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CONTINUITY OF APPROXIMATE POINT SPECTRUM ON
THE ALGEBRA B(X)

SALVADOR SANCHEZ-PERALES AND VICTOR A. CRUZ-BARRIGUETE

ABSTRACT. In this paper we provide a brief introduction to the conti-
nuity of approximate point spectrum on the algebra B(X), using basic
properties of Fredholm operators and the SVEP condition. Also, we give
an example showing that in general it not holds that if the spectrum is
continuous an operator 7', then for each A € os_p(T) \ Psi,F(T) and
e > 0, the ball B(\,€) contains a component of os_p(7T), contrary to
what has been announced in [J. B. Conway and B. B. Morrel, Opera-
tors that are points of spectral continuity II, Integral Equations Operator
Theory 4 (1981), 459-503] page 462.

1. Introduction

It is known that the properties of the spectrum of a linear operator defines
its behavior. Since exact computations of the spectrum are almost always
impossible, we attempt obtain it in approximate form, so the study of the
continuity of the spectrum or any of its parts takes an essential role.

Newburgh (see [14]) was one of the first to make a systematic investigation
about the continuity of spectrum. After him several authors have researched
the subject extensively (for example [3], [4], [6], [8], [9], [10] and [11]).

Conway and Morrel [7] characterize the continuity of the approximate point
spectrum in the class of bounded linear operators defined on Hilbert spaces. In
this paper we observe that for the sufficient condition in that characterization
the several hypotheses can be reduced on the class of bounded linear operators
(now defined on Banach spaces) whose adjoint has SVEP. Also, we give an
example showing that the proof of their characterization mentioned has a small
omission.
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2. The spectrum of a bounded operator

Let X and Y be normed spaces. A linear operator T': X — Y is bounded,
if there exists a constant M > 0 such that

ITz|ly < Mllz||x forall z € X.

It is easy to see that bounded linear operators are continuous and even
uniformly continuous whit respect to their norms. Conversely, a linear operator
is bounded if it is continuous at 0.

If T: X — Y is a bounded linear operator, then its norm ||7'|| is defined by

(2.1) IT)| =inf{8 >0 : |Tz|y < B|z|lx for all z € X}.

Equivalent expressions of ||T’|| are:

[ Tz[ly
1T =swp2rmr = TN = sw [Tallys (Tl = suwp [[Te]y.
z#£0 [T X lzllx<1 lzllx=1

Let X and Y be complex Banach spaces and let B(X,Y") denote the space of
all bounded linear operators from X to Y, abbreviate B(X, X) to B(X). This
set with the usual operations of addition and multiplication by a scalar is a
vector space over C, moreover, B(X) is an algebra with the multiplication given
by (T,S) — TS (composition of functions). It is easy to see that || - ||, exposed
n (2.1), defines a norm on B(X) and satisfies the conditions: | TS| < || T||||S|l,
T,S € B(X), and ||I]| = 1. Thus B(X) is a Banach algebra with identity.

A class of special interest in B(X) are the compact operators, denoted by
K(X). Remember that an operator T' € B(X) is compact if and only if for each
bounded sequence {x, }nen in X, there exists a subsequence {2, }ren and an
element © € X such that Tx,, — z. It is well known that K(X) is two-side
ideal in B(X). This fact enables us to define the Calkin algebra over X as the
quotient algebra C(X) = B(X)/K(X). Moreover, K(X) is a closed subspace of
B(X), thus C(X) with the norm || 7'+ K(X)|| = inf yex(x)[|T + U|| is a Banach
algebra. We shall use 7 to denote the natural homomorphism of B(X) onto
C(X);n(T)=T+ K(X).

Since B(X) is an algebra with identity we can consider, for an operator
T € B(X), the set

p(T)={A e C | A\ — T is invertible in B(X)}.
This set is called the resolvent of T'. Its complement, a more interested set,
is denoted by o(T') and is called the spectrum of T'. Namely,
o(T)={X\ € C | A — T is not invertible in B(X)}.

It is well known that if X is a finite-dimensional normed vector space and
T : X — X is a linear operator, then the spectrum of T is precisely the set of
eigenvalues of T'. Remember, a complex number A € C, is an eigenvalue of an
linear operator T, if there exists x € X with x # 0 such that Tz = Ax. The
set of all eigenvalues of T' is denoted by o,(T).



