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ABSTRACT. In this paper, we introduce and study a new system of variational inclusions
with B-monotone operators in Banach spaces. By using the proximal mapping associated
with B- monotone operator, we construct a new iterative algorithm for approximating the
solution of this system of variational inclusions. We also prove the existence of solutions
and the convergence of the sequences generated by the algorithm for this system of vari-
ational inclusions. The results presented in this paper extend and improve some known
results in the literature.

1. Introduction

In recent years, variational inclusion theory has emerged one of the main branch
of mathematical and engineering sciences. This theory provides us with a simple,
natural, unified and general framework to study a wide class of unrelated prob-
lems in media, elasticity, transportation, economics, optimization, regional, physi-
cal, structural and applied science. For details see [1-9,11] and references therein.

In 2010, Luo and Huang [9] introduced and studied the following variational
inclusions with B-monotone operators in Banach spaces:

Suppose that FE is a reflexive Banach space with the topological dual space E*,
A:E—-FE* N: ExXxXExXxE — E* f,g: E — E are single-valued mappings,
S,T,W : E — CB(FE) are set-valued mappings and M : E x E — 2F" is a B-
monotone mapping, where CB(E) denotes the family of all nonempty closed and
bounded subsets of E. For any given a € E*, find x € E, s € S(z), t € T'(z) and
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w € W(x) such that

(1.1) a€ A(x)+ M(f(z),g(x)) — N(s,t,w).

Inspired and motivated by the results in Luo and Huang [9], the purpose of
this paper is to introduce and study a new system of generalized variational inclu-
sions with B-monotone operators in Banach spaces. By using the technique of the
proximal mapping, we establish the equivalence between the generalized variational
inclusions and the proximal mapping equations in reflexive Banach spaces. We use
this equivalence and Nadler’s theorem [10] to construct a new iterative algorithm
for solving this system of generalized variational inclusions. And we prove the ex-
istence of solutions for this system of generalized variational inclusions. We also
prove the convergence of an iterative algorithm approximating the solution for this
system of generalized variational inclusions in reflexive Banach spaces. The results
in this paper unify, extend and improve some results from [6,8,9,11].

2. Preliminaries

Throughout this paper we assume that E is a real Banach space with dual
space E*, (-,-) is the dual pair between F and E*, 2F" denotes the family of all
the nonempty subsets of E* and CB(FE) is the family of all nonempty closed and
bounded subsets of E.

Definition 2.1. Let A : E — E* be a single-valued mapping. A is said to be
(i) monotone if

(A(x) — Ay),x —y) 20, Va,y €k,
(ii) strictly monotone if
(A(x) = A(y),x —y) 20, Va,y €k,
and equality holds if and only if x = y.

Definition 2.2. Let T : F — 2" be a multi-valued mapping. T is said to be

(i) monotone if

(u—v,x—y) >0, Vex,ye€ EucTx,veTy
(ii) strictly monotone if

(u—v,x—y) >0, Ve,ye€ E,ueTx,veTy,

and equality holds if and only if x = y;
(iii) r-strongly monotone if there exists a constant r > 0 such that

(u—v,x—y) >rlz—y|? Vo,ye€FEucTrveTy;
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(iv) s-relaxed monotone if there exists a constant s > 0 such that

(u—v,x—y)>—sl|lz—y|? Va,y€FEuecTz,veTy.

Definition 2.3. Let M : Ex E — 2E" be a multi-valued mapping and f, g : E — F

be single-valued mappings.
(i) M(f,) is said to be a-strongly monotone with respect to f if there exists a
constant a > 0 such that

<U—’U,J}—y> > OéH.’L‘— yHQa V%y,w € E?u € M(f(x),w),v € M(f(?/)vw)v

(ii) M (-, g) is said to be (-relaxed monotone with respect to g if there exists a
constant 3 > 0 such that

<U’ —U,T—= y> Z _ﬁHx - y||2v vay,w € E,U € M(w,g(a:)),v € M(wmg(y))v

(iii) M(-,-) is said to be («, §)-symmetric monotone with respect to f and g if
M(f,-) is a-strongly monotone with respect to f and M (-, g) is B-relaxed monotone
with respect to g with a > 8 and a = ( if and only if z = y.

