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Abstract

In this paper, we present some results on weak laws of large numbers for weighted sums
of fuzzy random variables taking values in the space of normal and upper-semicontinuous
fuzzy sets with compact support in a separable real Banach space. First, we give weak laws
of large numbers for weighted sums of strong-compactly uniformly integrable fuzzy random
variables. Then, we consider the case that the weighted averages of expectations of fuzzy
random variables converge. Finally, weak laws of large numbers for weighted sums of strongly

tight or identically distributed fuzzy random variables are obtained as corollaries.
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1. Introduction

In recent years, the theory of fuzzy sets introduced by Zadeh [1] has been extensively studied
and applied the fields of statistics and probability. Statistical inference for fuzzy probability
models led to the requirement for laws of large numbers to ensure consistency in estimation
problems.

Since Puri and Ralescu [2] introduced the concept of fuzzy random variables as a natural
generalization of random sets, several authors have studied laws of large numbers for fuzzy
random variables. Among others, several variants of strong law of large numbers (SLLN) for
independent fuzzy random variables were built on the basis of SLLN for independent random
sets. A rich variety of SLLN for fuzzy random variables can be found in the literature, e.g.,
Colub et al. [3,4], Feng [5], Fu and Zhang [6], Inoue [7], Klement et al. [8], Li and Ogura [9],
Molchanov [10], Proske and Puri [11].

However, weak laws of large numbers (WLLN) for fuzzy random variables are not as
popular as SLLN. Taylor et al. [12] obtained WLLN for fuzzy random variables in a separable
Banach space under varying hypotheses of independence, exchangeability, and tightness. Joo
[13] established WLLN for convex-compactly uniformly integrable fuzzy random variables
taking values in the space of fuzzy numbers in a finite-dimensional Euclidean space.

Generalizing the above results for sums of fuzzy random variables to the case of weighted
sums is a significant problem. In this regard, Guan and Li [14] obtained some results on

WLLN for weighted sums of fuzzy random variables under a restrictive condition, and Joo et
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al. [15] established some results on strong convergence for
weighted sums of fuzzy random variables different from those
of Guan and Li [14]. Moreover, Kim [16] studied WLLN for
weighted sums of level-continuous fuzzy random variables.
The purpose of this paper is to present some results on WLLN
for the weighted sum of fuzzy random variables taking values in
the space of normal and upper-semicontinuous fuzzy sets with
compact support in a real separable Banach space. First, we give
WLLN for the weighted sum of strong-compactly uniformly
integrable fuzzy random variables. Then, we give WLLN for the
weighted sum of fuzzy random variables such that the weighted

averages of its expectations are convergent.

2. Preliminaries

Let Y be a real separable Banach space with norm |- | and let
K(Y) denote the family of all non-empty compact subsets of Y.
Then the space K(Y') is metrizable by the Hausdorff metric &
defined by

h(A,B) = max{supinf|a — b|,sup inf |a — b|}.
acAbEB beB A€A

A norm of A € K(Y) is defined by
|A]l = h(A,{0}) = sup|al.
acA

It is well-known that K(Y) is complete and separable with
respect to the Hausdorff metric / (See Debreu [17]).
The addition and scalar multiplication on K(Y) are defined

as usual:
A®B = {a+b:acA,beB}, M = {ha:acA}

forA,BcK(Y)and A € R.

The convex hull and closed convex hull of A C Y are denoted
by co(A) and co(A), respectively. If dim(Y) < oo and A € K(Y),
then co(A) € K(Y). But if dim(Y) = oo, it is well-known that
co(A) may not be an element of K(Y') even though A € K(Y),
butco(A) € K(¥) if A € K(Y).

