α-
cut is very important. The following results of algebraic operations for two
triangular fuzzy numbers are well-known.

Example 2.7 ([2]). Let A = (1, 2, 4) and B = (2, 4, 5) be triangular fuzzy
numbers, i.e.,

µA(x) =











0, x < 1, 4 ≤ x,

x− 1, 1 ≤ x < 2,

− 1
2x+ 2, 2 ≤ x < 4,

and

µB(x) =











0, x < 2, 5 ≤ x,
1
2x− 1, 2 ≤ x < 4,

− x+ 5, 4 ≤ x < 5,

we calculate exactly the above four operations using α-cuts.

Let Aα and Bα be the α-cuts of A and B, respectively. Let Aα = [a
(α)
1 , a

(α)
2 ]

and Bα = [b
(α)
1 , b

(α)
2 ]. Since α = a

(α)
1 − 1 and α = −

a
(α)
2

2 + 2, we have

Aα = [a
(α)
1 , a

(α)
2 ] = [α + 1,−2α + 4]. Since α =

b
(α)
1

2 − 1 and α = −b
(α)
2 + 5,

Bα = [b
(α)
1 , b

(α)
2 ] = [2α+ 2,−α+ 5].

(1) extended addition:

By the above facts, Aα(+)Bα = [a
(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ] = [3α+3,−3α+9].

Thus µA(+)B(x) = 0 on the interval [3, 9]c and µA(+)B(x) = 1 at x = 6. By the
routine calculation, we have

µA(+)B(x) =











0, x < 3, 9 ≤ x,
1
3x− 1, 3 ≤ x < 6,

− 1
3x+ 3, 6 ≤ x < 9,

i.e., A(+)B = (3, 6, 9).

(2) extended subtraction:

Since Aα(−)Bα = [a
(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ] = [2α − 4,−4α + 2], we have

µA(−)B(x) = 0 on the interval [−4, 2]c and µA(−)B(x) = 1 at x = −2. By the
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routine calculation, we have

µA(−)B(x) =











0, x < −4, 2 ≤ x,
1
2x+ 2, −4 ≤ x < −2,

− 1
4x+ 1

2 , −2 ≤ x < 2,

i.e., A(−)B = (−4,−2, 2).

(3) extended multiplication:

Since Aα(·)Bα = [a
(α)
1 · b

(α)
1 , a

(α)
2 · b

(α)
2 ] = [2α2 + 4α + 2, 2α2 − 14α + 20],

µA(·)B(x) = 0 on the interval [2, 20]c and µA(·)B(x) = 1 at x = 8. By the
routine calculation, we have

µA(·)B(x) =











0, x < 2, 20 ≤ x,
−2+

√
2x

2 , 2 ≤ x < 8,
7−

√
9+2x
2 , 8 ≤ x < 20.

Thus A(·)B is not a triangular fuzzy number.

(4) extended division:

Since Aα(/)Bα = [
a
(α)
1

b
(α)
2

,
a
(α)
2

b
(α)
1

] = [ α+1
−α+5 ,

−α+2
α+1 ], µA(/)B(x) = 0 on the interval

[ 15 , 2]
c and µA(/)B(x) = 1 at x = 1

2 . By the routine calculation, we have

µA(/)B(x) =











0, x < 1
5 , 2 ≤ x,

5x−1
x+1 ,

1
5 ≤ x < 1

2 ,
−x+2
x+1 , 1

2 ≤ x < 2.

Thus A(/)B is not a triangular fuzzy number.

Generally, for two triangular fuzzy numbers A and B, A(+)B and A(−)B
always become triangular fuzzy numbers. But A(·)B and A(/)B may not be
triangular fuzzy numbers.

3. Main results

In this section, we study a fuzzy number defined on R. If A is a fuzzy
number on R, the membership function µA(x) is piecewise continuous. We
will find some piecewise continuous function fα(t) such that the α-cut Aα of A
equals to {fα(t) | t ∈ [0, 1]} in Theorem 3.2. Using fα(t), we define parametric
operations. And then we have the same results in Theorem 3.5 as the extended
operations.

Definition 3.1. A α-cut of a fuzzy number A is defined by Aα = {x ∈ R |
µA(x) ≥ α} if α ∈ (0, 1] and Aα =cl {x ∈ R | µA(x) > α} if α = 0.