Definition 2.4([9]). Let E be a Banach space with the dual space E*. Let

f.g: E — E, B: E — E* be single-valued mappings and M : E x E — 25" be a
multi-valued mapping. Then M is said to be B-monotone if M is («, 3)-symmetric
monotone with respect to f and g and (B + pM(f,g))(E) = E* for every p > 0.

Definition 2.5. Let F be a reflexive Banach space with the dual space E*. Let

f,g9 : E — E Dbe single-valued mappings, B : E — E* be a strictly monotone
mapping and M : E x E — 2F" be a B-monotone mapping and p > 0 be a

constant. Then a proximal mapping RAB}(, W E* — F is defined by

Ry ,(@) = (B+pM(f,9)) ' (z*), Va*eE*

Remark 2.1. If M(f,g) = M and M is a general H-monotone, then the proximal
mapping Rﬁ(. Yop reduces to the proximal mapping RE, considered in [6,11].

Definition 2.6. A multi-valued mapping T': E — C'B(FE) is said to be D-Lipschitz
continuous if there exists a constant A > 0 such that

D(T'(x),T(y)) < hllz —yl, Va,yeE,
where D(-,-) denotes the Hausdorff metric on CB(FE).

Lemma 2.1([9]). Let E be a reflexive Banach space with the dual space E*. Let
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f,g : E — FE be single-valued mappings, B : E — FE* be a strictly monotone
mapping and M : E x E — 28" be a B-monotone mapping. Then the proximal

mapping Rﬁ(,’_)’p : E* — FE is Lipschitz continuous with constant ﬁ, i.e.,

1
RB. (@) —RE, | ()| < —|z" —y*|, Va*,y* € E*.
IBNz(.,,0(&") = Rype,, ()l o—5) | |

3. A System of Generalized Variational Inclusions with B-monotone
Mappings and Iterative Algorithm

In this section, we will introduce a new system of generalized variational inclu-
sions with B-monotone and construct a new iterative algorithm for this system.

Let E be a reflexive Banach space with the dual space E*, A,B : E — E*,
N:EXEXFE — E* f g: FE — E be asingle-valued mappings, M1, My : EX E —
2F" be B-monotone mappings, S,T,W : E — CB(E) be set-valued mappings. We
consider the following problem: for any given aj,as € F find z,y € E, s € S(x),
s5€Sy),teT(x),teT(y), we W(x)and w € W(y) such that

(3.1) Aag € B(y) — B(z) + A[A(z) + M2(f(y), 9(y)) — N(5, 1, w)],

where p, A > 0 are constants.
Problem (3.1) is called a system of generalized variational inclusions with B-
monotone mappings.

Below are some special cases of problem (3.1):

() Ifx =y, p=1and XA =0, then the problem (3.1) reduces to the variational
inclusion problem with B-monotone operators (1.1) introduced and studied by Luo
and Huang [9].

() Ifz =y, p=1,A=0and g = I is an identity mapping on F, then the
problem (3.1) reduces to the following problem: for any given ay € E*, find « € FE,
s€ S(z),t € T(x) and w € W(x) such that
(3.2) ay € A(x) + M(f(x),z) — N(s,t,w).

Problem (3.2) was introduced and studied by Ding and Feng [6].

(Il fex=y,p=1,A=0,a, =0, N =0and M(f(z),g(x)) = M(f(z)), then
the problem (4.1) reduces to the following problem: find z € E such that

(3.3) 0€ A(x)+ M(f(x)).

Problem (3.3) was introduced and studied by Xia and Huang [11].
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(IV) If E is a Hilbert space, x = y, p = 1, A = 0, a3 = 0, N = 0 and
M(f(x),g9(x)) = M(x), then the problem (4.1) reduces to the following problem:
find « € E such that

(3.4) 0 € A(z) + M(x).

Problem (3.4) was introduced and studied by Feng and Huang [8].

Theorem 3.1. Let A: E — E*, N: EXEXE — E* f g: E — E be single-valued
mappings, S, T,W : E — CB(E) be multi-valued mappings. Let B : E — E* be a
strictly monotone mapping and My, M, : E x E — 2F" be B-monotone mappings.
Then (z,y,s,5,t,t,w,w) with z,y € E, s € S(z), 5 € S(y), t € T'(x), t € T(y),
w e W(z) and @ € W(y) is a solution of problem (3.1) if and only if

T = Rffl(~,‘)7p[pa1 + B(y) - IOA(I) + pN(S7t7w)]7
Y= Rﬁz(‘,‘)ﬂ\[)\ag + B(z) — MA(z) + AN (5,1, w)].

