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Abstract. The purpose of the present paper is to establish some interesting results in-

volving coefficient conditions, extreme points, distortion bounds and covering theorems

for the classes VH(β) and UH(β). Further, various inclusion relations are also obtained

for these classes. We also discuss a class preserving integral operator and show that these

classes are closed under convolution and convex combinations.

1. Introduction

A continuous complex-valued function f = u + iv is said to be harmonic in
a simply connected domain D if both u and v are real harmonic in D. In any
simply connected domain we can write f = h + g , where h and g are analytic in
D. We call h the analytic part and g the co-analytic part of f . A necessary and
sufficient condition for f to be locally univalent and sense-preserving in D is that∣∣∣h′

(z)
∣∣∣ >

∣∣∣g′(z)
∣∣∣ , z ∈ D. See Clunie and Sheil-Small [3], for more basic results on

harmonic functions one may refer to the following standard introductory text book
by Duren [7], see also Ahuja [1] and Ponnusamy and Rasila ([9], [10]).

Let SH denote the class of functions f = h + g that are harmonic univalent
and sense-preserving in the open unit disk U = {z : |z| < 1} for which f (0) =
fz (0) − 1 = 0. Then for f = h + g ∈ SH we may express the analytic functions h
and g as

(1.1) h(z) = z +
∞∑

k=2

akzk, g(z) =
∞∑

k=1

bkzk, |b1| < 1.
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Note that SH reduces to class S of normalized analytic univalent functions
if the co-analytic part of its member is zero. In fact, Clunie and Sheil-Small [3]
investigated the class SH .

A function f ∈ SH is said to be harmonic starlike of order α (0 ≤ α < 1) in U ,
if and only if

Re

{
zh′(z)− zg′(z)

h(z) + g(z)

}
≥ α, z ∈ U,

and is said to be harmonic convex of order α (0 ≤ α < 1) in U , if and only if

Re

{
1 +

z2h′′(z) + 2zg′(z) + z2g′′(z)
zh′(z)− zg′(z)

}
≥ α, z ∈ U.

The classes of all harmonic starlike functions of order α and harmonic convex
functions of order α are denoted by S∗

H(α) and KH(α), respectively. These classes
have been extensively studied by Jahangiri [8].

For α = 0, these classes S∗
H(α) and KH(α) were denoted by S∗

H and KH ,
respectively and studied in detail by Silverman [14] and Silverman and Silvia [15],
(see also [2]).

Now for 1 < β ≤ 4
3 and z ∈ U , suppose that MH(β) denote the family of

harmonic functions f = h + g of the form (1.1) satisfying the condition

(1.2) Re

{
zh′(z)− zg′(z)

h(z) + g(z)

}
< β,

and LH(β) denote the family of harmonic functions of the form (1.1) satisfying
the condition

(1.3) Re

{
1 +

z2h′′(z) + 2zg′(z) + z2g′′(z)
zh′(z)− zg′(z)

}
< β.

Further, we let VH and UH be the subclasses of SH consisting of functions of
the form

(1.4) f(z) = z +
∞∑

k=2

|ak|zk −
∞∑

k=1

|bk|zk,

and

(1.5) f(z) = z +
∞∑

k=2

|ak|zk +
∞∑

k=1

|bk|zk,

respectively.
Let V ∗

H(α) ≡ S∗
H(α) ∩ VH , Vk(α) ≡ KH(α) ∩ UH , VH(β) ≡ MH(β) ∩ VH and

UH(β) ≡ LH(β) ∩ UH . Further V ∗
H(0) ≡ V ∗

H and VK(0) ≡ VK are respectively the
classes of starlike and convex functions in VH and UH , respectively.
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We note that for g ≡ 0 the classes MH(β) ≡ M(β), LH(β) ≡ L(β), VH(β) ≡
V (β) and UH(β) ≡ U(β) were studied by Uralegaddi et al. [16].

In 1975 Silverman [13] introduced a new class T of analytic functions of the
form f(z) = z−

∑∞
k=2 |ak|zk and opened up a new direction of studies in the theory

of univalent functions. Uralegaddi et al. ([16], [17]) introduced analogous subclasses
of starlike, convex and close-to-convex analytic functions with positive coefficients
and opened up a new and interesting direction of research. In fact, they considered
the functions where the coefficients are positive rather than negative real numbers.
Motivated by the initial work of Uralegaddi et al. ([16], [17]) many researchers e.g.
Dixit and Chandra [4], Dixit and Pathak [5], Porwal and Dixit[11] and Porwal et
al. [12] introduced and studied various new subclasses of analytic functions with
positive coefficients but analogues results on harmonic univalent functions have
not been explored in the literature. Very recently Dixit and Porwal [6] attempt
to fill this gap by introducing a new subclass of harmonic univalent functions with
positive coefficients. In the present paper an attempt has been made to study in this
direction. In this paper coefficient inequalities, extreme points, distortion bounds,
covering theorems, convolution and convex combinations are determined for the
classes VH(β) and UH(β). Further various inclusion relations are also obtained for
these classes and discuss a class preserving integral operator.

