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ON MODULAR FIBONACCI AND TRIBONACCI
TABLES

EunMi1 CHor*

ABSTRACT. The work is devoted to study Fibonacci and tribonacci
numbers. We study the modular formulas and the periods of the
sequences.

1. Introduction

The investigation of Fibonacci sequence F,, = F,,_1+ F},_o with Fy =
0, F1 = 1 has been extended to algebraic aspect since D.D. Wall [7] in
1960. In particular researches including [1], [3], [6] were devoted to study
Fibonacci sequences by modulo n in connection with order and period.
The Fibonacci sequence has been studied in some arithmetic triangle
forms, for instance all Fibonacci numbers appear along the diagonal
of the Pascal triangle. Instead of triangle, if we display the Fibonacci
sequence in rectangle form [2], say a rectangle with three columns, and if
we take each numbers by mod F5 = 2 then we have the following tables

1 1 2 1 10
3 5 8 1 1 0
13 21 34 and 1 1 0
55 89 11 -

We call the left table the 3 columns Fibonacci table. It shows (2-2)34 +
8 = 144 and (2 - 2)55 + 13 = 233, where these can be expressed by
2F3Fy + Fg = Fio and 2F3Fg + Fr = Fi3.

And the right table, called the 3 columns modular table, shows a repeti-
tion of modular Fibonacci numbers. Similarly the 4 columns Fibonacci
and its modular table by mod Ty = 3
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1 1 2 3 11 2 0
5 8 13 21 2 210
34 55 89 144 11 20
233 377 610 --- 2 2 1 .-

show that (2(3) + 1)233 —34 = 1597, i.e., (2F4 + Fl)Flg — Fg = F17.
Thus for instance, the 25th Fibonacci number Fb5; can be obtained by

(2Fy + F1)Fo1 + (—1)3Fy7 = (7)10946 — 1597 = 75025 = Fs.

When we say tribonacci sequence T,,, we mean a sequence like F},, but
instead of two initial 0 and 1, the tribonacci sequence starts with three
values 0, 0 and 1 and each term afterwards is the sum of the preceding
three terms. Hence T, =T, _1 + 15,0+ 1,3 with Tg =0, 177y =15 =1,
and the first a few tribonacci numbers are {0,0,1,1,2,4,7,13,24,44, - - }.

In this work we study Fibonacci and tribonacci sequence by display-
ing in rectangle form. By taking modular, we will find periods of the
sequences.

2. Fibonacci table and modular Fibonacci table

The Fibonacci number F;, can be extended to negative n such that
Fi1=1,Fy=-1land F3=2 and F_, = (—1)""E, for all n € Z.
LEMMA 2.1. Let n,t € Z.
(1) Foys = 2F3F, + F—3. If n = 3t+r (1 < r < 3) then F,, =
2F3F54_1)4r + F3(—2)4r- SO F3tir = F34_2)4,(modF3).
(2) Fn+4 = (2F4+F1)Fn_Fn—4-
(3) Ifn =4t+r (1 <r< 4) then F,, = (2F4+F1)F4(t—1)+r_F4(t—2)+r'
So, Fayr = Fy—1y4r — Fuar—2)1r(modFy).
Proof. We have seen that Fj,4 3 = 2F3F, + F,,_3 forn = 1,2. Assume
Fii3 =2F3F; + F;_3 for all i <n. Then (1) is clear that

Foynsz = Fors+ Frno1)43
= 2F3F, + Fy 3+ 2F3F, 1+ Fy4
2F3(Fn + Fo1) + Fos + Fog = 2F3F 011 + Fq)—s.

The rest can be proved similarly. O

This can be generalized as follows.
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THEOREM 2.2. Ifn € Z then Fy 1y = (2F), + Fj_3)F, + (1) 1F, 4
for all k > 3. If we write n = kt +r (t,r € Z, 1 <r < k) then

Fn = Fyr = 2F, + Fieg) Fyg—y4r + (1" Fr_a)4s
and Fryr = Fr3Fpq1)4r + (=1 Fr_g)4r (mod F).