Proof. The fact directly follows from Definition 2.5 and some arguments. O

Remark 3.1. (i) If 2 =y, p =1 and A = 0, then Theorem 3.1 reduces to Theorem
4.1 in [9].

(i) fx =y, p=1, A =0, g =1 is an identity mapping on E and M is a
general H-monotone mapping in the first argument, then Theorem 3.1 reduces to
Theorem 3.1 in [6].

(i) fez=y,p=1,A=0,a1 =0, N =0, M(f(x),9(x)) = M(f(z)) and M is
a general H-monotone mapping, then Theorem 3.1 reduces to Theorem 3.3 in [11].

For any given g, yo € F, take so € S(z0), 50 € S(v0), to € T(z0), to € T(yo),
wo € W(xo) and wo € W(yo). It follows from Theorem 3.1 that there exist z1,y; €
such that

Ty = Rﬁl(-,-),p[pal + B(yo) — pA(zo) + pN(s0, to, wo)],

Y = Rﬁb(_,_))\[)\ag + B(.’Eo) — )\A(aio) + AN (50, t_o,’LT}o)].
Since sg € S(x0), 5§ € S(yo), to € T'(x0), to € T'(yo), wo € W (xo) and wy € W (yo),
by Nadler’s theorem [10], there exist s1 € S(x1), 51 € S(z1), t1 € T(z1), t1 € T(y1),
wy € W(z1) and w1 € W(y;p) such that

[s1 = sol < (1 +1)D(S(x1), S(w0)),
151 — 5ol < (1 +1)D(S(y1),S(yo)),

[tx = toll < (1 + 1)D(T(21), T(20)),
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[tx = toll < (1 + 1)D(T'(y1), T(yo)),
[wr — woll < (1 +1)D(W(x1), W (20)),

[wr = wol| < (L +1)D(W (y1), W(yo))-

Hence we can construct an iterative algorithm for solving problem (3.1) as follows:
Algorithm 3.1. For any given zo,yo € E, so € S(z0), 50 € S(yo), to € T(xo),
to € T(yo), wo € W{(zo), w € W(yo), we can obtain the sequence {z,}, {yn}, {sn},
{5n}t, {tn}s {tn}, {wn}, {wWn} such that

Tp41 = Rﬁh(.f))p[Pal + B(yn) - pA(l'n) + PN(Snvtnvwn)]a
(33) s = BBy aPan + Blan) — M) + AN (5, )],

sn € S(@n);,  Isn+1 — sl < (1+ )D(S(#n11), S(wn)),

n+1

_ _ _ 1
50 € S(Yn),  Sn+1 —5ull < (1 + m)D(S(yn+1),S(yn))7

B €T, s —tal < (14— ) DT (wnsr), (),

_ _ 1

1
wp € W(xy), |lwps1r —wal| < (1+ m)D(W(anrl)vW(xn))v

1
Wy, € W(C‘/n)v ||7I)n+1 - 7I’ﬂ” < (1 + m)D(W(ynJrl)aW(yn))

4. Convergence of an Iterative Algorithm

In this section, we show the existence of solutions for problem (3.1) and the
convergence of the iterative sequences generated by Algorithm 3.1.

Theorem 4.1. Let E be a reflexive Banach space with the dual space E*. Let
f,9: E — FE be single-valued mappings, A : E — E* be a T-Lipschitz continuous
mapping, B : E — E* be a strictly monotone and 6-Lipschitz continuous mapping
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and My, M, : E x E — 2" be B-monotone mappings. Let S,T,W : E — CB(E)
be D-Lipschitz continuous with constants ks > 0, kr > 0, ky > 0, respectively and
N :E X Ex E — E* be & -Lipschitz continuous in the first argument, &s-Lipschitz
continuous in the second argument, {3-Lipschitz continuous in the third argument.
If there exist constants p, A > 0 such that

(4.1)

1 1
{7+ &iks + Sobr + S3hw + (6 + A7)} < 1,
a—f A
1
a—p
then problem (3.1) has a solution (x,y,s,3,t,t,w,w) and sequences {x,}, {ynt,
{sn}, {5n}, {ta}, {tn}, {wn}, {wn} converge to x,y,s,5,¢,t,w,w, respectively,

where {xn}, {yn}, {sn}, {5n}, {tn}, {tn}, {wn}, {wn} are the sequences gener-
ated by Algorithm 3.1.