2. Main Results

First, we give a sufficient coefficient bound for the class MH(β).

Theorem 2.1. Let the function f = h + g be given by (1.1). If

(2.1)
∞∑

k=2

k − β

β − 1
|ak|+

∞∑
k=1

k + β

β − 1
|bk| ≤ 1,

where 1 < β ≤ 4
3 , then f ∈ MH(β).

Proof. Let

∞∑
k=2

k − β

β − 1
|ak|+

∞∑
k=1

k + β

β − 1
|bk| ≤ 1.

It suffices to show that

∣∣∣∣∣∣∣
zh′(z)−zg′(z)

h(z)+g(z)
− 1

zh′(z)−zg′(z)

h(z)+g(z)
− (2β − 1)

∣∣∣∣∣∣∣ < 1, z ∈ U.
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We have∣∣∣∣∣∣∣
zh′(z)−zg′(z)

h(z)+g(z)
− 1

zh′(z)−zg′(z)

h(z)+g(z)
− (2β − 1)

∣∣∣∣∣∣∣
≤

∑∞
k=2(k − 1)|ak||z|k−1 +

∑∞
k=2(k + 1)|bk||z|k−1

2(β − 1)−
∑∞

k=2(k − 2β + 1)|ak||z|k−1 −
∑∞

k=2(k + 2β − 1)|bk||z|k−1

≤
∑∞

k=2(k − 1)|ak|+
∑∞

k=2(k + 1)|bk|
2(β − 1)−

∑∞
k=2(k − 2β + 1)|ak| −

∑∞
k=2(k + 2β − 1)|bk|

.

The last expression is bounded above by 1, if

∞∑
k=2

(k−1)|ak|+
∞∑

k=2

(k +1)|bk| ≤ 2(β−1)−
∞∑

k=2

(k−2β +1)|ak|−
∞∑

k=2

(k +2β−1)|bk|,

which is equivalent to

(2.2)
∞∑

k=2

k − β

β − 1
|ak|+

∞∑
k=1

k + β

β − 1
|bk| ≤ 1.

But (2.2) is true by hypothesis.

Hence

∣∣∣∣∣ zh′(z)−zg′(z)
h(z)+g(z)

−1

zh′(z)−zg′(z)
h(z)+g(z)

−(2β−1)

∣∣∣∣∣ < 1, z ∈ U , and the theorem is proved. 2

Theorem 2.2. Let the function f = h + g ∈ SH be given by (1.1). If

(2.3)
∞∑

k=2

k(k − β)
β − 1

|ak|+
∞∑

k=1

k(k + β)
β − 1

|bk| ≤ 1,

where 1 < β ≤ 3
2 , then f ∈ LH(β).

Proof. The proof is similar to that of Theorem 2.1. Therefore we omit the details
involved. 2 In the following theorem, it is proved that the condition (2.1) is also

necessary for functions f = h + g ∈ VH be given by (1.4).

Theorem 2.3. A function f of the form (1.4) is in VH(β), if and only if

(2.4)
∞∑

k=2

(k − β) |ak|+
∞∑

k=1

(k + β) |bk| ≤ β − 1,

where 1 < β ≤ 4
3 .

Proof. Since VH(β) ⊂ MH(β), we only need to prove the ”only if” part of the
theorem. For this we show that f /∈ VH(β) if the condition (2.4) does not hold.
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Note that a necessary and sufficient condition for f = h + g given by (1.4) is in
VH(β) if

Re

{
zh′(z)− zg′(z)

h(z) + g(z)

}
< β,

is equivalent to

Re

{
(β − 1)z −

∑∞
k=2(k − β) |ak| zk −

∑∞
k=1(k + β) |bk| zk

z +
∑∞

k=2 |ak|zk −
∑∞

k=1 |bk|zk

}
≥ 0.