CONTINUITY OF APPROXIMATE POINT SPECTRUM ON THE ALGEBRA B(X) 489

In general, for X a complex Banach space, the spectrum of bounded linear
operator T' € B(X), o(T), is a compact nonempty subset of C. Further, this
set is bounded by ||T||, i-e., o(T) € B(0, ||T]).

Example 2.1. We give the spectrum of some operators:

(a) Let T': L2[0,1] — L?[0,1] be defined by (Tf)(t) = tf(t). Then o(T) =
[0, 1].

(b) Conmsider I*(N) = {{&n}nen € C | X, cnlzn|> < oo}, This is a Hilbert
space with the inner product ({z,}; {yn}) = >, cn@n¥n. Let U : I*(N) —
I2(N) be defined by U(z) = (0,21, 22,3, ...), * = (1, 22,73, ...). Usually
this operator is called the unilateral shift and its spectrum is o(U) = {\ €
C||N\ <1}

(¢) Two operators T, S € B(X) are similar, if there exists U € B(X) invertible
such that UT = SU. If T and S are similar, then o(T) = o(95).

(d) Let H be a complex Hilbert space. An operator T' € B(H) is unitary if and
only if T*T = TT* = I, where T* (the adjoint of T') is the unique operator
T*: H — H such that (Tz;y) = (x;T*y) for all x,y € H. f T' € B(H) is
unitary, then o(T) ={A € C | |A| = 1}.

The spectrum of a bounded linear operator can be divided into subsets of
different ways, and each of these subsets are called parts of the spectrum. For
T € B(X), the surjective spectrum and the approximate point spectrum of T
is defined, respectively, as

osu(T) = {X € C | A — T is not surjective}

and
Oap(T) = {X € C | A\l — T is not bounded below},

where, remember an operator 7' is bounded below if and only if there is K > 0
such that K||z| < ||[Tz|| for all z € X. From this, it follows that X\ € 04, (T)
if and only if there is a sequence {z,}nen in X with ||z,|| = 1 such that
(M — T)x, — 0. Using this equivalence it is proved that o,,(T) is a closed
nonempty subset of C, moreover, do(T") C 0,4,(T).

Let X and Y be complex Banach spaces and consider T' € B(X,Y"). Denote
X* (resp. Y*) the dual of X (resp. V), i.e., X* = B(X,C) and Y* = B(Y,C).
For T € B(X,Y), the adjoint operator T* : Y* — X* of T is defined as:

(T f") () = f*(Tx)

forall f*€ Y™ and z € X.

This definition is different to that given in Hilbert spaces, but it is a gen-
eralization. The adjoint T* of T is a linear operator and ||T7*|] = ||T||. Let
T,5€B(X,Y), Ae B(Y,Z) and 71, v2 € C, the adjoint has the following easy
properties:

(MT 4 7S)  =nT" +728* and (AT)" =T"A".
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Moreover, for T € B(X),
o(T)=0(T"), 0ap(T) =0s,(T") and oqp(T*) = 05u(T).

3. Parts of the spectrum given by semi-Fredholm operators

Each linear operator T : X — X has associated two basic subspaces, its
kernel N(T) = {x € X | Tx = 0} and its range R(T) = {Tx | v € X}. If T is
bounded its kernel N(T') is a closed subspace, however, its range may be not
closed.

Let T : X — X be a bounded operator. Define a(T) = dim N(T) and
B(T) = dim X/R(T), when theses spaces are finite dimensional, otherwise we
set a(T) = oo and B(T) = co. An operator T' € B(X) is called upper semi-
Fredholm (respectively lower semi-Fredholm) if it has closed range and «(T") <
oo (respectively S(T') < o). The set of all upper (resp. lower) semi-Fredholm
operator in B(X) is denoted by @4 (X) (resp. ®_(X)). We say that T € B(X)
is a semi-Fredholm operator if '€ &, (X)U ®_(X) = &4 (X). The index of a
semi-Fredholm operator T is defined as i(T") = «(T') — S(T). When T is both
upper and lower semi-Fredholm, T is said to be a Fredholm operator. This
class of operators is denoted by ®(X).

