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ABSTRACT. Taking the weighted geometric mean [11] on the cone of positive definite ma-
trix, we propose an iterative mean algorithm involving weighted arithmetic and geometric
means of n—positive definite matrices which is a weighted version of Carlson mean pre-
sented by Lee and Lim [13]. We show that each sequence of the weigthed Carlson iterative
mean algorithm has a common limit and the common limit of satisfies weighted multidi-
mensional versions of all properties like permutation symmetry, concavity, monotonicity,
homogeneity, congruence invariancy, duality, mean inequalities.

1. Introduction

For positive real numbers a and b, the sequences {a, } and {b,} defined by

1
ap = a, bO = b, An+1 = i(an + bn)7 bn+1 =V anJrlbn

converge to a common limit. This is called Borchardt’s algorithm [5]. In a general-
ization of Borchardt’s algorithm with a suitable incomplete elliptic integral repre-
sentation and with “permutation symmetry,” Carlson [6] has found a 3-dimensional
iterative mean algorithm involving arithmetic and geometric means of positive reals.
For positive reals ag = a,by = b and ¢y = ¢, the three sequences defined by

Gy + by G+ Cp\ 2
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approach to a common limit. This satisfies the permutation symmetry and includes
Borchardt’s algorithm (when b = ¢) and the common limit has a symmetric integral
representation. A key observation in the Carlson algorithm is that it is a compo-
sition of two symmetrization procedures: (any1,bn+1,Cnt1) = 0(an,bn, cn) Where
0 =700 and

Blabe)= 5o+ cateath), ~(abe)=(Vie, vac, Vab).

The geometric mean of two positive definite matrices A and B is defined by
A#B = AYV2(A7V2BAY2)1/2 AV? and is regarded as a unique positive definite
solution of the Riccati equation X A~'X = B [12]. In the Riemannian manifold of
positive definite matrices equipped with the Riemannian metric (it coincides with
the Hessian metric of the logarithmic barrier functional) ds = ||A~1/2dA A=1/2||, =
(tr(A_ldA)2)1/2 ([10, 2, 3, 12]), A#B is the unique metric midpoint of A and B
for the Riemannian metric distance satisfying the symmetry A#B = B#A.

q It has been a long-standing problem to extend the two-variable geometric mean
of positive definite matrices to n-variables, n > 3, and a variety of attempts may be
found in the literature. Two recent approaches have been given by Ando-Li-Mathias
[1] and Bini-Meini-Poloni [4] via “symmetrization methods” and induction. From
these successful extensions of geometric means of n-positive definite matrices, Lee
and Lim [13] have generalized Carlson’s algorithm from the case that variables vary
over 3-dimensinal positive real numbers to the case that variables vary over multi-
variable positive definite matrices preserving permutation symmetry.

In [11], the authors have constucted a weighted geometric mean &,,(w; Ay, ..., A,)
where w varies over n—dimentional positive probability vectors via weighted ver-
sion of Bini-Meini-Poloni symmetrization procedure and induction, satisfying the
weighted version of ten properties of ALM geometric mean.

The main purpose of this paper is to propose weighted Carlson means based on a
weighted version of the generalized permutation symmetrization procedure in [13].
For a positive probability vector w = (wy, ..., w,) and an n-tuple of positive definite
matrices A = (Ay,..., A,), our symmetrization method is given by

(AD L ADY = (4y,..., Ay,
(AT Ay =5 Al L AD),

where 6, = v, © B, B, the weighted Ando-Li-Mathias symmetrization procedure
of arithmetic mean and 7, is the weighted Bini-Meini-Poloni symmetrization pro-
cedure of geometric mean. We show that the sequences {AET')};";O, i=1,...,n,
converge to a common limit, yielding a weighted Carlson mean €, (w; A). In Sec-
tion 4, we present all properties of the weighted Carlson mean of positive definite
matrices.
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2. The Convex Cone of Positive Definite Matrices