Let F(Y) denote the family of all fuzzy sets u : Y — [0, 1]
with the following properties;

(i) uisnormal, i.e., there exists x € ¥ such that u(x) = 1;
(i1) u is upper-semicontinuous;
(iii) suppu = cl{x €Y :u(x) >0} is compact, where c/(A)

denotes the closure of Ain Y.
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For a fuzzy subset u of Y, the a-level set of u is defined by

Lau:{

Then it follows immediately that u € F(Y) if and only if
Lou € K(Y) for each o € [0,1]. If we denote cl{x € Y : u(x) >
o} by Ly+u, then

{x:ulx) >a}
supp u if

if O<a<l,
o=0.

lim h(Lgu, L, =0.
Blllg (Lpu, Lo+ u)

The linear structure on F(Y) is also defined as usual;

(u®v)(z) = sup min(u(x),v(y)),
x+y=z
_ u(z/A), if A#0,
M)z = {6(2), if =0,

for u,v € F(Y) and A € R, where 0 = 110y denotes the indicator
function of {0}.

Then it is known that for each o € [0, 1], Lo (D v) = Lou®
Lyv and Lo (M) = ALgu.

Recall that a fuzzy subset u of Y is said to be convex if
u(dx+(1—2A)y) > min(u(x),u(y)) for x,y €Y and A€ 0,1].
The convex hull of u is defined by

co(u) =inf{v:v isconvexand v>u}.

Then it is known that for each o € [0, 1], Ly co(u) = co(Lgu).

If Y is finite dimensional space and u € F(Y), then co(u) €
F(Y). Butif Y is infinite dimensional space, it may not be true.
So we need the notion of the closed convex hull of . The closed
convex hull ¢o(u) of u is defined by

co(u) =inf{v € F(Y):v isconvex and v > u}.

Then it is well-known that co(u) € F(Y), Lqco(u) = co(Lqu)
for each o € [0,1] and

co(u®v) =co(u)®co(v), co(lu) = hco(u).
The uniform metric d.. and norm || - || on F(Y) as usual;

deo(,v) = sup h(Lou, Lav),
0<a<l

leel] = deo (0, 0) = || Loul| = sup |x].

x€Lou
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It is well-known that (F(Y),d) is complete but is not sepa-
rable (see Klement et al. [8]).

3. Main Results

Throughout this paper, let (2,4, P) be a probability space. A
set-valued function X : Q — (K(Y),A) is called a random set
if it is measurable. A random set X is said to be integrably
bounded if E||X|| < eo. The expectation of integrably bounded
random set X is defined by

E(X)={E®):£eL(Q,Y) and &(0) € X(0)a.s.},

where L(Q,Y) denotes the class of all ¥-valued random vari-
ables & such that E|§| < es.

A fuzzy set valued function X : Q — F(Y) is called a fuzzy
random variable (or fuzzy random set) if for each o € [0, 1], Lo X
is a random set. It is well-known that if X : Q — (F(Y),d..) is
measurable, then X is a fuzzy random variable. But the converse
is not true (For details, see Colubi et al. [18], Kim [19]).

A fuzzy random set X is said to be integrably bounded if
E||X|| < . The expectation of integrably bounded fuzzy ran-
dom variable X is a fuzzy subset E(X) of Y defined by

E(X)(x) =sup{a € [0,1]: x € E(LaX)}.

For more details for expectations of random sets and fuzzy
random variables, the readers may refer to Li et al. [20].

Let {X,} be a sequence of integrably bounded fuzzy random
variables and {A,;} be a double array of real numbers that not
necessarily Toeplitz but satisfying

Z |Aui| < C for each n,
i=1

where C > 0 is a constant not depending on #.
The problem that we will consider is to establish sufficient
conditions for

oo (D MiXi, B Mic0(EX;)) — O in probability as n— oo,

where ¢o(EX;) denotes the closed convex hull of E(X;).
To this end, we need the concepts of tightness and compact
uniform integrability for a sequence of fuzzy random variables.

Definition 3.1. Let {X,} be a sequence of random sets.