Proof. The cases of k = 3 or 4 are due to Lemma 2.1. We now will
consider the 5 columns Fibonacci table:

1 1 2 3 )

8 13 21 34 55
89 144 233 377 610
987 1597 2584 4181

It shows (2(5) +1)(377) +34 = 4181, i.e., (2F5 + F5) Fi6 + F11 = Fa1. So
Foys = (2Fs + I2) Fs + Fiys,
thus
Foyi= (2F; + F;_3)F, + (=1)"'F,_; for3<i<5.
Assume it is true for 4 < k — 1. Then in the k& columns Fibonacci table,
Fn+l<:
=Foik-1) + Far (k-2
= (2F—1 + Fra)Fo + ()" 2F,_p_1) + (2F4—2 + Fys)Fy +
(=1 ' Fy o)
= (2(Fp-1 + Fy2) + Fica + Fies) P + (=1 (= F_s_1) + Fu_(i—2))
= (2F; + Fr3)Fp + (=1)" ' Fyy,
since Fy,—j + Fy,_(k—1) = Fji—(k—2).- Moreover forn =kt +r (1 <r < k),

Futir = Flnoiyrk = Fp+ Fyg)Foogp + (1)1 F g
= (2Fi + Fee3) Fpg—1yr + (1) Froo)1r
Thus Friry = FoogFy—1)1r + (1) ' Fy—2)1, (mod Fy). O

It shows that Fyti, is a combination of Fy_1)1, and Fy;_g)4, with
coefficient 2F), + Fy_3 and (—1)*~1. Inductively we have the following.

THEOREM 2.3. Let n = kt +r (1 < r < k). Then every F, can
be written by only four Fibonacci numbers Fy, Fy_s3, F, and Fy,.
Moreover if Fyiyr = 01Fg1, + O2F, with 01,02 € Z then Fi 1)y, =
((2F + F—3)01 + 02) Fiir + 61 F,.
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Proof. Theorem 2.2 implies that Fjs,, = ,qu(t,l)M—i—(—1)k_1Fk(t,2)+T
with = 2Fy + Fj_3. We first assume k is odd. Then

F2k:+r = MFkJrr + B,

F3pir = pFogyr + Py = H(MFk+r+Fr) + Py = (M2+1)Fk+r+ﬂFr

F4k+r = FLF3k+r + F2k+7" = (/1’3 + 2N)Fk+r + (MQ + 1)MF7’

Fspyr = pFuprr + Faprr = (p* + 302 + 1) Fjepr + (13 + 2u) uFy.

The first coefficient in this stage is p times the first coefficient in previous
step added to the second coefficient in previous step, while the second
coefficient in this stage is the first coeflicient in the previous step.

Now suppose that this pattern is true for all jth stages (1 < j < t).
That is, we assume that if Fri—1)4r = X1Fktr + x2F5 then Fjjy, =
01Fyy, + 02F, where 61 = px1 + x2 and 03 = 1 for x1, x2 € Z. Due to
Theorem 2.2,

Frgvy+r = BFgjr + Fr-1)+r
= (1 Fyqr + 02F:) + X1 Fiqr + X2 F>
= (w01 + x1) Frsr + (102 + x2) Fr
= (u1 + 02)Fypr + (X1 + x2)Fr = (101 + 02) Fipr + 01 F.

The case when k is even can be prove similarly. O
It gives a good way to compute F), by knowing only a few information

about Fy, Fy_3, F, and Fji,. The first three are in the first row while
the last one is in the second row of the k columns Fibonacci table.

EXAMPLE 2.4. For 50th Fibonacci Fyg, take k = 7 for instance, then

Fso = Frop = pFrepn + Frser = (W2 + 1) Frsgr + pFran

(u(p® + 1) + ) Frapn + (* + 1) Fran

(n(i® +2p) + p® + 1) Fragn + (4° + 2p) Fraog

(4302 + 1) + 4 + 2uFro 1 + (u* + 31 + 1) Frpy
= (e’ + 4% +3p) + p* 4 30 + 1) Py + (1° + 4% + 3p) Fy
= 12,586,269, 025

by plugging F; =13, Fy =3, I} =1, Fs = 21 and p = 2F; 4+ F, = 29.

COROLLARY 2.5.

(1) Every Fi; =0 (mod Fy). If n|m then F,|F,, for every n,m € Z.

(2) Ifk is even, every (t)th row is congruent to (t£2)th row by mod F},
in the k columns modular table. The first two rows are repeated
in order, so the modular Fibonacci sequence by mod F}, is periodic
of length 2k.
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(3) If k is odd, every (t)th row is congruent to (t £ 2)th row with
negative sign by mod Fj in the k columns modular table. The
first four rows are repeated in order, so the modular Fibonacci
sequence by mod Fy, is periodic of length 4k.