Let M(m) be the space of m x m complex matrices equipped with the op-
erator norm || - ||, H(m) the space of m x m complex Hermitian matrices, and
Q = Q(m) the convex cone of positive definite Hermitian matrices. The general
linear group GL(m,C) acts on Q(m) transitively via congruence transformations
I'y(X) = MXM*. For X,Y € H(m), we write that X < Y if Y — X is pos-
itive semidefinite, and X < Y if ¥ — X is positive definite (positive semidefi-
nite and invertible). Each positive semidefinite matrix A has a unique positive
semidefinite square root, denoted by A'/2. For A € H(m), Aj(A) are the eigen-
values of A in non-increasing order: Aj(A) > Ay(A4) > -+ > Apn(A). We note
that the operator norm of a Hermitian matrix A coincides with its spectral norm
[|A|| = max{|A;(A4)] : 1 < j < m}. The Thompson metric given by

(2.1) d(A, B) = max{log M(B/A),log M(A/B)},

where M(B/A) =inf{a >0: B < aA} = \(A"/2BA~1/2) is a complete metric
on the open convex cone 2 = Q(m). For 0 < A < B, we denote [A4,B] = {X >0:
A< X <B).

Lemma 2.1. Let 0 < A< B. If X,Y € [A, B] then d(X,Y) < d(A, B).

Lemma 2.2. The Thompson metric on (m) satisfies

d (i Ai; i Bz> S 1’I1aX{d(Ai7 Bz) ?:1
i=1 i=1

for any A;, B; € Q(m),1 <i < n.
The following additive contraction theorem will play a key role for our purpose.

Proposition 2.3.[[14]] Let A be a l X | positive semidefinite matriz. Then

dA+X,A+Y) < A(X,Y), X,Y eQ(m)

a+ g
where a = max{A1(X),\(Y)} and 8 = N\ (4).

3. Weighted Geometric Means of Positive Definite Matrices

The curve t — A#,B := AY2(A~1/2BA~1/2)t AY/2 is a minimal geodesic line
between A and B and its geodesic middle A#B := A#, /5B is known as the geo-
metric mean of A and B.
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Theorem 3.1.[[2]] For A,B,C € Q and M € GL(m,C),
(1) d(A,B) =d(A~Y,B~Y) = d(MAM*, MBM*);
(2) d(A#B, A) = d(A#B, B) = Ld(A, B);
(3) for all s,t € [0,1], d(A#.B, A#:B) = |s — t|d(A, B) and
(3.1) d(A#,B,C#,D) < (1 —t)d(A, C) + td(B, D).

The non-positive curvature property (3.1) for the Thompson metric is appeared
in [8] even for positive definite operators on a Hilbert space.
The following properties for the weighted geometric mean A#;B are well-known.

Lemma 3.2. Let A,B,C,D € Q and let t € [0,1]. Then
(i) A#.B = A'"'B! if AB = BA;
(i) (aA)#:(bB) = a*~'b'(A#,B) for a,b > 0;
(iii) (Lowner-Heinz inequality) A#:B < C#:D if A < C and B < D;
(iv) M(A#:B)M* = (MAM*)#:(MBM?*) for non-singular M;
(v) A#B = B#1 1A, (A#:B)~' = A4, B
) (VA4 (L= N B)# A+ (1-\)D) = MA#C) + (1N (B#:D) for A € [0, 1)
(vii) det(A#,B) = det(A)!~tdet(B)%;
(viii) (1—t)A" ' +¢tB )1 < A#,B < (1—t)A+1tB.

(vi

A#:B as a two-variable weighted mean, denoted by &2(1 — t,¢; A, B), the au-
thors of [11] have constucted for each n > 2 a weighted geometric mean &, (w; 44,
.., Ay), where w = (wy, . .., w,) varies over n-dimentional positive probability vec-
tors via weighted version of Bini-Meini-Poloni symmetrization procedure [4]. Let
(w1, wsa,ws) be a positive probability vector and let A, As, A3 be positive definite

matrices. Starting with (Ago)7 Ago), Aéo)) = (A1, Ag, A3) define
(A9, AL, ALY = (A, (Ao 2 Ay),

AQ#l—wz (Al#%Aiﬂa
Agthrug(Ar#t 22_A2)),

(Agr)’Aér)’Agr)) _ (Agr—l)#l_wl (AéT_l)#%SuTAgr_l)),
ATV (AT TV e ATTY),

T—wy

ATV (AT g g AT
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It is shown that the sequences {AET)}ﬁiO,i = 1,2, 3, converge to a common limit,
yielding geometric means of 3-positive definite matrices &3(w1, wa, ws; A1, Aa, As).
Inductively, for n—dimensional positive probability vector w = (w1, ws, ..., w,), the
weighted symmetrization procedure of n-positive definite matrices is defined by

