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Abstract 
 
Blasius equation describes the boundary layer formed over a flat plate inside a fluid and this equation is solved 

numerically by the method of moments which is a type of weighted residual methods. Compared to the tradition-
ally used Runge  Kutta Method, Method of Moments propose a direct solution to Blasius Equation which makes 
it easier to solve. The obtained solutions show good agreement with the results found in literature and this study 
aims to demonstrate the power of the method. 
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1. Introduction  

It is one of the mostly used procedures to calculate 
the viscous flow around objects in fluid flow by cou-
pling the potential flow with the boundary layer theo-
ry. A general procedure consists of solving the poten-
tial flow around the object by the boundary element 
method and making the viscous corrections by 
Blasius equation. 

Prandtl first time presented the boundary layer 
theory in 1904 which was originally presented for 
laminar flow [1]. The theory suggests that the ve-
locity on the surface of a stationary body is equal to 
zero and becomes equal to the outer flow velocity 
over a thin layer called the boundary layer. The 
theory is accepted by scientific societies and helped 
optimizing the design of aircrafts, marine craft and 
other equipment using fluid flow. The boundary 
layer theory is now commonly used and imple-
mented in many fields of science and engineering. 

Blasius equation represents the boundary layer on 
a flat plate and is derived from the momentum 

equation. There are some analytical solutions of-
fered to it [2  5]; however they contain approxima-
tions just like numerical methods do. It is a form of 
the Falkner  Skan equations representing the lami-
nar wedge flows. A special case of wedge flow 
arises when the infinitely thin plate is placed paral-
lel to the incoming flow giving rise to Blasius equa-
tion. 

There are many numerical methods presented in 
the literature to solve the equation numerically. The 
pioneering work of Howarth has proved to be the 
first attempt in solving the laminar boundary layer 
equations by Runge  Kutta method [6]. An ap-
proximate solution using the homotopy perturbation 
method was preferred by Filobello  Nino et al. [7] 
while Paranda et al. has suggested to use the sinc  
collocation method [8]. Coupled method combining 
the iteration and the perturbation methods was used 
by He to obtain high accuracy of the equation [9]. 
Benlahsen et al. have applied Blasius equation for 
the solution to non  Newtonian fluids while prov-
ing the existence and uniqueness of the results [10]. 
Cortell has extended the work to a more generalized 
form of the equation [11] and Fang et al. suggested 
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that the extended form shows temperature depend-
ent property of the fluid flow over a flat plate [12]. 

There are also numerical solutions presented to the 
more generalized Falkner  Skan equations. The 
solutions and dependence on wedge angle were 
investigated by Hartree [13]. Rao has used two 
methods which were Galerkin and least squares 
methods to calculate the velocity profiles over a flat 
plate [14]. Asaithambi has plenty of works on the 
numerical solutions of the Falkner  Skan equation. 
He has used the first [15] and second [16] order 
finite difference methods, piecewise linear equa-
tions [17] and recursive evaluation of Taylor coef-
ficients [18]. 

This study proposes another method which is the 
method of moments and aims to show the robust-
ness of the method in dealing with ordinary differ-
ential equations. As it is widely known; before ap-
plying Runge  Kutta Method, a starting point for 
the iterative solution must be maintained by shoot-
ing method while Method of Moments offer a direct 
solution to the problem. The method proposed in 
this paper to numerically solve Blasius equation is 
applied for the first time in the literature. 

2. Derivation of Blasius Equation 

Blasius equation is a special form of the Falkner  
Skan equation which approximates the boundary 
layer formation over wedge flows. Falkner  Skan 
equation is given as: 
 

2(1 ) 0f ff f  (1) 
 

Here,  is the angle which the wedge makes with 
the axis of the flow. If the wedge is parallel to the 

the famous Blasius equation. Blasius equation 
therefore gives the boundary layer formation over 
flat plates and is frequently used for viscous correc-
tions to potential flow solutions. A brief derivation 
of Blasius equation is given below. 

A steady two dimensional Prandtl boundary layer 
equations for a flat plate given in figure 1 are given 
as: 
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Outer flow does not change vertically and the mo-
mentum equation for the outer flow reduces to: 

 
1dUU
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For y component of the momentum equation, sub-
stitution of eqn. (5) into eqn. (3) gives: 
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Let the stream function be defined as; 
 

( ) 2f Ux  (7) 
 
Here  is the dimensionless variable used instead of 
the y  component of the subjected flow. Presenta-
tion of the velocity components in terms of the 
stream function brings; 
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where y momentum equation can be rewritten as: 
 

2 2 3
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Substitution of eqn. (7) into eqn. (9) and rearrang-
ing the resulting equation after some transfor-
mations brings: 
 

( ) ( ) ( ) 0f f f  (10) 
 
Eqn. (10) is named as the Blasius equation and is 
widely used for determining the laminar boundary 
layer flows along flat plates. For wider explanation 
of the theory, reference [19] could be referred to. 