Proof. Forn=1,2,---, let

(4.2)

6
{; + &iks + Sokr +§3kw} <1,

Qn = pai + B(yn) - pA(xn) + pN(Snvtnvwn)v
A, = das + B(z,) — M(z,) + AN (5, th, Wy).

By (3.3) and Lemma 2.2, we have
zn41 = 2l = 1R (..y.p () = REr(,p( Q1)

1

. = o =5)

1925 — Qpal],

91— all = IRE oy a(An) = REy A (Anmy)]

1

4.4 < — A, — Ap_1]]
( ) = )\(O{ . ﬁ) || 1“
And

120 = Qall < [ Byn) = Blya-)|| + pllA(@n — Ana)]
(45) + p||N(8n7tn7wn) - N(snflatnflawnfl)w

180 = Aucrll € [1B@a) = B@a-1)ll + AlA(,) = Away)
(46) + /\”N(Envfnvwn) - N(gn—la{n—lywn—l)”-

Using the Lipschitz continuities of A, B, N, S,T and W we obtain

(4.7) 1B(zn) = B(zn-1)|| < dllzn — znl,
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HB(yn) - B(ynl)” S 5||yn - yn—1||,

||A(xn) - A(l’n,1)|| S THxn - xnflna

I5n — $nall < (14 2)D(S (), S(an1))

1
<(1+ E)kSHxn —Zn-1,

1

Hgn - gn—lH < (1 + E)D(S(yn)as(yn—l))

1
< (14 ks llgn = yoa

It ta-all < (L DT (), T 1)

1
< (1+ krlzn - 2o,

i~ Faall < (4 D)DT (), Ty )

1
S (1 + E)kTHyn - yn—lna

oo~ wn < (14 ) DOW (), W (1))

1
< (1 + E)k‘wH.’L‘n — xn_1||,

[0 = @l < (1+ =) DOV (), W (1)

1
<(1+ ﬁ)kW”yn — Yn—1lls

1N ($ny tny wn) — N(Sp—1,tn—1,Wn—1)|]
< ”N(Sn?tn?wﬂ) - N(Snfhtmwn)”

+ IN(Sn—1,tnswn)) — N(Sp—1,tn—1,wy)||

+ [IN(sn—1,tn—1,wn) = N(8p-1,tn—1,wn-1)||
<&illsn = sn—1ll + &2lltn — tn1ll + &llwy — wn—1|

1
<1+ ﬁ)(&ks + &k + E3hw )| 20 — Tp1]],



A New System of Variational Inclusions 315

”N(gmfmwn) - N(gn—la{n—lywn—l)”

< HN(E,L,fn, wn) - N(gn—lafmwn)H
+IN(n—1,tn, Wn) = N(Sn—1, -1, 0n) |
+ |N(Sn_1,tn_1,0n) — N(5pn_1,tn_1,Wn_1)||

< &ll3n = -1l + &It — tnall + &l 0n — Do

(415) < (Lt ) (Eks + ke + &kl — ool

It follows from (4.3)-(4.18) that

Hx’ﬂ+1 _xnll
1
S Sla— g UBWn) = Bln-1)[ + pllAn) = A1)l
+ pIN (8, tn, wn) — N(Sp—1,tn—1,wn—1)|[]
< Lol — yall + ol — 2
= pla— ) N T Ut LTI =
(4.19) +p(1+%)(§1k5+§2kT+§3kW)||xn—xn,1|H7
Hyn+1 —yn||
1
< W[HB(% — B(@p—1)|| + A|A(zn) — A(zn—1)||

+ )‘”N(gna{nzwn) - N(gnflat_nflaujnfl)”]

<
= Xa—-9)
(4.20) FML+ D) (e + ke + €kl — ]

Thus

[(SH(EH - xn—lH + )\T”xn - mn—l”