")/w(A) = (Al#l—un@n—l(d);él;Ak;él)w-~7An#1—wn®n—1(dj7ﬁn;f4k7&n))
where @; = 1%% (Wi, ..., Wi_1,Wit1,...,wy) is (n—1)-dimensional positive prob-
ability vector and Apx; = (A1,..., Aic1, Aig1,..., An) of A= (A44,...,A,). Then
each component of the iteration 7/, (A4) = (AY), .. 7Ag)) approaches to a common

limit, yielding n-dimensional weighted geometric mean &,,(w; A).
The weighted geometric means of n—positive definite matrices satisfy the following
properties.

Theorem 3.3. Let A = (A, As,...,A4,),B = (B1,Ba2,...,B,) € Q" and let
w = (wy,wa,...,wy,) be a positive probability vector.

(P1) &, (w; Ay,...Ay) = AT - - AYn for commuting A;’s.

(P2) (Joint homogeneity)

&, (wia1dy, ... anAy) =at - a By (w; A, .o Ay).

(P3) (Permutation invariance) For any permutation o,

®n(wo; Ao(1)7 BERE) Aa(n)) = an(w;Alv cee 7An)
(P4) (Monotonicity) If B; < A; for all 1 <i <n, then
an(a); Bl, ceey Bn) S Qﬁn(w; Alv e ,An)

(P5) (Continuity) The map &, (w;-) is continuous.

(P6) (Congruence invariance) For any invertible matriz M,

&, (wy MAIM™*, ..., MA,M") = M&,(w; A1,...,An)M™.

(P7) (Joint Concavity) For 0 < XA <1,

G (w; A+ (1 —=N)By,..., A, + (1 — A\)By)
> )\QSH(W; A, ..., An) + (1 — /\)an(u)7 Bi,... ,Bn).

(P8) (Self-duality) &, (w; AT, ..., A1) =B, (w; Ay, Ay) "L

n

(P9) (Determinantal identity) det(®,,(w; Ay,...,A,)) = [[i, (det A;)“.
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(P10) (Arithmetic-geometric-harmonic mean inequality)

n -1 n
(Zwﬁlf) <G, (w;Ar...,A,) < ZwiA
=1 i=1

We call a mean of n-variables satisfying these properties a weighted geometric
mean. We note that for w = (1/n,...,1/n) the geometric means obtained by Ando-
Li-Mathias [1] and by Bini-Meini-Poloni [4] satisfy (P1)-(P10).

Remark 3.4. In [11], the authors obtained a stronger version of (P5) for the
Thompson metric;

(P11) d(&,(w;A1,...,A,), 8, (w; B1,...,By)) < Y i wid(A;, B;).
Proposition 3.5. Let w = (wy,...,wy,) and v = (v1,...,v,) be positive probability
vectors. Then

(3.2) d(G,(w; Ay, ..., Ap), (v By, Bn)) < > wiv;d(A;, By).

ij=1

Proof. By (P1) and (P11), we have

d<®’n(w,f41a cee 7An)76n(V;Bl7' .. 7Bn))
d(&, (W;Ala"'7An)a®n(w;®n(V§Blv"‘7Bn)7~'~a®n(l/;Blw~~aBn))

—~

7.d(Az,®n(Va Bla .. 7Bn))

M

©
I
—

wid((ﬁn(u; Ay A),6,(v; By, ..., By))

i A(A By).

IN

i M: NgE

4. Higher Order Weighted Carlson’s Algorithm
Let A, = {(w1,...,wy) € (0,1)" : >, w; = 1} be the set of n(n > 2)-

dimensional positive probability vectors. For w = (wq,...,w,) € A,, we denote
W = (Wi ey W1, Wiy e e ey Wh)
Wi = (wh ey Wi, Wig 1y e Wi—1, Wig Ty - - -y ’LUn) (Z < j)

. 1
W = 1 _ ij7éj € Ap_1, (n 2 3)