 
Figure 1. Representation of the flow over a flat plate 
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3. Solution Procedure with the Method of 

Moments 

The method of moments is a subset of the 
weighted residual methods and is generally used in 
numerical electromagnetic studies. The main idea 
of the method of moments is to set the residual er-
ror to zero through prescribed conditions. The 
method is generally applied in five steps which may 
be summarized as: 

 
1. The trial function is stated with unknown coef-

ficients. 
2. Boundary and initial conditions are used to 

satisfy the trial functions. 
3. Residual is defined. 
4. Weighted residual is set equal to zero and the 

solutions to the equations are obtained. 
5. After successive approximations, the error is 

examined and convergence is achieved when the 
desired error is caught. 

 
A function of the form by a polynomial degree n 
with respect to Weierstrass approximation theorem 
could be stated as; 
 

1
1 1 0( ) n n

n nP x a x a x a x a  (11) 
 
where na is the leading coefficient. Eqn. (11) is 
called a genuine n^th degree polynomial and ac-
cording to the theorem every continuous function 
can be approximated in an interval [a,b]. 
The Blasius equation concerning the boundary layer 
flow over a flat plate is approximated using Weier-
strass approximation theorem and the trial function 
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Blasius equation involves the first, second and the 
third derivatives of the trial function. Taking these 

ns: 
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The unknown parameters a and b can be found by 
applying the boundary conditions; 
 

0: ( ) 0 0f a  (16) 
 

0 : ( ) 0 0f b  (17) 
 
The last boundary condition states that the velocity 
of the flow over the flat plate becomes equal to the 
outer flow velocity as the dimensionless vertical 

function with the infinity boundary condition,  is 
selected to be equal to 5. So the last boundary con-
dition becomes: 
 

5: ( ) 1f  (18) 
 
Following the solution procedure, the residual must 

 
 

( ) ( ) ( ) ( )R f f f  (19) 
 
Weighted functions are defined as power of inde-
pendent variation (or variations) in the method of 
moments. 
 

1; 1,2,3, ,n
nw n N  (20) 

 
1 0; 1,2,3, ,n

nw Rd R d n N  (21) 

 
The method of moments forces the residual to zero 
when weighted by increasingly higher members of 
a complete set of functions, so as N becomes large 
the residual must approach to zero. [20]
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4. Comparison of the Results 

Boundary layer over a flat plate in uniform flow is 
solved with the method of moments which is one of 
the weighted residual methods. The solutions are 
compared with the fourth order Runge  Kutta inte-
gration used together with the shooting method 
which is a frequent solution procedure used to solve 
the Blasius equation. The obtained results for f( ), 
f'( ) and f''( ) are given in figures 2, 3 and 4 respec-
tively. 

Analyzing the figures, it could be stated that quite 
good agreements are found for all f( ) and its deriv-
atives. It could be seen that as  goes to infinity the 
outer flow velocity is grasped. Higher accuracy can 
be obtained at higher trial function degrees. How-
ever for such higher precision solutions, the compu-
tation time must be taken into consideration. 

The tabular version of the graphics given in the 
figures can be seen from table 1. 

5. Conclusion 

Blasius equation is a third order nonlinear ordi-
nary differential function which represents the vis-
cous fluid flow over a flat plate with a laminar 
boundary layer. There are lots of ways to solve this 
equation numerically as per open literature, with 
many books preferring to publish the approximated 
solution using Runge  Kutta method. This study 
approaches to solve Blasius equation with the 
Method of Moments which is one of the weighted 
residual methods. Method of moments is easy to 
implement and proposes a wide range of study 
fields. Compared to the traditionally used Runge  
Kutta Method, Method of Moments initiates a faster 
solution. The goal of this study is to demonstrate 

the power of the method of moments which is not a 
frequently used method in aero / hydromechanics. 
Despite the less interest shown in the method of 
moments, this study proves that it offers a powerful 
tool to accurately calculate the velocity profile over 

could be applied to numerically solve many other 
problems in mechanics involving fluid flow. 
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