Remark 3.1. We highlight below some basic properties concerning algebraic
and topological nature of the class of semi-Fredholm operators.

(a) f T € &4 (X) and S € P (X), then TS € &, (X). Analogously, if U €
®_(X)and V € ®_(X), then UV € &_(X). Moreover, if T' € ®(X) and
S € ®(X), then TS € &(X) and i(T'S) = i(T) + i(S).
(b) The sets @ (X) and ®_(X) are mutually dual:
Tcd (X)eT €¢d_(X7)
and
Tecd (X)eT ed (X7).
Moreover,
a(T*)=8(T), «T)=p3(T") and o(T) = a(T™).
(¢) Let T € & (X). Then there exists € > 0 such that S € B(X) and ||S]| < ¢
implies T+ S € ®(X). Furthermore
a(T+S)<a(T) and «(T+S)=1iT).

Analogously, if T' € ®_(X), then there exists ¢ > 0 such that for every
S € B(X) with [|S|| < e we have T+ S € &_(X) and

BT +8) < B(T) and i(T +S) = i(T).

From this it follows that ®4(X) and ®_(X) are open subsets of B(X)
and the index function

i: P (X) = ZU{xoo}

is continuous.
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(d) Let T € B(X). Then, there exist V € B(X) and K € K(X) such that
VT = I+K ifand only if T € & (X) and there exists a bounded projection
of X onto R(T).

Also, there exist U € B(X) and K € K(X) such that TU = I 4+ K if
and only if T € ®_(X) and there exists a bounded projection of X onto
N(T).

The proof theses important results may be found in Caradus, Pfaffen-
berger, and Yood [5].

Let M be a closed subspace of a Banach space X. If there exists a closed
subspace N of X such that X = M @& N, then M is said to be complemented
in X. Equivalently, M is complemented in X if and only if there exists P a
bounded projection of X onto M.

Let Z be a Banach algebra with identity. Denote by G;(Z) (resp. G.(Z))
the set of all left (resp. right) invertible elements of Z. Using Remark 3.1(d),
we obtain the next proposition.

Proposition 3.2. Let w: B(X) — C(X) be the canonic homomorphism. Then
for T € B(X) the following equivalences holds.
(a) MI—7(T) € Gi(C(X)) & M[-T € & (X) and R(A—T) is complemented
m X;
(b) M—7(T) € G.(C(X)) & M[-T € ®_(X) and N(A=T) is complemented
mn X.

For T € B(X) and k € NU {—00,00}, let p* . (T) denote the set of A € C
for which A\ =T € ®4(X) and i(M —T) = k. Put p! (1) = Y Pk (T),

1<k
pep(T) = _OO<Li<_1/)§7F(T) and pf—F(T) = po_p(T)Up_p(T). Also, define
the sets:
¢+(T) = {N€pl (T)|N(A —T) is complemented in X},
b10o(T) = {N€pI°%(T)| N(\ —T) is complemented in X},
o (T) {Aep,_ p(T)|R(M —T) is complemented in X},
V-o(T) = {N€p %(T)|R(A —T) is complemented in X}.

We set ¢ioo(T) = ¢—oo(T) U ¢p4oo(T). One can prove that ¢ (T), ¢_(T),
P100(T) and ¢_o(T) are open subsets of C and that in Hilbert spaces the
equalities ¢4 (T) = p? p(T), b1oo(T) = pi5(T), 6_(T) = p;_p(T) and
6o (1) = ;5 (T) holds,

All classes of operators mentioned above motivate the study of some other
distinguished parts of the spectrum: The Fredholm spectrum of an operator
T € B(X) is defined as 0.(T) ={\ € C | A\ =T ¢ ®(X)}, the semi-Fredholm
spectrum of T'is o5_p(T) ={A € C | \[ = T ¢ &4 (X)}, the Weyl spectrum
of Tisow(T) ={AN € C| AN —-T & ®(X)ori(A —T) # 0}. The left
essential spectrum (resp. the right essential spectrum) of T' € B(X), are defined
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respectively by 0. (T) = {A € C | A\l — n(T) ¢ Gi(C(X))} and 0,..(T) = {\ €
C| M —7(T) ¢ G.(C(X))}. Finally put

Olre(T) = 01e(T) Noye (T).