(i) {X,} is said to be tight if for each € > 0, there exists a
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compact subset X of (K(Y),h) such that

P(X, ¢ KX) <¢ forall n.

(i) {X,} is said to be compactly uniformly integrable(CUT)
if for each € > 0, there exists a compact subset X of
(K(Y),h) such that

/ IX, || dP < € for all n.
{Xn g K}

Definition 3.2. Let {X,} be a sequence of fuzzy random vari-
ables.

(i) {X,} is said to be level-wise independent if for each
a € [0, 1], the sequence {LyX,} of random sets is inde-

pendent.

(i) {X,} is said to be independent if the sequence {c(X,)}
of o-fields is independent, where o(X) is the smallest
o-field which Ly X is measurable for all o € [0, 1].

(iii) {X,} is said to be tight if for each € > 0, there exists a
compact subset K of (K(Y), k) such that

P(LoX, ¢ K) <€ forall n andall a € [0,1].

(iv) {X,} is said to be strongly tight if for each € > 0, there
exists a compact subset K of (F(Y),d.) such that

P(X, ¢ K) <¢ forall n.

(v) {X,} is said to be compactly uniformly integrable (CUI)
if for each € > 0 there exists a compact subset X of
(K(Y),h) such that

/ i |LaXy||dP < € forall n and all a € [0,1].
{LaXn¢ K}

(vi) {X,} is said to be strong-compactly uniformly integrable
(SCUI) if for each € > 0 there exists a compact subset K
of (F(Y),d-) such that

/~ |X.|| dP < € forall n.
{Xn¢K}

It is trivial that strong-compactly uniform integrability (resp.
strong tightness) implies compactly uniform integrability (resp.
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tightness). But, the converse is not true even though Y is finite
dimensional.

First, we establish weak law of large numbers for weighted
sums of strong-compactly uniformly integrable fuzzy random

variables.

Theorem 3.3. Let {X,} be a sequence of integrably bounded
fuzzy random variables and let {A,;} be a double array of real

numbers satisfying
Z |Aui| < C for each n.
i=1

Then

doo (@1 MiXi, B AiCo(EX;)) — O

in probability as n — oo
if and only if for each a € [0, 1],

h(D MiLoXi, B Aico(ELoX;)) — 0

in probability as n — oo.

To prove the above theorem, we need some lemmas obtained
by Kim (submitted) which is based on the characterization of
relatively compact subsets of (F(Y),d) established by Greco
and Moschen [21]. For easy references, we list them without
proof.

Lemma 3.4. Let K be arelatively compact subset of (F(Y),d).
Then {co(u) : u € K} is also relatively compact in (F(Y),d-).

Recall that we can define the concept of convexity on F(Y)
as in the case of a vector space even though F(Y) is not a vector
space. Thatis, K C F(Y) is said to be convex if Au® (1 —A)v €
K whenever u,v € K and 0 < A < 1. Also, the convex hull
co(K) of K is defined to be the intersection of all convex sets
that contains K. Then we can easily show that co(K) is equal
to the family of consisting of all fuzzy sets in the form Aju; &
<o @B My, where uy, ..., u; are any elements of K, Ay,..., A
are nonnegative real numbers satisfying fozl Ai=1land k=
2,3,....

Lemma 3.5. Let K be arelatively compact subset of (F(Y),d).
Then co(K) is also relatively compact in (F(Y),d).

For a fixed partitiont: 0 =09 < 0¢p < --- < o, = 1 of [0,1],

we define

gn () S F(Y), gel)(x) = Y 0rlay jon, (1) +Ia, (0),
k=1

www.ijfis.org

where Ay = Lo, u.

Then it follows that

Locgn(”) = {

From this fact, we can prove easily that

if 0<a<o
ifoy_<a<ogk=2,....r.

L(X] bl,

Laku,

gn(u®v) = gn(u) ©gn(v) and gr(Au) = Agn(u).