Proof. Since Fyyy, is written by Fyi, and F., Fiy = Fi_1)4x is a
linear combination of Fy,x and F}, and again by Fj and Fp. But since
both Fj and Fy are 0 by mod Fy, it follows Fy; = 0(modFy). The rest
are due to Theorem 2.3. ]

Note that Fj|Fy; in (1) has been proved by various ways. One way
is due to show perp(n) = lem(perp(p1),--- ,perp(ps)) for all primes
pi|n [7]. The other method is to use the fact ged(Fy, Fi) = Fyeq(ry) in
[4]. Of course Fj|Fj; can be proved by induction on ¢ after fixing k.
However it seems that the proof using the k£ columns modulo table is
more convenient than any other methods. Owing to Corollary 2.4, we
can construct the modular Fibonacci tables for 5 < k£ < &:

mod (F5 =5) \ mod (Fs = 8)
1 1 2 3 0 11 2 3 5 0
3 3 1 4 0 5 5 2 7 1 0
-1 -1 -2 =3 0 1 1 2 3 5 0
-3 -3 -1 -4 5 5 2 7 1 ..
mod (Fy = 13) mod (Fs = 21)
1 1 2 3 5 8 0 1 1 2 3 5 8 13 0
8 —5H 3 -2 1 -1 0 13 13 5 18 2 20 1 0
-1 -1 -2 -3 -5 -8 0 1 1 2 3 5 8 13 0
—8 5 —3 2 -1 1 --- 13 13 5 18 2 20 1
3. Tribonacci table and modular tribonacci table
In this section we deal with tribonacci sequence T;, = T;,—1 + T —2 +

T,_3 with Ty = 0 and 77 = T = 1. Similar to Fibonacci numbers, T;,
can be extended to negative n such that T_1 =0, T o =1, T3 = —1
and T_4 = 0, etc. Let us consider the 4 columns tribonacci table

1 1 2 4

81 149 274 504
927 1705 3136
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It is clear to see that
Ty = (11)504 + (5)44 + 4 = (3Ty — V)12 + (Ty + 1)T5 + T, = 5768
Ti9 = (11)3136 + (5)274+ 24 = (3T, — 1)T15 + (T + 1)T11 + T7 = 35890

THEOREM 3.1. Let n =kt +1r (1 <r <k). Then for 4 <k <6,
Trtr = M The—1)1r T 12Tk(t—2)1r T Th(t—3) 41>
that is, T,, = p1 Tr—k+peThn—ok+usT,—sk, where the coefficients (ju1, j12, (i3)
depending on k are as follows
k=4 k=5 |k=6
(pa, p2,p3) || 3Ty — 1, Ty +1,1) | (3T5,1,1) | (3T, =T +2,1)

Proof. When k = 4 we will prove
To=@Ty—)Tha+ (Ty+1)T—s + Th12.
If n =12 then (37y — 1)Ts + (T4 + 1)Ty + Tp = 504 = T12. Assume that
Ty = piTi g+ pol; g +Ti_12 forall 12<i<n
with pu; =374 — 1 and ps =Ty + 1. Then
P1ling1)—a + p2ling1)-8 + Tingy1)-12
= 1 (Tn—a + Tin—sy—1 + Tin—ay—2) + p2(Tn—s + Tn—g)—1 + T(n—g)—2)
+ (Tn-12 + Tin—12)-1 + T(n-12)-2)
= (1 Th-a+p2Thn-s+Tn-12) + (1T —1)—a+p2Tn-1)—8 + T(n-1)-12)
+ (1T n—2y—a + 12T(n—2)—8 + Tn—2)-12)
=Ty +Th1+Th 2= Tn+1-
If n < 12 then by considering negative tribonaccis 71 = 0, T_o = 1,
etc., without loss of generality we have
Tn = (3T4 - 1)Tn_4 + (T4 + 1)Tn—8 + Tn_12 for all n.
Similarly from the 5 columns tribonacci table
1 1 2 4 7
13 24 44 81 149

274 504 927 1705 3136
5768 10609 19513 35890

we can find that

Ti7 = 10690 = (21)504 + 24 + 1 = (3T5) T2 + Tr + T
Tos = 410744 = (21)19513 + 927 + 44 = (3T5)Ts + Ti3 + Tk