It is clear that
UsfF(T) g Olre (T>a
but the opposite inclusion is not always satisfied in general Banach spaces.

However when T is defined on a Hilbert space H, then os_p(T) = 01..(T) is
satisfied, because every closed subspace of H is complemented in H.

Proposition 3.3. If T € B(X), then
(2) 0e(T) = 05— p(T) U p2%(T);

(b) 0e(T) = 017e(T) U ¢p0o(T);
(¢) 00e(T) Cos—p(T).

Proof. (a) It is trivial. (b). Take A € o.(T). If A € 00.(T) and A € 0,.(T),
then A € 0y¢(T). Suppose that A\I — 7(T') is left invertible in C(X), then by
Proposition 3.2 (a), A\ =T € ®,(X) and R(AI — T) is complemented in X.
From A € 0.(T), we obtain that S(AI—T') = oo, thus i(A\[—T) = —oo and hence
A € ¢_oo(T). A similar argument shows that if \I — «(T) is right invertible
in C(X), then A € ¢4o(T). Consequently, o¢(T) C 01re(T) U ¢proo(T). The
opposite inclusion is obtained readily.
(c) Note that p=°%(T) C int o, (T), and this implies that

00e(T) = 0(T) \int 0o (T) C 0e(T) \ py 25 (T).
Then, by item (a), do.(T) C os—r(T). O
The next theorem establishes a relationship of connectedness between oy, (T')
and o.(T).
Theorem 3.4. Let T € B(X). If C is a component of o.(T) and C N

d100(T) =0, then C is a component of o.(T).
Proof. From Proposition 3.3(b),
5e(T) = [01re(T) \ 0900 (T)] U oo (T).
We claim that
(3.1) [01re (T) \ 840 (1)) N P00 (T) = 0.

Assume otherwise, then there exists A € [07¢(T) \ 00100(T)] N Proo(T).
This implies, since ¢roo(T) = Pioo(T) U 0proo(T), that X € ¢dioo(T). If
A€ Proo(T), then A\I =T € &_(X) and N(A — T') is complemented in X, so
by Proposition 3.2(b), AI — «(T) is right invertible in C'(X), this contradicts
that A € 07¢(T). When A € &_(T) also we have a contradiction. Therefore
the equality (3.1) follows.
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Let D be a connected subset of o.(T") such that C C D. Then

D = [D N (01re(T) \ 0¢+00(T)] U [D N §1o0(T)].
We set E = D N (01r¢(T) \ Op+0o(T)). Since C N ¢p1oo(T) = B, we obtain
that C' C E, and this implies that either £ = C or E is not connected. If F

fails to be connected, then there exist F; and Fy compact subsets of oy,..(T)
such that £ = Fy U Ey, BE1 N Ey =0, By # 0 and Fy # (. Observe that

D =FE,U[E;U(DN¢ro(D))],
and by (3.1),

E N [EQ U (D N ¢im(T))] = @ and El N E2 U (D n ¢im(T)) = @

Consequently D is not connected, which is a contradiction. Thus E = C.
Therefore

D=CU(DNeoi(T)).
Again, from C N ¢4o(T) = 0 and since D is connected, we have D N
D.

¢+00(T) = 0. Therefore, C = We conclude that C' is a component of
o.(T). O

4. Spectral continuity

Let S denote the collection of all non-empty compact sets of C. The spec-
trum, the approximate point spectrum and the surjective spectrum can be
viewed as functions from B(X) to & mapping operators T' € B(X) into their
respective spectra. We study the continuity of these functions, using uniform
norm in B(X) and Hausdorff metric in S. It is well known that the convergence
in § with the Hausdorff metric can be characterized through the concepts of
limit inferior and superior.

Let {Ey, }nen be a sequence of arbitrary subsets of C. Define the limits infe-
rior and superior of { £, },,en, denoted respectively by lim inf £,, and lim sup F,,,
as follows:

o liminfE,, = {\ € C| for every ¢ > 0, there exists N € N such that
B\ e)NE, #0 forall n > N}.

e limsup E,, = {\ € C| for every € > 0, there exists J C N infinite such
that B(A\,e) N E, # 0 for all n € J}.

Next lemma is helpful to demonstrate several results in this paper.

