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THE RELATION BETWEEN HENSTOCK INTEGRAL
AND HENSTOCK DELTA INTEGRAL ON TIME
SCALES
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KUk KiM****  AND JONG TAE Lim*****

ABSTRACT. In this paper, we define an extension f* : [a,b] — R
of a function f : [a,b]r — R for a time scale T and show that f
is Henstock delta integrable on [a, b]r if and only if f* is Henstock
integrable on [a, b].

1. Introduction and preliminaries

The Henstock delta integral on time scales was introduced by Allan
Peterson and Bevan Thompson [6].

In this paper, we investigate the relation between the Henstock inte-
gral and Henstock delta integral on time scales.

First, we introduce some concepts related to the notion of time scales.
A time scale T is any closed nonempty subset of R, with the topology
inherited from the standard topology on the real numbers R. For each
t € T, we define the forward jump operator o(t) by

o(t)=inf{z>t:2¢eT}
and the backward jump operator p(t) by
p(t) =sup{z <t:zeT}

where inf ¢ = sup T and sup ¢ = inf T.

If o(t) > t, we say the t is right-scattered, while if p(t) < t, we say
that t is left-scattered. If o(t) = ¢, we say that t is right-dense,while
if p(t) = t, we say that t is left-dense. The forward graininess function
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wu(t) is defined by u(t) = o(t) — t, and the backward graininess function
v(t) is defined by v(t) =t — p(t).
For a,b € T, we define the time scale interval in T by

[a, bl ={t € T:a<t<b}.

2. The Henstock and Henstock delta integrals

DEFINITION 2.1. ([6]) § = (01, dR) is a A-gauge on [a, b]T by d,(t) > 0
on (a,blr, dr(t) > 0 on [a,b)r, dr(a) > 0,0r(b) > 0, and or(t) > wu(t)
for each t € [a, b)T.

DEFINITION 2.2. ([6]) A collection P = {(&;, [ti—1,ti]T)}]—; of tagged
intervals is a Henstock partition of [a,b]r if U, [ti—1,tilr = [a,b]r,

[ti—t, i)t C [& — 01(&),& + 0r(&)] and & € [ti—1,t;]r for each i =
1,2, ..

For Henstock partition P = {(&;, [ti—1,t])}[—,, we write
n

S(F,P) = F&)(t: —ti),
=1

whenever f : [a,b]T — R.

DEFINITION 2.3. ([6]). A function f : [a,b]r — R is Henstock delta
integrable (or Ha-integrable) on [a, b]r if there exists a number A such
that for each € > 0 there exists a A-gauge ¢ on [a, bl such that

‘S(f,D) Al <e

for every d-fine Henstock partition D of [a,b]r. The number A is called
the Ha-integral of f on [a, b]r, and we write A = (Hp) fab fAL.

Recall that f : [a,b] — R is Henstock integrable (or H-integrable) on
[a,b] if there exists a number A such that for each € > 0 there exists a
gauge ¢ : [a,b] — R on [a, b] such that

’S(f,P)—A‘<e

for every o-fine Henstock partition P of [a, b].
The proof of the following theorem can be found in [5].

THEOREM 2.4. [5] A function f : [a,b] — R is H-integrable on [a, D]
if and only if f is H-integrable on [a, b].
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Let f : [a,blr — R be a function on [a, b]r, and let {(ax,br)}?>, be
the sequence of intervals contiguous to [a, b]T in [a, b].
Define a function f* : [a,b] — R on [a, b] by

s ) flag) if t € (ax,by) for some k
;o) = { f@) if t€a, by

Then we have the following theorem.

THEOREM 2.5. [5] If f* : [a,b] — R is H-integrable on [a,b], then
f : [a,b]lT — R is Ha-integrable on [a, bt and (Ha) fab fAt= (H) fab I

Now we can prove the following theorem.

THEOREM 2.6. If f : [a, bl — R is Ha-integrable, then f* : [a,b] — R
is H-integrable and (H) f; f*=(Ha) f; fAt.

Proof. Let € > 0. Since f is Ha-integrable, there exists a A-gauge
d = (0r,0R) on [a, bl with dr(t) = o(t) —t if t is a right-scattered point
of [a, b]t such that

1@ - ) [ i <«

for each d—fine partition of [a, b]T.

Let {(ax, b))}, be the sequence of intervals contiguous to [a, bt in
[a,b]. Define a gauge ¢* = (d7,9%) on [a,b] as follows;

For each left-dense point ¢ of [a,b]T, choose s1 € [a,b]r such that
t—0rp(t) <s1 <tandlet 07(t) =t — s1.