Weighted Carlson Mean of Positive Definite Matrices 485

Tob-, i Fk .
and wj, = {1 0“’1 i = k. Then we have @ = (Wj1, ..., Wj(j=1), Wj(j41)s -+ Wjn)-
For A= (Ay,...,Apt1) € Q" and w = (w1, ..., wpe1) € Ayy1, we consider the

symmetrization procedure of arithmetic and harmonic means

n+1 n+1
(@) Ba(4) = (z wlkAk,...,sz)kAk) |
k=1

k=1

n+1 n+1
(4.2) BL(A) = ((Z wir AT (O w(n+1)kA,§1)1> :
k=1 k=1

It is not difficult to see that there exist positive definite matrices X* and Y*
such that

lim g (A) = (X*,...,X") and lim (8))"(A) = (Y",...,Y™).

w
7—00 T—00

Indeed, the map (3 has the linear representation

Ay 0 w12 w1zt Win41) Ay
Ay wa1 0 Waz  t Wap4l) Ay
. = .
Api1 Wint1)l Wnt1)2 Wn)d o 0 Apt1
_ Wy
where w;; = = and
T
T
0 w12 w13 Cer W) 21 Z2 23t Zntl
Wa1 0 Wa3 Cer Wana1) 21 Z2 23t Zntl
—
Winte1)l Wnel)2 Wntl)s o 0 21 Z2 23t Zntl

A stochastic matrix is said to be regular if some power has all positive entries. We
note that the obtained (n + 1) x (n 4 1) matrix is a regular stochastic matrix with
an eigenvector z = (21, 22,,...,2n11)" . It is well-known (cf. Chapter 8, [9]) that
every regular stochastic matrix M has a unique probability vector z with all positive
components such that Mz = z, and the sequence {M*} converges to a matrix S
whose columns are the fixed column vector z.

The case 3}, follows from (,(A™1)~! = g% (A).

Define a self-map on Q"+,

(43) ’Yw(A) = (Al#lfwl 677.(@761, Ak;él)a e aAnJrl#lfwn_H an(Ak;énJrl))
where A = (A1,...,4,41) € Q"1 and
Apzi = (A1, A, Aigry o Apgr) € Q7
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We consider the compositions &, and i, on 2"*! defined as

0w 1= VYw © B and How = Yw © ﬁ::

Theorem 4.1. For each A € Q"1 the sequences {07, }ren and {u”,}ren are power
convergent, i.e., there exist X*, X, € Q such that

lim &7 (A) = (X*, X*,...,X"),

r—00

lim p,(A) = (Xs, Xy ..o, Xo).

T—00

Proof. Let A € Q"+, Setting v = 4,,,d = §,, and

(4.4) oT(A) = (A7, A7, AT,
(4.5) (Bos)(A) = (X", x5, .., x),

we have Az(- ) — Az,X Zk 1 L win Ay and
AT = xS (@ (X k), X7 = ZwmA( g
By Theorem 3.1 (i) and Lemma 2.2,
n+1 n+1
d(x{", x\") =d (Z wir Ay, Y wlel(T)>
k=1 =1
n+1 n+1 n+1
=d (Z ’LUikAgcr), Z Wik (Z wlel(r)>>
k=1 k=1 =1
n+1
Sml?x d (wz‘kA;(:), Wik Z wlel(T)>
=1

n+1
=max d ( % Z wle(T)>
n+1 n+1
( 11)j1/1§C ), Z w]lA(7 )

1 =1

+

fmax d
l

<max d (leAk ,w]lA(r))

:A(Ag’“), AT
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and

(4.6) A(XT L xT )y <A@l Al

where A(Ay, ..., Apy1) = maxi<; j<ni1{d(A;, A;)}, the diameter of {A4;}/F!.
By Theorem 3.1 (3),
(AT ATTY (X B, B (@03 (X iti)s X1y B (D25 (X )125)
<wgw; d(X{"7, X"7)
+wi(1—w;) d(X{”, (@3 (X )is)
+ (1= wiwy d(®, (G (X pi), X7)
+ (1= wi) (1= wy) d(B (@3 (X )itt), B (@5 (X[ )1tg)-

By Proposition 3.5, we have following inequalities

(S (@5 (X Vi) B3 (X))
Wi wp r r
<Y ¥s o 7(1()(,2 ) x )

k#i 1#£j
_ Z Z W, wy d(X;iT),X(T) )+ Z wy d(Xl(T)’Xl(T))
l—w;1—w l—wzl—wj
k#i,l 1#£] l#1,j
W wy r r
<ZZ 7w177A(X1( X 7(1421)
kil 1£] v

wy wq (r) (r)
1—wi1—wj ( 1 " 1)