Lemma 4.1. Let {E,},en be a sequence of subsets of C. The following state-
ments are satisfied:

(a) liminf E,, and limsup E,, are closed subsets of C.

(b) A € limsup E,, if and only if there exists an increasing sequence of natural
numbers ng < ng < ng < --- and points A, € E,, for all k € N such
that lim A, = A.
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(c) A € liminf B, if and only if there exists a sequence {An}nen in C such
that lim \,, = A, and for some ng € N, \,, € E,, for all n > ny.

Lemma 4.2. Let {E, }nen be a sequence of closed subsets of C. If there exists
K a compact subset of C for which E, C K for alln € N. Then E, — E in
the Hausdorff metric if and only if limsup F,, C E and E C liminf E,,.

Let T,,, T € B(X). We say that T, converge in norm to 7', and is denoted
by T,, — T, if lim,_,c || T — T|| = 0. Consider ¢ : B(X) — S, this function
is continuous at T € B(X) if and only if for each {7, }nen in B(X) such that
T, — T, it follows that ©(T},) — ¢(T), where the latter convergence is with
respect to the Hausdorff metric.

Remark 4.3. In particular, if ¢ € {0,04p,0s,} and T € B(X). Then ¢ :
B(X) — S is continuous at 7' if and only if limsup ¢(T},) € o(T') and o(T") C
liminf ¢(7T},) for all T, — T. Tt results from Lemma 4.2, because if T, — T,
then

o(Tn) € o(T,) < B(O0,|T.]) € B(0,e1+(T])
for all n € N and some ¢; > 0.

On the other hand, it also holds that if ¢ € {0, 04p,0su} and T : X — X is
any bounded operator, then limsup o(7},) C ¢(T') for all T,, — T'. This result
is an immediate consequence of the following lemma due to Halmos and Lumer
[12].

Lemma 4.4. Let Q be a closed subset of B(X) and T a function defined by
T(T)={\NeC| N -TeQ}, TeB(X).

Then limsup 7(T),) C 7(T) for all T,, — T.

Proof. Consider A € limsup7(T;,) and suppose that A ¢ 7(T). Inasmuch as Q

is closed, there is € > 0 such that B(AI —T,e) C B(X)\ Q. Let ny <ng < ---

be an increasing sequence of natural numbers and let \,, € 7(T),,) for all

k € N such that A\,, — A. Since T,, — T, there is kg € N such that for every

k> ko, An, I — Ty, € B(AI —T,e€). Take k > ko, then \,, [ — Ty, € Q and so
Any, € T(Ty,. ), this is a contradiction. O

The set of bounded operators that are invertible, the set of all T' € B(X)
which are one-to-one and have R(T') closed and the set of surjective bounded
operators are open in B(X) (see [5, Theorem 2.5.6]). So by Lemma 4.4 the
following theorem is satisfied.

Theorem 4.5. Let ¢ € {0,04p,0su}. For each T,, — T, it holds that
lim sup p(T,) € o(T).

However, in general the functions o, 04, and o, are not continuous as shown
in the next example.
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Example 4.6. Let U be the unilateral shift on ¢2(N) and let T, T},, be oper-
ators defined on ¢2(N) @ (?(N) as
U o U ta-vur
[ 2] el )
Observe that T,, — T, but o(T},) /4 o(T). Indeed, each T), is similar to T}
and T} is an unitary operator, so for every n, o(T,,) = o(T1) = {\ € C | |\| =
1},and o(T) ={ € C | |A| < 1}.

From Theorem 4.5, in order to see that ¢ : B(X) — & is continuous at
T € B(X), where ¢ € {0,04p,05,}, it is sufficient to show that for each
{T) }nen in B(X) that converges to T, it is satisfied that 7(7") C liminf7(7},).

Next, let us note certain sets of o(1") for which are included in lim inf o(T5,).
First, the isolated points of o(T) are included in liminf7(7},).

Proposition 4.7 ([14]). IfT,,,T € B(X) be such that T,, — T, thenisoo(T') C
liminf o(T,), where isoo(T) = {isolated points of o(T')}.

If T'€ B(X) and A is a spectral set for T' (i.e., A is both open and closed in
o(T)), define the corresponding spectral projection as

P(T,A) = QL /C(zl— T) tdz,

T

where C is a Cauchy contour that separates A from o(7) \ A. For T' € B(X)
define
wo(T) = {X €isoo(T) | P(T,{\}) has finite rank}.