Moreover from the 6 columns tribonacci table
1 1 2 4 7 13
24 44 81 149 274 504
927 1705 3136 5768 10609 19513
35890 66012 121415 223317 410744
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it can be seen that
Tho = 66012 = (39)1705 — (13 — 2)44 + 1 = (3T5)T1a — (Ts — 2)Ts + Th
Tyy = 223317 = (39)5768 — (13 — 2)149 + 4 = (3T5)Tis — (Ts — 2)Tio + T4
Now we assume that, for kK = 5 or 6 the equality
Totki = M Tyr(i—1) + H2Tyki—2) + #3Thikii-3)
with (g, po, p3) = (3T5,1,1) or (3Ts, —T6 +2,1) hold for all 1 < i < .
Then
Totko = Tintk)+kw-1)
= T k) +kw—2) T H2 Lt k) +kw—3) T 13T (k) +k(v—4)
= mThikw-1) T t2Thtikw-2) T 13Tt k@w-3);
it proves the theorem. ]

THEOREM 3.2. Let n =kt +r (1 <r <k). Then for 7 < k < 10,
Titr = 1 Th—1)4r T p2Th—2)4r T 13T h(t—3) 4+

where the coefficients (u1, p2, u3) are determined as follows.

k=1 8 9 10
(3T —1,15,1) | 3Ts — 1,—1,1) | (3Ty — 2,—23,1) | (3T — 4,41,1)

Proof. The 7 columns tribonacci tables

1 1 2 4 7 13 24

44 81 149 274 504 927 1705
3136 5768 10609 19513 35890 66012 121415
223317 410744 755476 1389537 2555757 4700770

shows that
{T22 = 223317 = (71)3136 + (15)44 + 1 = (3Ty — 1)Ty5 + 15Tx + T}
Tyr = 4700770 = (71)66012 + (15)927 + 13 = (3T — 1)Tao + 15T}3 + Ts.
Thus similar to the proof of Theorem 3.1, it can be proved
Triyr = (3T7 — V)7 1y4r + 15T 702y + Tr(p-3)1r (L <7 < 7).
From the 8 columns tribonacci table

1 1 2 4 7 13 24 44
81 149 274 504 927 1705 3136 5768
10609 19513 35890 66012 121415 223317

1389537 2555757 4700770 8646064 15902591

we find that
Tys = 1389537 = (131)10609 — (3)81+ = (375 — 1)Th7 — 3Ty + T
The = 15902591 = (131)121415 — (3)927 + 7 = (3T — 1)Th1 — 3T13 + Ts
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hence Tgiyr = (318 — 1)T8(t— 1)1+ — Tx(t—2)4r + To(t-3)4r (1 <17 < 8).
The 9 and 10 columns tribonacci tables show that, for instance

Tos = (241)35890 — (23)149 + 1 = (3Ty — 2)T1g — (23)Tyo + T4
T3 = (241)755476 — (23)3136 + 13 = (3T — 2)Ths — (23)T15 + Tt

hence Toyyr = (3T — 2)To(r—1) 4+ — 23To(t—2) 4+ + Tor—3)1r (1 <7 <9).
And

T3 = (443)121415 + (41)274 +1= (3T10 — 4>T21 + (41)T11 + 13
T34 = (443)410744 + (41)927 +2= (3T1(] — 4)T24 + (41)T14 + Ty

80 Thot+r = (3710 —4)T1o(—1)4r + 41T 100—2)4r + Th0(t—3) 4 (1 <7 < 10).
Analogue to the proof of Theorem 3.1, the induction yields the iden-
ity Thtqr = p1Tk(t—1)4r + B2Tk—2)+r + 13T k(t—3)+r O

We note that Theorem 3.1 and 3.2 can be extended to negative n of
T, by taking T_; =0, T_o =1, T_3 = —1, ---. The following theorem
provides an efficient method for 7,, with n < 0.

THEOREM 3.3. Let —n =k(—t)+7r <0 (1 <r <k, t>0). Then

T p = Th(—ty4r = =2 Tt 1)4r — M Th(—t42)1r + Th(—t43)+r

for 4 < k < 10, where the coefficients j11 and po (depending on k) are
as in Theorem 3.1 and 3.2.