Note that a piecewise continuous function f on [a, b] ∈ R means that the
function f is continuous on [a, b] except finitely many points (it may contains
a or b) in [a, b].
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Theorem 3.2. Let A be a fuzzy number defined on R and Aα = {x ∈ A |
µA(x) ≥ α} be a α-cut of A. Then for all α ∈ [0, 1], there exists a piecewise

continuous function fα(t) defined on [0, 1] such that Aα = {fα(t) | t ∈ [0, 1]}.

Proof. Since A is a fuzzy number defined on R, the membership function µA(x)
is piecewise continuous. Let A0 = [a, b] be the 0-cut of A. Then µA(x) is
continuous on [a, b] except finitely many points x1 < x2 < · · · < xn. Note that
x1 and xn may equal to the end points a and b, respectively. Let α ∈ [0, 1] be

fixed. Let a
(α)
1 and a

(α)
2 be the left and right end points of Aα, respectively.

Assume that x1 < · · · < xi < a
(α)
1 < xi+1 < · · · < xi+m < a

(α)
2 < xi+m+1 <

· · · < xn. If the end points a
(α)
1 and a

(α)
2 (or one of them) equal to some xi, it

can be proved similarly. Define

fα(t) = (a
(α)
2 − a

(α)
1 )t+ a

(α)
1 if t ∈ [0, 1],

except the points

t =
xi+j − a

(α)
1

a
(α)
2 − a

(α)
1

, j = 1, 2, . . . ,m.

Then fα(t) is piecewise continuous on [0, 1] and Aα = {fα(t) | t ∈ [0, 1]}. In

fact, if x ∈ Aα, µA(x) ≥ α and x 6= xi (i = 1, 2, . . . , n). Thus a
(α)
1 ≤ x ≤ a

(α)
2 .

If x = a
(α)
1 or x = a

(α)
2 , fα(0) = a

(α)
1 or fα(1) = a

(α)
2 . If a

(α)
1 < x < a

(α)
2 , we

have

0 <
x− a

(α)
1

a
(α)
2 − a

(α)
1

< 1.

Let

t =
x− a

(α)
1

a
(α)
2 − a

(α)
1

.

Then t ∈ (0, 1) and fα(t) = x. Thus x ∈ {fα(t) | t ∈ [0, 1]}. This proves

that Aα ⊂ {fα(t) | t ∈ [0, 1]}. Let x = fα(t) = (a
(α)
2 − a

(α)
1 )t + a

(α)
1 for

some t ∈ [0, 1] except t =
xi+j−a

(α)
1

a
(α)
2 −a

(α)
1

, j = 1, 2, . . . ,m. Then a
(α)
1 ≤ x ≤ a

(α)
2

and x 6= xi (i = 1, 2, . . . , n). Thus µA(x) ≥ α and x ∈ Aα. The proof is
complete. �

We call a fuzzy number A is continuous if the membership function µA(x)
of A is continuous. If A is a continuous fuzzy number, then the α-cut Aα of A
is a closed interval in R.

Corollary 3.3. Let A be a continuous fuzzy number defined on R. Then the

α-cut Aα = {x ∈ A | µA(x) ≥ α} becomes a closed interval [a
(α)
1 , a

(α)
2 ] on R.

And for all α ∈ [0, 1], there exists a continuous function fα(t) defined on [0, 1]

such that [a
(α)
1 , a

(α)
2 ] = {fα(t) | t ∈ [0, 1]}.
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The above corresponding function fα(t) is said to be the parametric α-
function of A. And the parametric α-function of A is denoted by fα(t) or
fA(t).

Definition 3.4. Let A and B be two continuous fuzzy numbers defined on
R and Aα, Bα, fA(t), fB(t) be the α-cuts and parametric α-functions of A and
B, respectively. The parametric addition, parametric subtraction, parametric
multiplication and parametric division are fuzzy numbers which have their α-
cuts as followings.

(1) parametric addition A(+)pB :

(A(+)pB)α = {fA(t) + fB(t) | t ∈ [0, 1]}.

(2) parametric subtraction A(−)pB :

(A(−)pB)α = {fA(t)− fB(1− t) | t ∈ [0, 1]}.

(3) parametric multiplication A(·)pB :

(A(·)pB)α = {fA(t) · fB(t) | t ∈ [0, 1]}.