Proposition 4.8. Let T,,,T € B(X) be such that T,, — T. Then 7o(T) C
lim inf mo(T5,).

Proof. See [1, Corollary 2.13]. O

Next proposition give another collection of points that is included in lim
info(T),).

Proposition 4.9. If {T,} is a sequence in B(X) such that T,, — T, then
0(T)\ 0ap(T) C liminfo(T5,).

Proof. Let A € o(T) \ 0qp(T), then AXI — T is an injective operator with closed
range, this implies that AI — T is a semi-Fredholm operator and i(A\ —T") < 0,
but AI — T is not invertible, so i(A\ — T') < 0. Observe that, if there exists
an increasing sequences of natural numbers {ny}ren such that A\ — Ty, is
invertible for all k € N, then by the continuity of index, (A —T") = 0, that is
a contradiction. So there exists ng € N such that A € o(T},), for all n > ny,
which implies that A € liminf o(T,,). O

Theorem 4.10. If 04, is continuous T', then o is continuous at T.

Conway and Morrel in their seminal paper [6] characterize the continuity of
the spectrum in the algebra B(H ), where H is a Hilbert space:
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Theorem 4.11 ([6, Teorema 3.1]). Let H be a Hilbert space. The function o

is continuous at T € B(H), if and only if, for each \ € o(T)\ p= o(T) and
e >0, the ball B(\,€) contains a component of os_p(T) U mo(T).

Later, in [7], they give a characterization of continuity of the approximate
point spectrum:

Theorem 4.12. Let H be a Hilbert space. The function o4y is continuous at
T € B(H), if and only if,
(a) o is continuous at T,
(b) pi_p(T) Nop(T) =0,
() p7%(T) = intp,(T) and,
(d) for every —oo < k < —1, it holds that, for each A € intp*_.(T)\p*_p(T)
and € > 0, the ball B(\, €) contains a component of os_p(T).

In this paper we observe that for the sufficient condition in Theorem 4.12
the several hypotheses can be reduced on the class of bounded operators (now
defined on a Banach space) whose adjoint has SVEP. On the other hand, it
should be noted that Conway and Morrel show the above theorem using the
following equivalence (see [7, p. 462]):

e o is continuous at 7' € B(H) if and only if int (o(T) \ ow (T")) =  and,
for each A € 05— (T) \ p=_p(T) and € > 0, the ball B()\,¢) contains a
component of os_p(T).

But this proposition is false as shown in Example 4.13. However, the conclu-
sion of above mentioned theorem is true and the proof is a slight modification
of the given.

Example 4.13. Let a,, = (1+ L)exp(2mi £) for allm € Nand 1 < k < n,
and consider M : ?(N) — ¢?(N) the diagonal operator defined by

It is clear that o,(M) = {an: |7 € N, 1 < k < n} where each eigen-
value has geometry multiplicity one. Let {au,}men be and indexation of
{0411, a1, 22, (31, (X32, . . } It is not difficult to prove that

€ p(M) = C\o(M) & inf |\ — ap| > 0.
Thus
o(M) = o,(M)u{reC| ir%f|)\ — am| =0, and for all m, A # a;, }
{am}menU{A e C[ [N =1}
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Let m € N, since inf{|a, — ;| | j € Nand j # m} > 0 and for each
{y;}jen € R(apI — M), yn, = 0. It follows that R(a,, I — M) is a closed subset
of (?(N). Therefore, for every m € N, a,,I — M is a semi-Fredholm operator,
and clearly o, is an isolated point of o(M). Consequently {am fmen € mo(M).

From that AI — M is injective for all A € {, bmen, it is easy to see that
oo r(M) ={N € C| N =1}, p= o(M) = 0 and 79(M) = {@m}men. This
implies that

o(M) = mo(M) C liminf mo(M,,) C liminf o(M,,)
for all M,, — M, that is, o is continuous at M. However, for every \g €

os—p(T)\ p= o(T) and € > 0 such that {\ € C | |\ = 1} € B(\o,¢), the ball
B(Xo, €) does not contain a component of os_p(T).