Lemma 3.6. Let K be a relatively compact subset of (F(Y ), dw).
Then for each natural number m, there exists a partition 7, of
[0,1] such that

1
supdes (i, gr,, (1)) < —.
uck m

We are now in a position to prove the main theorem.

Proof of Theorem 3. The necessity is trivial. To prove the
sufficiency, We can assume that C = 1 without loss of generality.
Lete>0and 0 < d < 1 be given. By strong-compactly uniform
integrability of {X,}, we can choose a compact subset K of
(F(Y),d) such that

/~ |1 X,||dP < €8/12 for all n. (1)
{XugK}

Without loss of generality, we may assume that 0 € K, K is
convex and symmetric (i.e., (—1)u € K if u € K ), and that K
contains co(u) for all u € K by lemmas 4 and 5.

By lemma 6, we choose a partition T, : 0 = 04,0 < Ol 1 <
-+ < Oy, Of [0,1] such that

1
supdeo(#, gr, (1)) < — < €/6. (2)
uck m

Now we denote
On = IigexyXns Vo = I, )X
Then by assumptions of K and A,,;, we have
co(EU;) € K and @}, Myico(EU;) € K.
Thus by (2),

deo (D=1 Mni€O(EUs ), g, (B 1 MiCO(ET;)]) < /6. (3)
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Then we have

oo (B MniCO(EX; ), DI Mign,, [cO(EX;)])
EU

< de( @] MiCo(ET;), ) Mnign,, [co(ET;)])
+d°°(®?:l}“"i@(E‘~7i)a G9;'1:1}\-}1igﬂ,»,, [E(EV,)])
<@L Mico(EV))|| + llgn,, (B Auico(EV:)) |
+g/6 by (3)
< 2Y il lco(EV:)| +¢/6
i—1
< €3/6+¢/6<¢e/3 by(l).

Hence we obtain

des (@7: 1 )\'ni}zia @fl: 1 7\‘mw(Ef(l) )
< do( B MKy B Migr,, (Xi))
+ deo( D Mg, (Xi) s D=1 Mnig,, [CO(EX;)]) +€/3

This implies that

P{de (D MiXiy D Mico(EX;)) > €}
P{dea( D MiXi, B Mrigm,, (X)) > €/3}
+P{deo( B Mniry (Xi)s By Mnigm,, [CO(EX:)]) > €/3}
— )+ D).

IN

For (I), we first note that

oo (B i, By Mnir,, (X0))

< deo( @ Mili, By Migr, (01)
+d°°(@;'1:17\'ni‘7iy 69?:l;‘nignm (‘71))
< e Vil + [ €1 Mign,, (V)| +€/6 by (2)
< 2|l @ MiVi|| +€/6.
And so
n - 12 n _
M < P{lloL, Vil >e/12} < ?EH Dy M Vil
12 & - 12 €6
< =Y MENVII < =—==8 by(l
= 8;‘m| || z||_£12 y (1)

Now for (II), since

d°°(®?=17\‘nignm (Xi)5 @?=1;\’Vlignm [W(E}?l)])
- max h(ea;l:l}\’nlL(kaXlﬂ GB?ZI}LHIL(XMI(EE(XI))

1<k<rp

we have
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Im B B €
) < Y P{(B}  MiLa,, , Xi, B} MniLoy,, , COE (Xi)) > grm}
k=1
<3d

for sufficiently large n by our assumption. This completes the
proof.

Corollary 3.7. Let {X,} be a sequence of strongly tight fuzzy
random variables such that

supE||X,||? =M < = for some p > 1.
n

Then
deo (D7 MniXi, D= MniCO(EX;)) — 0
in probability as n — oo
if and only if for each o € [0, 1],
h(@?:l 7\'niLoc)?i, 69?:1 }"ni@(ELOGXi)) —0
in probability as n — oo.

By applying Theorem 3, we can obtain WLLN for level-wise
independent case.