Proof. Due to Theorem 3.1 and 3.2,

P T~ t42)+r + M2k (—t41)4r + U3Th(—t)+r = Th(—t43)+r-

Since pu3 =1 for all 4 < k < 10,

Tr(—tyrr = =t Tk(—t+2)1r — H2Th(—t41)4r + Th(—t43)4r-

For instance, T_16 == —T5(_3)+4 — 21T5(_2)+4 + T5(_1)+4 = 56

THEOREM 3.4. Tyy, (4 < k <10) is a linear combination of Toj,
Tiyr and T.
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Proof. Due to Theorem 3.1 and 3.2, we have
Tt tr
= pTh—1)4r T p2Tk(t—2)4r + 13Tkt —3)+r
= w1 (1 Thp—2)4r + M2 Tt —3)4r + 13Tkt —a)+r) + 2 Th—2)4r
+ p3Th(t—3)+r
= (15 + p2)Ti—2)+r + (apz + 113) Te(—3)+r + 11 T(—a)+r
= (15 + p2) (1 Tr(—3)+r + 12 Tr(—ay+r + 13Tk(—5)+r)
+ (pap + 13) Thp—3)r + 1 Th(e—a)r
= (pa(pF + p2) + (p1p2 + p3)) Tig—s)4r + (H2(i3 + p2) + 13) Tir—a)+r
+ (15 + p2) 3 T(r—5) 4
Hence after some steps, if we write
Trtrr = O Th(p—im1)4r + 02Tk (t—i—2)4r + 03T h(t—i—3)4r
for some i € Z, then the next stage should be
Thtar = (201 402) Tyo(r—i—2)+r + (1201 +03) Tho(t—i—5) 17+ 1301 Tho(t—i—2) -
Thus if ¢ =t — 4 then Ty, is a combination of Tox4 ., Tker and T,.. O
ExaMPLE 3.5. For Ty, take k = 7 for instance, then
T50 = Tr(7)+1 = M T7(6)+1 + p2T7(5)+1 + 13174y 41
with (u1, po, u3) = (377 — 1, 15, 1) = (71,15,1). So we have
Tso
= T1T7(6)+1 + 15T7(5)41 + T7(4)+1
= (T1- 71+ 15)Ty(5)11 + (15 - 7L+ 1) T4y 41 + T1T7(3)41
= 505677 (5y41 + 106677411 + T1T7(3)41
= 36004277 (4)41 + 75911 T7(3)41 + 5056172y 41
= 25638893T7(3)41 + 540568617 (2) 41 + 36004277 (1)1
= 182576708977 (9) 11 + 384943437171 + 256388931}
= 5,742,568, 741,225,
by plugging T7 )11 = 3136, 1741 = 44 and T1 = 1.
We note that, unlike the Fibonacci case in Theorem 2.2, the coeffi-
cients (u1, p2, p3) for tribonacci numbers in Theorem 3.1 and 3.2 depend

on k. Now taking modular by tribonacci number T}, the next corollary
follows immediately.
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COROLLARY 3.6. Let n =kt +r (1 <r <k). For 4 <k <10,
Tt = 1 Th—1)4r + V2Th(-2)4r + V3Th—3)4»  (mod Tj)

where the coefficients (v1, 2, v3) are

k| (vi,v9,v3) || k| (v1,v0,13) ||k | (v1,v2,18) || k| (v1,10,13)
AT (LLD [5](0,1,1) 6 1(0,2,1) [7](-1,151)
8 (~1,-1,1) | 9| (~2,-23,1) | 10| (—4,41,1)

EXAMPLE 3.7. For Tyg, take k =5 and by mod T5 = 7 for instance,
Tso = T5.945 = Tsrys5 + Ts645 = (T5545 + T5445) + Th645

=T5645 + I5545 + T5.445 = (T5.a45 + T5.345) + 5545 + Tsa45

= Ts545 + 2T5.445 + Ts.345 = 2T5.445 + 2T5.345 + Ts.045

= 2T5.345 + 315245 + 21545 = 3T5.045 + 41515 + 215 = 1.

On the other hand, by taking different k = 10, we have
T50 = T10.4+10 = —4T10.3410 + 41T10.2110 + T10-1410

= (56)T10+10 + 9871y + 571y =56-5=131 (mod T = 149).

Corollary 3.5 yields k columns modular tribonacci tables, for instance

mod (Ty =4) | mod (T5=7) [ mod (T; = 13)

112 0J]1 124 0 1 1 2 47 0
310 0/]6 324 2|11 53 6 1 10
112 0] 1034 0 4 23 91 0
310 00441 2|10 118 39 7
112 01]0351 2 6 9 9 11 3 10
310 --]140%5 -~ [ 11 11 6 2 6 -

THEOREM 3.8.