The above condition must hold for all values of z, |z| = r < 1, Upon choosing
the values of z on the positive real axis where 0 ≤ z = r < 1, we must have

(2.5)
(β − 1)z −

∑∞
k=2(k − β) |ak| rk−1 −

∑∞
k=1(k + β) |bk| rk−1

1 +
∑∞

k=2 |ak|rk−1 −
∑∞

k=1 |bk|rk−1
≥ 0

If the condition (2.4) does not hold then the numerator of (2.5) is negative for r
sufficiently close to 1. Thus there exists a z0 = r0 in (0,1) for which the quotient in
(2.5) is negative. This contradicts the required condition for f ∈ VH(β) and so the
proof is complete. 2

Theorem 2.4. A function f of the form (1.5) is in UH(β). If and only if

(2.6)
∞∑

k=2

k(k − β) |ak|+
∞∑

k=1

k(k + β) |bk| ≤ β − 1,

where 1 < β ≤ 3
2 .

Proof. The proof is much akin to that of Theorem 2.3. Therefore we omit the
details involved. 2

Next, we determine the extreme points of the closed convex hulls of VH(β),
denoted by clco VH(β).

Theorem 2.5. f ∈ clco VH(β), if and only if

(2.7) f(z) =
∞∑

k=1

{xkhk(z) + ykgk(z)} ,

where h1(z) = z, hk(z) = z + β−1
k−β zk, (k = 2, 3, ...) and gk(z) = z + β−1

k+β zk,
(k = 1, 2, ...),

∑∞
k=1(xk + yk) = 1, xk ≥ 0, yk ≥ 0. In particular, the extreme points

of VH(β) are {hk} and {gk}.
Proof. For functions f of the form (2.7), we have

f(z) =
∞∑

k=1

{xkhk(z) + ykgk(z)}

=z +
∞∑

k=2

β − 1
k − β

xkzk −
∞∑

k=1

β − 1
k + β

ykzk.
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Then

∞∑
k=2

k − β

β − 1

{
β − 1
k − β

xk

}
+

∞∑
k=1

k + β

β − 1

{
β − 1
k + β

yk

}

=
∞∑

k=2

xk +
∞∑

k=1

yk

=1− x1 ≤ 1,

and so f ∈ clco VH(β). Set xk = k−β
β−1 |ak|, k = 2, 3, 4, ... and yk = k+β

β−1 |bk|, k =
1, 2, 3, ....

Then note that by Theorem 2.3, 0 ≤ xk ≤ 1, (k = 2, 3, 4, ...) and 0 ≤ yk ≤
1, (k = 1, 2, 3, ...). We define x1 = 1 −

∑∞
k=2 xk −

∑∞
k=1 yk, and by Theorem 2.3,

x1 ≥ 0.

Consequently, we obtain f(z) =
∑∞

k=1 {xkhk(z) + ykgk(z)} as required. 2

Theorem 2.6. f ∈ clco UH(β), if and only if

(2.8) f(z) =
∞∑

k=1

{xkhk(z) + ykgk(z)} ,

where h1(z) = z, hk(z) = z + β−1
k(k−β)z

k, (k = 2, 3, ...) and gk(z) = z + β−1
k(k+β)z

k,
(k = 1, 2, ...),

∑∞
k=1(xk + yk) = 1, xk ≥ 0, yk ≥ 0. In particular, the extreme points

of UH(β) are {hk} and {gk}.
Proof. The proof is much akin to that of Theorem 2.5. Therefore we omit the
details involved. 2

Theorem 2.7. Let f ∈ VH(β). Then for |z| = r < 1, we have

|f(z)| ≤ (1 + |b1|)r +
(

β − 1
2− β

− β + 1
2− β

|b1|
)

r2

and

|f(z)| ≥ (1− |b1|)r −
(

β − 1
2− β

− β + 1
2− β

|b1|
)

r2.

Proof. We only prove the right hand inequality. The proof for left hand inequality
is similar and will be omitted. Let f(z) ∈ VH(β). Taking the absolute value of f ,
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we have

|f(z)| ≤ (1 + |b1|)r +
∞∑

k=2

(|ak|+ |bk|)rk

≤ (1 + |b1|)r +
∞∑

k=2

(|ak|+ |bk|)r2

= (1 + |b1|)r +
β − 1
2− β

∞∑
k=2

(
2− β

β − 1
|ak|+

2− β

β − 1
|bk|
)

r2

≤ (1 + |b1|)r +
β − 1
2− β

∞∑
k=2

(
k − β

β − 1
|ak|+

k + β

β − 1
|bk|
)

r2

≤ (1 + |b1|)r +
β − 1
2− β

(
1− β + 1

β − 1
|b1|
)

r2

= (1 + |b1|)r +
(

β − 1
2− β

− β + 1
2− β

|b1|
)

r2.
2

Theorem 2.8. Let f ∈ UH(β). Then for |z| = r < 1, we have

|f(z)| ≤ (1 + |b1|)r +
(

β − 1
2− β

− β + 1
2− β

|b1|
)

r2

2

and

|f(z)| ≥ (1− |b1|)r −
(

β − 1
2− β

− β + 1
2− β

|b1|
)

r2

2
.