1#£14,5
r ~ wy r r
d(X, 8 (@5 (X)) <Z x", x(7)
I#g
1-— ’LU]'
l#z,j
wy T r
1,5 J
Wy (r) (r)
(i) sty
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Therefore
(r+1) 4 (r+1)
d(A; T, A7T)

S(wiwj‘i‘wi(l_wj) <1_ - )Jr(l_wi)wj (1_ = )

l—wj 1—’LUZ‘

wi wy

H1—w) (1 —wy) (13 AT xT)

1,5
n+1

= (1 - Zw%:) AT, x5
k=1
n+1

< (1 -3 wﬁ) AAY, AT,
k=1

the last inequality follows by (4.9). Inductively, we have

l—wil—wj

n+1
(4.7) d(A7, A7) < (1 - w) AT AT
k=1
n+1 r
(4.8) << (1 - Zwi> AAPD, AT,
k=1
By Lemma 2.2,
(A(r) X(r) (A(T) Zw A(r)) —d (ijkA( Zw kA( ))
k#j k#j k#j
JEEN I AR A
< ' < —
g (a0 a0} 2 (1-32) s

and therefore
d(Az('T),AETH)) = d(A(T) X(r)#l w; On (W43 (X ) Vk#i))
< wid(A", X7 4 (1= wi) d(A, (XL )si))
< wid(A”, XY+ 3 wd (A7, X7
ki

n+1 T n+1 T
W; (1—2111,%) +Zwk <1—Zwk>
k=1 k#i
n+1 r
= (1 —~ Zw,3> A(A)
k=1
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This together with (4.7) shows that the sequences Agr), 1 <i<n+1, have a
common limit.

The proof for u,, is similar to that of ., by using the invariancy of the Thompson
metric and the weighted geometric mean under the inversion (Lemma 3.2). a
Definition 4.2. We denote €(w; A) (resp. €*(w; A)) by the common limit of the

iteration 6, = 7y, o B, (resp. p,) at A.

Remark 4.3. We consider the iterative mean algorithm (8 o v)(A). From (8 o

)+ = Bo(yoB) oy = Bod" oy, we have (307)"+1(A) = B(3" (v(A))). Passing
to the limit as r — oo yields

lim (5 07)"(4) = B( lim 57 (+(4))) = B(E(wiY(A)). .. €(wi1(4))
= (€W 7(4)), .., E(wi7(4)))

where the last equality follows from the fact that (A, A, ..., A) = (A, A,..., A) for
all A > 0.

One may have interest in finding some properties of €(w; A) and €*(w; A). The
following results actually show that most of common properties of the arithmetic
mean and the weighted geometric mean &,, are preserved by €.

Theorem 4.4. The map € : A, x QL — Q satisfies the following properties;
for A = (A1, As,...,Ans1), B = (B1,Ba,...,Bny1) € Q"L a permutation o on
n + 1-letters, an invertible matriz M, and for 0 < X <1,

(Idempotency) €(w; A, A, ..., A) = A

Homogeneity) for any s > 0, C(w; sA) = s €(w; A);
Permutation symmetry) = €(Wo; Ag(1)s -+ Ae(n+1));
Monotonicity) If B; < A; for all i, then €(w; B) < €(w; A);

(

(

(

(Continuity) €(w;-) is continuous;

(Congruence Invariancy) €(w; MAM*, ..., MAM*) = MC(w; A)M*;
(Joint Concavity) €(w; AA + (1 — X)B) > A (w; A) + (1 — \)€(w; B);
(Duality) (€(w; A1)~ = € (w; A);

For regular stochastic matrices

wp w2 w3 - Wp4l

w; w2 w3 - Wp4l
Ri= 1. ) . . ,

wp w2 w3 - Wp4l
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O wa w3 .. Wn+1
1—w;y 1—w;y 1—wq
w1 0 _ws . Wntl
17’11)2 17’(1)2 17’[02
Ry = }
w1 wo w3 R 0
l1—wpy1  1—wpy1 1—wnp1
and an eigenvector z = (z1,...,2n41)7 of the reqular stochastic matriz (RiRa)T

corresponding to the eigenvalue 1, we have
(C9) (Determinantal inequality) det €(w; A) < H"H(det A7
(C10) (ACH mean inequalities)

n+1 -1 n+1
(Z 2L A, ) < (w;A) < C(w;A) < Z 21 Ak

k=1

Proof. Let A = (Ay,...,Ap11),B = (B1,...,Bny1) € Q" Set v = 4,6 = 6,
and

OL(A) =4y AL, aL(B) = (B B
(B 0 3L)(A) :<X£’”> LX), (Baedl)(B) = (YL Y.
We consider the partial order on Q"t!; B < A if andonlyif B; < A4;, i =
1,...,n+ 1. One may see that 3, and =, are monotone functions by the mono-

tonicity of &,, and two-variable weighted geometric means ((P4) and Lemma 3.2).
In particular, d,, = v, o B, is monotone.