(1) In the 4 columns modular tribonacci table
(1) Tutr + Tagg—1)+r = Ta—2)1r + La-3)4r (mod Ty = 4).
(i1) Tyt44 =0 and T2 = 1 for every t
(i) Tat41 =1 and Typ43 = 2 if t is even
(iv) Tyer1 =3 and Ty =0 if t is odd
(v) (t)th row is congruent to (t +2)th row, i.e., Ty y2)+r = Thiyr-
(2) In the 5 columns modular tribonacci table
(1) Tserr = Ts—2)4r + Ts(t—3)1r (mod T5 =T7)
(ii) (t)th row is congruent to the sum of (t — 2)th and (t — 3)th
rOWS.

Proof. In the 4 columns tribonacci table, Corollary 3.5 yields (i) that

Tasrr = =Tage—1)4r + Tae—2)+r + Tag—3)4r (mod Ty = 4).
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We will only show (iv), and the rest can be proved similarly. Clearly
Ty =3 if t =1, 3. Assume t is odd and Ty;4; = 3 (mod Ty) for all
odd 7 < t¢. Then

Tyev2yr1 = —Tagrny+r + Tatrr + Ty—1)4r

~(=Tatr + Tae—1yr + Tage—2)40) + Tatr + Thp—1)4r
2:3=Tyt-2)4r =2 — (—Typ—3)4r + 3+ Tugt—5)4+)
=1+ Tyt—3)+r — Tat—5)4r = 3.

O]

We remark that in [5], the 4n subscripted tribonacci numbers was

proved that
Tyiny1) = Ny + 5T4(n—1) + Tiy(n—2)

by mathematical induction. This is the case for £ = 4 in Theorem 3.1.
In this sense Theorem 3.1 and 3.2 dealt with the kn subscript tribonacci
numbers for 4 < k < 10. The identity > )"  Tur = (Tunta+6Tupn+Tan—a—
Ty)/T? was proved in [5] using matrix calculations. But Theorem 3.1
shows the identity easily.

COROLLARY 3.9. T2 Y% o Tur = Tuanya + 6Tap, + Tan—a — Ty

Proof. Since Ty(3)44 = (3T4—1)Ty(9)44+(Tu+1)Ts4+T4 by Theorem
3.1, T42 Eizo Ty = Tyiya+6Ty+Ty;—g—Tyis true if s = 3. By induction
we assume the equality holds for all 1 < i < n. Then since Ty = 4, it
follows that
Tynt1)+4 + 6Tanr1) + Tany1)y—a — 1
= (3T4—1)Tap 14+ (Ts4+1)Ty -1y 14+ Ta(n—2)+4+6Tstng 1)+ Tatng1)—a—Ta
= TiTunta — (Ta 4 1) Tanra + (Ta + V) Tyn—1) 44 + Tun—2)+4

+ 6Ty (n11) + Tanyr)—a — Tu
= T Tinta + Tyns1y + (Ta + 2)Tn + Tun—a — T
= T3 Tynsa + Tansa + 6Ty + Typa — Ty
= T3 Tunya + T2 Y g T = T3 Y170 Tae. o

4. Matrix for modular Fibonacci sequence

It is sometimes convenient to consider the k columns Fibonacci table
as the k columns Fibonacci matrix. Then Fy;4, can be regarded as the
(t + 1)th row and (r)th column entry e(;y1,), so Theorem 2.2 implies
that

Frsr = i1y = 261y + €-3)) e + (=1 e1,)-
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Hence Fjty, is a linear sum of three entries e(y x), (1 x—3) and e(y ;) in
the 1st row, and ey, in the 2nd row of k columns Fibonacci matrix.
Moreover Fyy, is expressed by two previous entries e .y and e;_1 ) in
the same (r)th column.