Proof. The proof follows as that of Theorem 2.7. 2

The following covering results follow from the left hand inequality in Theorem
2.7 and Theorem 2.8 for the classes VH(β) and UH(β), respectively.

Corollary 2.9. Let f of the form (1.4) be so that f ∈ VH(β). Then{
ω : |ω| < 3− 2β

2− β
+

2β − 1
2− β

|b1|
}
⊂ f(U).

Corollary 2.10. Let of the form (1.5) be so that f ∈ UH(β) . Then{
ω : |ω| < 5− 2β

2(2− β)
+

3(β − 1)
2(2− β)

|b1|
}
⊂ f(U).

For our next theorem, we need to define the convolution of two harmonic func-
tions. For harmonic functions of the form

f(z) = z +
∞∑

k=2

|ak|zk −
∞∑

k=1

|bk|zk
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and

F (z) = z +
∞∑

k=2

|Ak|zk −
∞∑

k=1

|Bk|zk

we define the convolution of two harmonic functions f and F as

(2.9) (f ∗ F )(z) = f(z) ∗ F (z) = z +
∞∑

k=2

|akAk|zk −
∞∑

k=1

|bkBk|zk.

Using this definition, we show that the class VH(β) is closed under convolution.

Theorem 2.11. For 1 < α ≤ β ≤ 4
3 , let f ∈ VH(α) and F ∈ VH(β). Then

f ∗ F ∈ VH(α) ⊆ VH(β).

Proof. Let f(z) = z +
∑∞

k=2 |ak|zk −
∑∞

k=1 |bk|zk be in VH(α) and F (z) = z +∑∞
k=2 |Ak|zk −

∑∞
k=1 |Bk|zk be in VH(β).

Then the convolution f ∗ F is given by (2.9). We wish to show that the coeffi-
cients of f∗F satisfy the required condition given in Theorem 2.3. For F (z) ∈ VH(β)
we note that |Ak| ≤ 1 and |Bk| ≤ 1. Now, for the convolution function f ∗ F , we
obtain

∞∑
k=2

k − β

β − 1
|akAk|+

∞∑
k=1

k + β

β − 1
|bkBk|

≤
∞∑

k=2

k − β

β − 1
|ak|+

∞∑
k=1

k + β

β − 1
|bk|

≤1, since f(z) ∈ VH(β).

Therefore f ∗ F ∈ VH(α) ⊆ VH(β). 2

Theorem 2.12. For 1 < α ≤ β ≤ 3
2 let f ∈ UH(α) and F ∈ UH(β). Then

f ∗ F ∈ UH(α) ⊆ UH(β).

Proof. The proof follows as that of Theorem 2.11. 2

Theorem 2.13. The class VH(β) is closed under convex combination.

Proof. For i = 1, 2, 3, ... let fi(z) ∈ VH(β), where fi(z) is given by

fi(z) = z +
∞∑

k=2

|aki
|zk −

∞∑
k=1

|bki
|zk.

Then by Theorem 2.3,

(2.10)
∞∑

k=2

k − β

β − 1
|aki |+

∞∑
k=1

k + β

β − 1
|bki | ≤ 1.
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For
∞∑

i=1

ti = 1, 0 ≤ ti ≤ 1, the convex combination of fi may be written as

∞∑
i=1

tifi(z) = z +
∞∑

k=2

( ∞∑
i=1

ti|aki
|

)
zk −

∞∑
k=1

( ∞∑
i=1

ti|bki
|

)
zk.

Then by (2.10), we have
∞∑

k=2

k − β

β − 1

( ∞∑
i=1

ti|aki |

)
+

∞∑
k=1

k + β

β − 1

( ∞∑
i=1

ti|bki |

)

=
∞∑

i=1

ti

( ∞∑
k=2

k − β

β − 1
|aki |+

∞∑
k=1

k + β

β − 1
|bki|

)

≤
∞∑

i=1

ti = 1.