101 — 2nll + [Yns1 — ynll

<3 : 5[7' +(1+ %)(flks + ok + E3hw) + %(5 + A0 — Tr1 ||

0 1
+ 5[; +(1+ 5)(51]%* + &okr + Eskw)][[yn — yn—1||
(4.21) < On[llzn — zp-1ll + [yn — yn-1ll];
where
0, = max{a i ﬂ[T +(1+ %)(fﬂfs + &k + Ehw) + %(5 + )\T)],

o i ﬂ[% +(1+ %)(ﬁﬂfs + Eokr + E3kw )]}
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Let

G:max{ 1 6[T+§1ks+fsz+fng+§(5+)\7‘)],

a—
L ek + ke + ok}

a—flp To1ks T o2kT + Lkl

Then 60,, — 6 as n — oo. By (4.1)-(4.2), we know that 0 < 6 < 1 and hence there

exists an ng > 0 and 6y € (0,1) such that 6,, < 0y for all n > ng. Therefore by
(4.21),we have

[Tnt1 = @nll + [Yn+1 — |
< QO[Hxn - xn—l” + ”yn - yn—1||]
< eginO[Han'Fl - anH + Hyno-i-l - yn0|H7 n > nyp.

Hence for any m > n > nyg, it follows that

m—1

[zm — zn| < Z lzitr — il + lyier — yill]

i=n

m—1

(4.22) < D005 " lng+1 = Tnoll + Yng+1 — Ynolll

Since 0 < 0y < 1, it follows from (4.22) that
|m —xn]| = 0 as n— oo

and hence {z,} is a Cauchy sequence in E. By the same argument, we also have
that {y,} is a Cauchy sequence. Thus, there exist z,y € F such that z, — =z,
Yn — Y S M — 00,

Now we prove that s, — s € S(z), 5, = 5 € S(y), t, =t € T(z), t, > 1 €
T(y), w, — w € W(x) and @, — w € W(y) as n — oo.

In fact, it follows from (4.10)-(4.15) that {s,}, {5n}, {tn}, {tn}, {wn}, {w,} are
also Cauchy sequences. Therefore there exist s,5,t,t,w,w € E such that s, — s,
5, — 5, t, =t t, —t, w, — wand @ — W as n — oo. Further,

d(s,5(x)) < |[s — snll + d(sn, S(x))
< [Is = snll + D(S(zn), S(x))
< [ls = sall + ksllzn — ||

—0 as n — oo,

d(§75(y)) < ||§ - gn” + d(gna S(:’/))
< ||§ - §n|| + D(S(yn)a S(y))
<[5 = 5nll + Esllyn — vl

—0 as n— oo.
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Similarly, we obtain

d(t, T(x)) < ||t = tnll + krllzn — ||

—0 as n— oo,

d(t,T(y)) < It = tull + krllyn — ¥l
—0 as n— oo,

d(w, W(z)) < [[w —wn|| + kw |20 — ]

—0 as n— oo,

d(w, W(y)) <l = @nll + kwllya =yl

—0 as n — oo.

Since S(z), S(y), T'(z), T(y), W(x), W(y) are closed, we have s € S(x), § € S(y),
teT(x),teT(y), we W(z), w € W(y). By the continuities of f, A, B, N,
Rﬁl(_}_))p, Rﬁz(,7_)’>\ and Algorithm 3.1, we know that x, y, s, 5, t, t, w, w satisfy
the following relations:

T = Rﬁ1(~,~),p[pa1 + B(y) - pA(CC) + pN(Svta ’UJ)],

y= Rﬁz(‘,‘)ﬂ\[)\ag + B(z) — MA(z) + AN (5,1, w)).

By Theorem 3.1, (z,¥,s,5,t,t,w,w) is a solution of problem (3.1). This completes
the proof. O

Remark 4.1. (i) If z =y, p =1 and A = 0, then Theorem 4.1 reduces to Theorem

4.2 in [9].

(i) Ifx =y, p=1, A =0, g = I is an identity mapping on E and M; is a
general H-monotone mapping in the first argument, then Theorem 4.1 reduces to
Theorem 3.2 in [6].

(i Hz=y, p=1,A=0,a =0, N=0, Mi(f(x),g9(z)) = Mi(f(z)) and
M is a general H-monotone mapping, then Theorem 4.1 reduces to Theorem 3.4
in [11].
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