Theorem 3.8. Let {X,} be a sequence of level-wise indepen-
dent and strong-compactly uniformly integrable fuzzy random
variables. Then for any Toeplitz sequence {A,;} satisfying

max |Ay;| = O(n~Y) for some y > 0,
1<i<n

deo (D MniXi, B MniCOE (X)) — 0

in probability as n — oo.

Proof. Let e >0 and 0 < 8 < 1 be given and K be a compact
subset of (F(Y),dw) such that

sup ||u| < oo, C))
uck

E(Iiz5,2x)/1Xa]l) < €8/4C. )
Let us denote
Up = lig,exyXn and V= Iz o5y Xo.
Then since

oo (B MniXi, B Mnico(EX;))
< doo (B MniUs, B Mnico (ET) )
+ dw(@?zly\'nivia @?zlxni@(EVi))’



http://dx.doi.org/10.5391/IJF1S.2013.13.3.215

we have that

P{deo( D MiXi, B MniCo(EX;)) > €}
< P{do(®] MU, &1 Myico(EU;) > €/2}
+P{deo( D | Mi Vi, B MpiCO(EV;)) > €/2}
D+ (D).

For (I), we note that for each o € [0, 1], the sequence {Ly U, }
of random sets is independent and tight. Since (4) implies

sup E||U,||" < oo forall r > 1,
n

we have that by Corollary 3.2 of Taylor and Inoue [22],
h(@L]}\rniLocUi,@?:17\1111'@(EL0(U¢')) — 0 a.s. as n —» oo,

By Corollary 7, this implies that (I) — 0 as n — oo.

Now for (II), since
E[deo( D} MiVi, ®  Mico(EV;) )]
< ELY P 191+ X Pl E1)
i= f
=Y Il <372 by )
=
we have that
(I < %E[dw(@;’zlxni\%,@,"zlkn@(EVi))} <3d.
Thus for large n,
P{dee( D1 1iXi, B Myico(EX;)) > €} < 8,
which completes the proof.

Corollary 3.9. Let {X,} be a sequence of level-wise indepen-
dent and strongly tight fuzzy random variables such that

supE||X,||P = M < oo for some p > 1.
n

Then for any Toeplitz sequence {A,;} satisfying max [Ani| =
<i<n
O(n~7) for some 7y > 0,
doo(@;z:l kni}?iy @?:1 K}li@(EXl‘)) =0
in probability as n — oo.

Unfortunately, the following example shows that a sequence
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of identically distributed fuzzy random variables may not be

strong-compactly uniformly integrable.

Example. Let Y = R. For 0 < A < 1, we define

I, if x=0
mx)=9q A, if 0<|x <1
0, elsewhere.
Then
I {0}, if A<a<l1
U, =
T il <1), if 0<a<A,

and 0 dw(uy,ug) = 1 for A £ 8.

Now we let Q = (0,1), 4 = the Lebesque o-field and P be
the Lebesgue measure. and let {X,,} be a sequence of identically
distributed fuzzy random variables with X defined by

£:Q - F(R), X0 = iy

Suppose that 0 < € < 1 and that there is a compact subset K of
(F(R),d-) such that

1% < €.

Then K necessarily contains a set of the form
Ky={u:\eJ},

where P(J) > 1 —e. But this is impossible because K; contains
a sequence {uy, : A, € J} which does not have any convergent

subsequence.

The above example implies that Theorem 3 cannot be ap-
plied for identically distributed fuzzy random variables. Guan
and Li [14] gave an WLLN for weighted sums of level-wise
independent fuzzy random variables under the assumption that
{&"_ Myico(EX;)} is convergent. The next theorem is slightly
different from the result of Guan and Li [14].