THEOREM 4.1. Any Fibonacci number F,, = Fjy, is

Fryy = XM'2 [ e ] (mod Fy)

€(2,r)
k—1 1
where X = [(—1) e(1,k—3)) and M = . More-
€(1,k—3)
over if let a and b be roots of x> — e (1,k—3)% 1 =0 then

_ L [EDR@0) a o ] feqy
Fityr = m X |: (_1)k—1(at—2 . bt—?) at=1 — pt—1 €(2,r)

Proof. In the k columns Fibonacci matrix, by mod Fy = e(q 1),

Fietyr
= C(t+1,r)
= eq )€ + (=1 e
= e sy (e r—3)Cu—1,) + (=1 epman) + (=1 e
[6%1,1@—3) + (*1)k_1]€(t—1,r) + (*1)k_16(1,k—3)€(t—2,r)
[e?l,k—3) + 2(_1)k_16(1,k—3)]6(t—2,7*) + (—1)k_1[€%17k_3)
+ (=) Ye—s,
= [6?1,1c—3) + 3(_1)k_1€21 k3 T (= 1)2+=D]e €(t—3,r)

+ (_1)k_1[€?1,k—3) +2(=1) e pom)le@—an

Continuing this process, Fi;1, is expressed by means of matrices that

F , = -1 k—1 B |: e(t—l,r) :| = XM |: e(t—2,7”) :|
kt+ (1) €(1,k 3)] et €(t—1.r)
= XM2 |: e(t73,7‘) :| = XM3 |: e(t74,7') :| = ...
€(t—2,r) €(t-3,r)

XM |: C(t—u—1,r) :| ( for u <t-— 2) = XMt—2 |: €(1,r) :|

C(t—u,r)
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where M = [ Ok_l 1 } Observe that M = PDP~! with
(=" eqp-3)
1 1 a 0 . 2 k
P = 0 bl D= 0 bl with roots a,b of 2° —e(y j_g)z+(=1)" =
0. Thus a+b = e(1 x—3) and ab = (—1)*, so
_ 1 [ —ab(a® ! —bpv 1) a* —b*
u __ U 1 _
MY = PD"P = a— b —ab(a“ _ bu) au+1 o bu+1

and it proves the Theorem that
_ 1 (_1)k71(at73 _ bt73) at72 _ bt72 e(l,r)
Frtir = mX [ (—1)k1(al2 — pi=2) gi=1 — pi-1 com |
O

Thus any Fj4, is obtained by e x—3), €(1,), €1,x) and e ), where
the first three are in the 1st row and the last one is in the 2nd row in
the k£ columns Fibonacci matrix.

EXAMPLE 4.2. For Fyg, consider k = 7 for instance. Write a and b
be roots of x* — e — 1= 2?2 —3x — 1 =0. Due to Theorem 4.1,

Fog = F :L[l e ][0 1 ]12[6(1,1)]
99 = a1 =Ty anl| 4 e e(21)
1 11 _pll 12 p—12
= [1 3] a12 b12 ¢ 13 ’ 13 : .
a—b a“—>b a”—b 8

But since a® = 3a+1, a® = 3(3a+1)+a = 10a+3, we have a'! = 2a+2,
a'? = 8a + 2 and a'® = 8. Hence

a' — b =2(a—b), a? -2 =8(a—b), a'®—b'® =0(modF; =13),
and so Fyg is congruent to

aib[l?)][;EZ:Z% 8(a0—b)][é]:[13][§ g} [515]512‘

In fact, Fog = 218,922,995, 834, 555,169, 026 = 12 (mod 13).

The smallest integer h > 0 satisfying Fj, = 0 and Fj41 = 1 (mod n)
is called the period of Fibonacci sequence by mod n. We write h =
perp(n). Investigating the period of Fibonacci have been studied since
Wall [7], so the period is usually called the Wall number by many re-
searchers ([1]). A theorem about the period by mod Fibonacci numbers
is as follows.
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2k if k: even .

THEOREM 4.3. perp(Fy) {4k k- odd In particular we have
the table.

k | Fr [ perp(Fr) [ k] Fe | perp(Fy)

13 |perp(3) =8=2-4 515 |perp(5) =20=4-5

6 |8 perp(8)=12=2-6 7113 | perp(13)=28=4-7

8 |21 |perp(21) =16=2-8 934 |perp(34)=36=4-9

10 | 55 | perp(55) =20=2-10 11|89 | perp(89)=44=4-11

12 | 144 | perp(144) =24 = 2-12 || 13 | 233 | perp(233) =52 = 4- 13

The proof is due to Theorem 2.3 and Corollary 2.4. And Theorem
4.2 shows that period perp(F})) depends on only k£ not on Fj, and is
relatively short period comparing to the other perp(n). For example,

perp(987) = perp(Fig) = 32, perp(1597) = perp(Fi7) = 68,

however perp(n) for 970 < n < 985 is equal to
2940, 970, 648, 368, 2928, 1400, 120, 652, 984,
220, 1680, 216, 1470, 1968, 120, 1980

which show very long periods.
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