Lemma 4.14 ([6, Lemma 1.5]). Consider {T), }nen in B(X) such that T,, — T.

(a) If C' is a component of o(T) and U an open set containing C, then
there exits ng € N such that for each n > ng, U contains a component
of o(Tp,).

(b) If C is a component of o.(T) and U an open set containing C, then
there exists ng € N such that for each n > ng, U contains a component
of oe (Tn)

Proof. The following proof works for any Banach algebra, so that only part (a)
is proved.

Let C' be a component of o(T) and U be an open set of C that contains to
C. The set o(T)\ U is closed in o(T), and C N [o(T) \ U] = 0. Then there
exists X; # () open and closed in o(T) such that C C X; C U. Observe that
UNIC\ (o(T)\ X1)] is open in C and X; CUN[C\ (o(T) \ X1)], thus by
[1, Theorem 1.21], there exists a Cauchy domain D such that X; C D C D C
UN[C\ (6(T)\ X1)]. Let C be a Cauchy contour determined by the boundary
of D. Then C separates X; from o(T) \ X;.

By [1, Proposition 2.9(a)], there exits N € N such that for every n > N, C
lies in p(T},), Ay, = 0(T},) N D is a spectral set for T;,, and C separates A,, from
o(T,) \ A. Moreover, if

1 -1 1 -1

P(T,,A,) = %/C(zI—Tn) dz, P(T,Xy) = %/C(zI—Tn) dz,
then P(T,,A,) — P(T,X1). Note P(T,X;) # 0 because X7 # 0 (see [1,
Corollary 1.27]). Hence there exists ng > N such that P(7T,,A,) # 0 for all
n > ng. Thus by [1, Corollary 1.27], A,, # 0 for all n > ny.

Let n > mg arbitrary. Since A,, is both open and closed in o(7},) and A,, # 0,
it follows that, there exists C),, a component of o(T},) such that C, C A,,.
Observe that A,, € D C U. Thus C,, C U. Therefore U contains a component
of o(T,,) for all n > nyg. O

In order to study the continuity of o,;, on the clase of operators defined on
Banach spaces we have introduced the sets ¢4 (T'), ¢—(T'), ¢+oo(T) instead of
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the sets pi (T), po_p(T), p=°5(T). The following lemma is a generalization
of [7, Lemma 3.1] for the case of Banach spaces.

Lemma 4.15 ([15, Lemma 2]). If T,, = T in B(X) and A\ € ¢1oo(T) is such
that, for every e > 0, the ball B(\,€) contains a component of oi.(T), then
A €liminfo,_p(T)).

Proof. Let € > 0. Since A € ¢1oo(T), there is r > 0 such that B(\,r) N
d+00(T) = 0. Set 1 = min {e, r}, by hypothesis, B(), €1) contains a component
C of 614¢(T), then C'N ¢1oo(T) = B and so by Theorem 3.4, C' is a component
of 0.(T). From Lemma 4.14(b), there exists ng € N, such that for every n > no,
B(\, €1) contains a component C,, of o.(T},). By this and Proposition 3.3(c),
it follows that for each n > ng,

0 # 8C, C 00e(Ty) C 05— p(Th).

Thus for every n > ng, B(\,€) Nos_p(T,) # 0, which implies that A €
liminf os_p(T}). O

We recall that an operator T' € B(X) is said to have the single-valued ex-
tension property at A € C, abbreviate 7" has SVEP at A € C, if for every
neighborhood U) of A, the only analytic function f : Uy — X which satisfies
the equation (uI — T')f(u) = 0 for all p € Uy, is the function f = 0.

It is clear that T has SVEP at every point of the resolvent p(T"), moreover
from identity theorem for analytic functions, both 7" and T has SVEP at every
point of the boundary do(T) of the spectrum. In particular, both 7" and T*
have SVEP at every isolated point of the spectrum.

Following [13], we say that T € B(X) satisfies the Browder’s theorem, if
o(T)\ ow(T) = mo(T'). This property is characterized in terms of the SVEP.
Indeed, a necessary and sufficient condition for 7" satisfies Browder’s theorem
is that T has SVEP at every point A & ow (T).