Theorem 3.10. Let {X,} be a sequence of integrably bounded

fuzzy random variables such that for some v € F(Y),
lim dwo (@] | Ayico(EX;),v) = 0.
n—0

Then

do (& )\'niXiv D MnicoE (X,)) -0

in probability as n — oo
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if and only if for each o € [0, 1],

h(@?:l kniLaXi, @;’:llni@(ELaXi)) —0

in probability as n — oo
and

h(D ML+ Xi, ©F—  Mico(ELg+ X;)) — 0

in probability as n — co.

Proof. To prove the sufficiency, it suffices to prove that

doo (DY MiXi,v) — O in probability as n — oo.

Let S, = :’:17»,1,-}?,- and let € > 0 be given. By Lemma 4 of
Guan and Li [8], there exists a partition 0 = 0p < 0] < --- <
o, = 1 such that

h(LOCkV’La,LlV) <g/6 forall k=1,...,r. (6)

Then by our assumption, we can find a natural number N
such that

h(co(ELS;),Lqv) <€/6 forall o €[0,1] and n >N. (7)

First we note that if Ay CA C A; and By C B C By, then
h(A,B) <max[h(Ay,B;),h(Az,B))].

If0 < <1, then 04— < o < 0y for some k. Since L, S, C
La§,, C LOLZr 15" and Lo, v C Loy C LOLZr e we have that for
n>N,

h(LaSn; Lav)
< max[h(L(XkS,,,Loc,i1 v),h(La,:lg,,,Lakv)]
< max[h(La,Sn, Lagv), h(Lgr Su Lot v)]+€/6
by (6)
< max[h(LakSH,E(ELakSn),h(La]:l Sn,@(ELaktl S.)]

g3 by (7).

Thus forn > N,

deo(Sp,v) = max  sup
1<k<r Oy <0<y

< 1121?§rh(LakS"’ ¢o(ELq,Sy))

h(LoSy, Lov)

+1r£1£.i(rh(L + Sn,CO(ELa+ S ))+8/3.
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Therefore, by assumption we obtain

P{d(S,,v) > €}
< P{ max h(LaASn, ¢0(ELq,S

n)) >¢€/3}

+ S, CO(EL(X+ ) >¢/3}

o

P h(L
“PLpgs it

<

n)) >€/3}

»
III" ~
-

P{h(Lg, Sy, c0(ELq,S.

+k§1P{h(LaIilS,,,w(ELaLS},)) >¢e/3}

— 0 as n—oo.
This completes the proof.

Corollary 3.11. Let {X,} be a sequence of identically dis-
tributed fuzzy random variables with E||X; || < oo, and {A,;} be
a double sequence of real numbers satisfying

n
lim ) A,; =X forsome A€R.
i

Then
dw(@?zllniii,k@(Eil)) -0
in probability as n — oo
if and only if for each a € [0, 1]
in probability as n — oo
and
h(@L  MiLg+Xi,co(ELy+X1)) — 0

in probability as n — oo.

Proof. The necessity is trivial. To prove the sufficiency, we note
that
doo(@;-;l}\.niw(EY[) R KE(EYl))

n
< Y A=Al [Ca(ER)|| = 0 as n— oo,
i=1

Since

dm(@?zl?»m)?i, XE(EXI )
S dw(@?:l }\-m'X[, 69?11 knl@(EXl))
+ dm(éB?:lkm-@(EXi), K@(EX] )

the desired result follows immediately.
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4. Conclusions

In this paper, we obtained two types of necessary and suffi-
cient conditions under which weak laws of large numbers for
weighted sums of fuzzy random variables hold. One is the
case of strong-compactly uniformly integrable fuzzy random
variables. The other is the case that the weighted averages of
its expectations converge. The former includes a strongly tight
case and the latter contains the identically distributed case. We
also provided WLLN for weighted sums of level-wise indepen-
dent and strong-compactly uniformly integrable (or strongly
tight) fuzzy random variables.

It remains an open problem whether we can obtain a general-
ization for the above WLLN to the case of compactly uniform

integrability.
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