This is the condition required by Theorem 2.3 and so
∞∑

i=1

tifi(z) ∈ VH(β). 2

The proof of following theorem is similar to Theorem 2.13, so we state it only.

Theorem 2.14. The class UH(β) is closed under convex combination.

3. Inclusion Relations

To prove our next theorem, we shall require the following lemma due to Jahangiri
[8].

Lemma 3.1. Let f = h + g ∈ VH be given by (1.4) and if
∞∑

k=2

k − α

1− α
|ak|+

∞∑
k=1

k + α

1− α
|bk| ≤ 1, (0 ≤ α < 1).

Then f ∈ V ∗
H(α).

Theorem 3.1. If f ∈ VH(β) then f ∈ V ∗
H

(
4−3β
3−2β

)
.

Proof. Since f ∈ VH(β) then by Theorem 2.3 we must have

(3.1)
∞∑

k=2

k − β

β − 1
|ak|+

∞∑
k=1

k + β

β − 1
|bk| ≤ 1.

To show that f ∈ V ∗
H

(
4−3β
3−2β

)
, by virtue of Lemma 3.1 we have to show that

∞∑
k=2

k − 4−3β
3−2β

1− 4−3β
3−2β

|ak|+
∞∑

k=1

k + 4−3β
3−2β

1− 4−3β
3−2β

|bk| ≤ 1, (0 ≤ 4− 3β

3− 2β
< 1).



476 Saurabh Porwal and K. K. Dixit

For this it is sufficient to prove that

k − β

β − 1
≥

k − 4−3β
3−2β

1− 4−3β
3−2β

, (k = 2, 3, 4, ...)

and
k + β

β − 1
≥

k + 4−3β
3−2β

1− 4−3β
3−2β

, (k = 1, 2, 3, ...)

or equivalently

(β − 1)(k − β) ≥ 0, (k = 2, 3, 4, ...) and (β − 1)(k + β) ≥ 0, (k = 1, 2, 3, ...),

which is true and the theorem is proved. 2

The proof of following theorem is similar to Theorem 3.1, so we state it only.

Theorem 3.2. If f ∈ UH(β) then f ∈ Vk

(
4−3β
3−2β

)
.

Following corollaries are an easy consequences of Theorem 3.1 and 3.2.

Corollary 3.3. VH(β) ⊂ VH

(
4
3

)
⊂ V ∗

H .

Corollary 3.4. UH(β) ⊂ UH

(
3
2

)
⊂ Vk.

Corollary 3.5. UH

(
4
3

)
⊂ VH

(
6
5

)
.

Corollary 3.6. UH

(
4
3

)
⊂ V ∗

H

(
2
3

)
.

4. A Family of Class Preserving Integral Operator

Let f(z) = h(z) + g(z) be defined by (1.1). Let us define F (z) by the relation

(4.1) F (z) =
c + 1
zc

∫ z

0

tc−1h (t) dt +
c + 1
zc

∫ z

0

tc−1g (t) dt, (c > −1) .

Theorem 4.1. Let f(z) = h(z) + g(z) ∈ SH be given by (1.4) and f ∈ VH(β),
where 1 < β ≤ 4

3 . Then F (z) defined by (4.1) is also in the class VH (β) .

Proof. Let f(z) = z +
∑∞

k=2 |ak|zk −
∑∞

k=1 |bk|zk be in VH(β) then by Theorem
2.3, we have

(4.2)
∞∑

k=2

k − β

β − 1
|ak|+

∞∑
k=1

k + β

β − 1
|bk| ≤ 1.

From the representation (4.1) of F (z) , it follows that

F (z) = z +
∞∑

k=2

c + 1
c + k

|ak| zk −
∞∑

k=1

c + 1
c + k

|bk| z̄k.
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Now
∞∑

k=2

k − β

β − 1

(
c + 1
c + k

)
|ak|+

∞∑
k=1

k + β

β − 1

(
c + 1
c + k

)
|bk|

≤
∞∑

k=2

k − β

β − 1
|ak|+

∞∑
k=1

k + β

β − 1
|bk|

≤1.

Thus F (z) ∈ VH(β). 2

The proof of following theorem is similar to Theorem 4.1, so we state it only.

Theorem 4.2. Let f(z) = h(z) + g(z) ∈ SH be given by (1.5) and f ∈ UH(β),
where 1 < β ≤ 3

2 . Then F (z) defined by (4.1) is also in the class UH (β) .
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