For each right-dense point ¢ of [a,b]T, choose s2 € [a,b]T such that
t < sy <t+0dg(t) and let 65 (t) = s —t.

For each k € N, let 6} (ax) = WTC”“ and

x L € b, — ai
) = i s T 8 )

For each t € (ak, by), let &3 (t) = 3(t — ay) and §5(t) = 2(b, —t),k =
1,2,3---.

Assume that P = {(&, [ti—1,ti])}}~, is a 6" —fine partition of [a, b].
By separating the tagged interval (&;,[ti—1,t;]) into (&, [ti—1,&]) and
(&, [&, ti]) if necessary, we may assume that & = t;_1 or & = t; for each
1=1,2,-,n.

Let K = {k € N| (ag,bx) N {t1,t2, -+ ,tn—1} # 0} and let K be
ordered as K = {ky, k2, ks, - - , ky} such that ag, < ag, <--- < ag,. For
each j(1 < j < w), denote
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p; = min{i| t; € (ay,,bx;),1 < j<n} and
qj = max{i| t; € (ag;,br;), 1 < j < n}.
Obviously, we have &; € [a,b]r if t;—1 € [a,b]T and t; € [a, b]T.
Let Q¢ = {(gz, [tifl,ti])‘ ti—1 € [a b]’[r and t; € [a b]']{‘} Then Qg is
a d—fine partial partition of [a, b]t. Note that &, =1, 1 € [a,b]t and
§g;+1 = tg;+1 € [a, bl for each j(1 < j < ).
Let P; = {(&, [ti—1,ti])|pj <@ < g1} for each j =1,2,--- ,v. Then
fH(P) = F(Qo) + 25— [ (Pj)-
First, assume that f*(P) < (Ha) f; fAt. Define Q1,Q2,- -+ ,Q, as
follows;

Case 1. t,, 1 = ag; and tg, 41 = by;. Let Q; = {(&p;, [ak;, br;]) }-
Then @Q; is d—fine and

f5(Pj) = flak,;)(ty; — ar;) + f(br,)(br; —tg;)
(ak;)(bk; — ak;) + (f(b;) — (ak]))( tq;)
> f(akj)(bk *ak ) = ([ f(bx)| + | f ak7)|)( —tg;)
> f(Qj) —

Case 2. {p, 1 = ag; and by; < g, .
Let

Q; = {(€(Ij+17 [akj7tq1'+1])} if f(akj> > f(gqg'-‘rl)
’ {(§Pj7 [a‘kj7bk‘])7 (gqg'-i-l? [bkj>tq]'+1])} if f(aky) > f(§Qj+1)'

Then Q; is 6—fine and f*(P;) > f(Q;).

Case 3. ¢, i—1 < ag; and bk tgj+1-
In this case we have

I (P ) f(fp;)( pj pj—l) + f(bkj)(bkj - t(Ij) + f(akj)(t%' - tpj)
> f(fp])( P Pj—l) + f(a’kj)(bkj - tpj) = ok
Let

Q= {(&p;) [tp;—1,0x; ] 3 F(&p;) < flary)
’ {(gpj?[tpj*17a“k'])’(a’kfj7[a’kj7bk'j])} if f(gp]) >f(a/€)'

Then f*(P;) > f(Q;) —

Case 4. t),—1 < ag; and by, < ig41.

2]
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Let m = min{£(,). f(ax, ). £(§,1)}. Define
{(gpﬁ [ Pj—lvbk D? (&1]-1—1 [bk]7 qg-l—l])} if f(ép;) =m
{(gpp Iitp]717 ak; ])7(£q3+1 [ak’J ) tq]Jrl])}

if f(ng) =m and f(akj) > f(§Qj+1)
{(épj, [tpj—h ak’])> (akja [a‘kj ) bkj])? (§(Ij+17 [bkj’tqj+1])}

if f(é.pj) # m and f(ak7) < f(£Qj+1)

Then f*(P;) > f(Q;). Now let Q = QoU Q1 UQ2U---UQ,. Then
Q is a 6—fine partition of [a, bjy and

Qi =

v
€

k]
J=1 2

b
(Ha) / FAL> F(P) (HA)/ FAL — 2e.

Similarly, in the case f*(P) > (HA)fab fAt we can construct a
d—fine partition Q' of [a, b]T such that

b
fr(P) < f(Q)+e< (HA)/ FAE+ 2e.

Hence, f* is H—integrable and
b b
m) [ 5= ) [ ran

From Theorem 2.5 and 2.6, we get the following theorem.

THEOREM 2.7. A function f : [a,bly — R is Ha— integrable if and
only if f* : [a,b] — R is Henstock integrable. In this case,

<m%ﬁmam[ﬁ
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