(C1) It follows from B,(A, ..., A) =v,(A,..., A) = (A,..., A).

(C2) Tt follows from S, (sA) = sB,(A) and v, (sA) = sv.(A).

(C3) Let 0 be a permutation on (n+1)-letters. Put wy = (We (1), Wo(2), - - - » Wo(n+1))-

We consider the sequences {BZ-(T)};’F;O which determine the w,—weighted Carlson
mean &, (w,; Ay). By definition, BZ(O) =B = Asu) = A(O) for all 7. Suppose
that BET) = Al(:()i) for all 5. Then Yi(T) D hoti Wo k)B Zk# wo(k)A((T()k) =
D ktoli) ka,(:) = Xl(;(:.) for all 4. By the permutation invariancy of &,

Bi(r-&-l) Y(T H#1—w, ) &, ( wa)#,( v ))k;féz)

() (r) (r) (r)
= Xa(z)#l We () n(( )7&1’ (1)) ’Xa(i—l)’Xa(i+1)’ s Xo(n+1))
(r) - (r) (r) (r) (r)
Xo’(z #1 W (4) n(w;éo'(z X Xo’( )— Xo’(i)+l7"'Xn+l)
r 1
- X‘S'(Z #1 Wa () ( “o (i) ( ]S; ))k;«éo(z)) A(T(-:_) )

(wo,
By definition of €(w; A) and €(w,; Ay), we have

w; Ag(1); Ao(2)s -+ s Ao(ng1)) = lim B( = lim A( =C(w; A).

T—00 T — 00
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(C4) Let B; > 0 with B; < A; foralli =1,...,n+ 1. Then 5,(B) < 8,(A) and
70(B) < 7u(4) and hence 6,(B) = (1 0 A)(B) = 1u(Bu(B)) < 1u(fu(4)) =
(Yo 0 Bu)(A) =, (A). Since < is closed in Q and 67,(B) < ¢, (A), we conclude that
C(w; B) < €(w; A).

(C5) By Lemma 2.2,

r r Wi r Wi r
dxX" Y =d | 3 =AY By

Py 1—w; Py w;
k (r) Wk (r) (r) pr)
< B = A, B
_I?;g(d(lfwi Evy ) Iil;g(d( )

<max d(A;T), B(-T))

j J

forall 1 <i<mn+1. By (3.1) and by (P11),

d(A§r+1) 7B,L'(T+1))

=d (X(T)#l—w-@ (@ai5 (X3, ki), Y'(T)#l—wi@n(@#i;(Y/C(T))k;«éi))
<wid(X", V) 4 (1 — w;) ( w;éz, i) @n(@#%(yk(r))k#))
<wid(X7, v + Z X,i’"),y“"’)
;é ’L
n+1
=3 wed(x",v")
k=1

<max d(Ag”, BJ(T))
j

and therefore

d(A(T) ( )) < maxd(A(r 1),BJ(_T71)) <. < mjiXd(AEO),B](O)) = mjaXd<Aj7Bj)'

Passing to the limit as r — oo yields d(€(w; A), €(w; B)) < max; d(A;, B;).

(C6) It follows from B, (MAM*) = MpB,(A)M* and ~v,(MAM*) = M~,(A)M*
where MAM* = (MA,M*, ..., MA, M.

(C7) Let {C{}22, (resp. {Z{”}32,) be defined in the same fashion as {4}
(resp. {X{7}22,), but starting from C; = (1 — A\)A; + AB;.