(4) parametric division A(/)pB :

(A(/)pB)α = {fA(t)/fB(1− t) | t ∈ [0, 1]}.

Theorem 3.5. Let A and B be two continuous fuzzy numbers defined on R.

Then we have the followings.

(1) A(+)pB = A(+)B.

(2) A(−)pB = A(−)B.

(3) A(·)pB = A(·)B.

(4) A(/)pB = A(/)B.

Proof. Let Aα = [a
(α)
1 , a

(α)
2 ], Bα = [b

(α)
1 , b

(α)
2 ], fA(t), fB(t) be the α-cuts and

parametric α-functions of A and B, respectively. Then fA(0) = a
(α)
1 , fA(1) =

a
(α)
2 , fB(0) = b

(α)
1 and fB(1) = b

(α)
2 .

(1) Since fA(0) + fB(0) = a
(α)
1 + b

(α)
1 and fA(1) + fB(1) = a

(α)
2 + b

(α)
2 , we

have
(A(+)pB)α = {fA(t) + fB(t) | t ∈ [0, 1]}

= [a
(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ]

= (A(+)B)α.

Thus A(+)pB = A(+)B.

(2) Since fA(0) − fB(1) = a
(α)
1 − b

(α)
2 and fA(1) − fB(0) = a

(α)
2 − b

(α)
1 , we

have
(A(−)pB)α = {fA(t)− fB(1− t) | t ∈ [0, 1]}

= [a
(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ]

= (A(−)B)α.
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Thus A(−)pB = A(−)B.

(3) Since fA(0) · fB(0) = a
(α)
1 · b

(α)
1 and fA(1) · fB(1) = a

(α)
2 · b

(α)
2 , we have

(A(·)pB)α = {fA(t) · fB(t) | t ∈ [0, 1]}

= [a
(α)
1 · b

(α)
1 , a

(α)
2 · b

(α)
2 ]

= (A(·)B)α.

Thus A(·)pB = A(·)B.

(4) Since fA(0)/fB(1) = a
(α)
1 /b

(α)
2 and fA(1)/fB(0) = a

(α)
2 /b

(α)
1 , we have

(A(/)pB)α = {fA(t)/fB(1− t) | t ∈ [0, 1]}

= [a
(α)
1 /b

(α)
2 , a

(α)
2 /b

(α)
1 ]

= (A(/)B)α.

Thus A(/)pB = A(/)B. �

Corollary 3.6. Let A and B be two triangular fuzzy numbers defined on R.

Then we have the followings.

(1) A(+)pB = A(+)B.

(2) A(−)pB = A(−)B.

(3) A(·)pB = A(·)B.

(4) A(/)pB = A(/)B.

Example 3.7. In Example 2.7, the α-cuts of two triangular fuzzy numbers A =
(1, 2, 4) and B = (2, 4, 5) are Aα = [α+1,−2α+4] and Bα = [2α+2,−α+5],
respectively. In this case, Aα = fA(t) = {(−3α + 3)t + α + 1 | t ∈ [0, 1]} and
Bα = fB(t) = {(−3α+ 3)t+ 2α+ 2 | t ∈ [0, 1]}. Thus we have the followings.

(1) (A(+)pB)α = {(−6α+ 6)t+ 3α+ 3 | t ∈ [0, 1]}.
(2) (A(−)pB)α = {(−6α+ 6)t+ 2α− 4 | t ∈ [0, 1]}.
(3) (A(·)pB)α = {((−3α+ 3)t+ α+ 1) · ((−3α+ 3)t+ 2α+ 2) | t ∈ [0, 1]}.

(4) (A(/)pB)α =
{ (−3α+ 3)t+ α+ 1

(3α− 3)t− α+ 5
| t ∈ [0, 1]

}

.

We have the same α-cuts as those in Example 2.7. In fact,

Aα(+)Bα = [a
(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ]

= [3α+ 3,−3α+ 9],

Aα(−)Bα = [a
(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ]

= [2α− 4,−4α+ 2],

Aα(·)Bα = [a
(α)
1 · b

(α)
1 , a

(α)
2 · b

(α)
2 ]

= [2α2 + 4α+ 2, 2α2 − 14α+ 20]
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and

Aα(/)Bα =
[a

(α)
1

b
(α)
2

,
a
(α)
2

b
(α)
1

]

=
[ α+ 1

−α+ 5
,
−α+ 2

α+ 1

]

.
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