Theorem 4.16 ([15, Theorem 3]). Let T € B(X) such that T* has SVEP at
every 8 & opre(T). If for each A € 01pe(T) \ ¢4 (T) and € > 0, the ball B(\, €)
contains a component of o1re(T'), then o4y is continuous at T

Proof. Let {T,,}nen be a sequence in B(X) that converges at T, and let A €
oap(T).

Case It A\ & 0y, (T).
In this case AI — T is a semi-Fredholm operator and T has SVEP at A, so by
[2, Corollary 3.19], ¢(A] — T') > 0. Suppose that i(AI —T) = 0. Since 7™ has
SVEP at every 3 & o, (T), it follows that T* satisfies Browder’s theorem, and
consequently, T' satisfies too. Thus A € o(T) \ 0, (T) = mo(T'). Consequently
by Proposition 4.8, A € liminfmy(7},) C liminfo,,(T5).

Now, suppose that ¢(A] —T) > 0. If X & liminfo,,(T,), then there exist
€1 > 0 and a increasing sequence of natural numbers n; < ne < ng < --- such
that B(\,€1) Nogp(Th,) = 0 for all k € N. Since X\ & 04,(Th,.), it follows that
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M —1T,,, is an injective operator with close range. This implies that \[ —T,, €
@, (X) and i(AI — Ty,) < 0. On the other hand, A\ — T, — A — T, thus
by continuity of index, it follows that ¢(A —T') < 0 which is a contradiction.
That proves A € liminfog,(T5,).

Case II: \ € 0y,..(T).
By the proof of Case I, we have that ¢ (T') C liminfog,(T,). Thus ¢ (T) C
liminfo,,(T},) because liminfo,,(7,) is a closed set. Therefore if A € ¢ (T),
then A € liminfo,,(T5,).

Let A & ¢4 (T'). By the hypothesis and Lemma 4.15 (note that ¢_o (1) = 0),
we get that A € liminf os_p(1),). But since os_p (1)) C 04p(T),,) for all n € N,
it follows that A € liminfo,,(7),). Therefore o,y is continuous at T'. O

Corollary 4.17. If T € B(X) satisfies the hypothesis of Theorem 4.16, then
o 1s continuous at T

Proof. Tt follows by Theorem 4.16 and Theorem 4.10. (|
Example 4.18. The unilateral shift U : £2(N) — ¢?(N) defined by

U(z) = (0,z1, 22, 3,...), x=(x1,T2,23,...),
is a continuity point of o.

In Theorem 4.16 the set of points A for which the ball B(\,¢€) contains a
component of ay,..(T) for all e > 0 may be reduced. Indeed:

Theorem 4.19. Let T € B(X) such that T* has SVEP at every § & or.(T).

If for each X € 01pe(T) \ ¢+ (T) Umo(T) and € > 0, the ball B(\, €) contains a
component of o1c(T), then oqp is continuous at T

As immediate consequence of Theorem 4.16 and some duality results, we
obtain sufficient conditions for continuity of o,.

Proposition 4.20. If 0y, is continuous at T, then o, is continuous at T.

Proof. Let {T},}nen be a sequence in B(X) such that T, — T, then T, — T*
and s0 04, (T) — 0ap(T*). Since 04,(L*) = 05, (L) for every operator L, it
follows that o, (1)) — osu(T). O

Corollary 4.21. Let T € B(X) such that T has SVEP at every 8 & o1,o(T). If

for each X € 01e(T)\ ¢—(T') and € > 0, the ball B(X, €) contains a component
of o1re(T), then og, is continuous at T

Proof. In order to prove this corollary we use Theorem 4.16. First observe
that 04p(T*) = 05u(T), O1e(T*) = 01pe(T) and ¢_(T) = ¢ (T*). Take 8 ¢
Oire(T*), then I — T is a semi-Fredholm operator and T has SVEP at 3, this
implies, by [2, Theorem 3.23], that 8 is not a cluster point of o,,(T"). But,
since 0gp(T') = 05u(T*) = 04p(T**), it follows that 8 is not a cluster point of
Oap(T**). Again, from [2, Theorem 3.23], T** has SVEP at (.
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Consequently, T7** has SVEP at every point 8 & o0,..(T™*) and its clear that

the other hypotheses of Theorem 4.16 are satisfied. Thus oy, is continuous at

T*

and, by Proposition 4.20, o, is continuous at 7. (I
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