We shall show that C{" > (1=A\) A" +AB" for all 7 and i. From A" = 4,;, B”) =
B, C’Z-(O) = (), it holds true for r = 0. Suppose that Ci(r) >(1-— /\)AZ(-T) + /\BZ(T) for
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alli=1,2,...,n+ 1. Then

Zi(r) _ Z wkaf)

ki
> wn((1 - VAP + AB)
ki
=(1 =N Y we Al + 2w B

ki ki
—(1-0x" 4y,

forall i =1,2,...,n+1. By the monotonicity and concavity of &,, ((P4),(P7)) and
two-variable weighted geometric means (Lemma 3.2),

O =241 @ (@3 (24 i)
> (1= NXT +AY) #10, B (1= NX + AV )s)
> (1= NX" A7) #1,
((1 — NG (@i (X1 Vi) + AB (@i (Yk(r))k#))
2 (1= X) (X #1080 (3 (X))
A (Y 1m0, B (@ (i)
=(1 - 1A L ABITY,

Passing to the limit as » — oo yields

¢(w; (1=N)A+AB) = lim C" > lim (1-N)A" TV 4ABI ) = (1))@ (w; A)+A&(w; B).

T—00 T— 00

(C8) It follows from B,(A™1)~t = 3(A4) and v,(A™1)™! = 7,(4) (Lemma 3.2
(v)) where A=1 = (A7",... A 1)).
(C9) By the determinant identity of &,, (P9) and two-variable weighted geometric

means (Lemma 3.2),
det AU = det (Xf”#l,wieﬁn(a#; (X,g”)k#))

1771)7;
=(det X7 ywi (det &, (D (X,gr))k;éi))

l—wi
=(det Xy [ T](det X{7) ™5
ki
n+1
= T (det x7yw

k=1
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and

Yk
a9 =t (3240 ) = T a™
ki ki

where the inequality follows by Corollary 7.6.9 of [9] for n = 2 and by an appropriate

symmetrization method for n > 2.

Setting a™ = (a{”,..., afﬁ_l) and x" = (z{", ... 7335;)-1) where a{” = logdet A{"

) '

and 2" = logdet X", respectively. Then we have
n+1 w
(r+1) _ (r) (r) k
a; = k§:1 WET), and =z’ > kgﬂ ?Wak

and these relations can be rewritten by using the regular stochastic matrices R
and Rs as
a™t) = Rix(™ and x( > Rya™.

Since every row of Ry is nonnegative probability vector,
altt) > R R,a")
and hence, inductively, we have
a” > (RiRy)a" ™V > ... > (R Ry)"a®.

From the facts that every component of al™) converges to log det ¢€(w; A) and the
sequence {(R1R2)"} converges to a matrix S whose rows are the fixed row z =
(21,-.+,2n+1), we obtain

det €(w; A) > [ (det A;)7.

(C10) From the arithmetic-harmonic mean inequality, we have 55(A) < G,(A)
and hence by the monotonicity of v, p,(4) = 7,(55(4)) < 7, (Bu(4)) = 4. (A).
By monotonicity of d, and by induction, u,(A) < 67,(A) for all r and therefore
CH(w; A) < C(w; A).

We consider a self-map on Q! defined by p(A) = (ZZI} wiAg, ..., EZI% kak)
It is not difficult to see that lim, (o 8)"(A) = (X,...,X) and X = Z?:Jrll 2 A;
by using its linear representation

A = (RlRQ)A

and the corresponding matrix (R;Rg) is transpose of a regular stochastic matrix
with an eigenvector z = (21, 29, ..., 2,) of the eigenvalue 1.
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We will show by induction that 6" (A) < (uo3)"(A) for all positive integers r, which
implies that €(w;A) < X = Z?;l z;A; by passing to the limit as r — oco. By the
arithmetic-geometric mean inequality (Lemma 3.2) and (P10),

A1, G0 (045 (A ki) SwiAi + (1 — w;) B4 (W5 (Ak)esti)

<wiAi + (1—w;) Y 1 I_Uk _
ki Wi

Ay,

n+1

= Z kak
k=1

for all ¢ and therefore v(A) < pu(A). Replacing A to S(A) yields §(A) = (yo5)(A) =
Y(B(A)) < (o B)(A). Suppose that 6"(A) < (o B3)"(A). Then by the monotonicity
of J, 67T (A) = 6(67(A)) < 6(( 0 H)"(A)) < (o B)((wo B)"(A)) = (o B)"(A).
The inequality (22;1 zkA,Zl) < (w; A) follows by the preceding one and the
duality (C8).
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