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REMARKS ON THE PAPER: ORTHOGONALLY
ADDITIVE AND ORTHOGONALLY QUADRATIC

FUNCTIONAL EQUATION

Hark-Mahn Kim*, Kil-Woung Jun**, and Ahyoung Kim***

Abstract. The main goal of this paper is to present the addi-
tional stability results of the following orthogonally additive and
orthogonally quadratic functional equation

f(
x

2
+ y) + f(

x

2
− y) + f(

x

2
+ z) + f(

x

2
− z)

=
3

2
f(x)− 1

2
f(−x) + f(y) + f(−y) + f(z) + f(−z),

for all x, y, z with x ⊥ y, which has been introduced in the pa-
per [11], in orthogonality Banach spaces and in non-Archimedean
orthogonality Banach spaces.

1. Introduction

In 1897, K. Hensel [7] has provided a normed space which does not
have the Archimedean property. It turned out that non-Archimedean
spaces have many nice applications([2, 9, 10, 15]). Let K be a field
equipped with a function (valuation) | · | from K into [0,∞). The field K
is called a non-Archimedean field if the function | · | : K→ [0,∞), called
the non-Archimedean valuation, satisfies the following conditions:

(1) |r| = 0 if and only if r = 0;
(2) |rs| = |r||s| (r ∈ K, x ∈ X);
(3) the strong triangle inequality: |r + s| ≤ max{|r|, |s|}, ∀r, s ∈ K.
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Clearly |1| = | − 1| = 1 and |n| ≤ 1 for all n ∈ N.
Let X be a vector space over a non-Archimedean field K with a non-

Archimedean valuation | · |. A function ‖ · ‖ : X → [0,∞) is said to be
a non-Archimedean norm if it satisfies the following conditions:

(1) ‖x‖ = 0 if and only if x = 0;
(2) ‖rx‖ = |r|‖x‖ (r ∈ K, x ∈ X);
(3) the strong triangle inequality

‖x + y‖ ≤ max{‖x‖, ‖y‖}, ∀x, y ∈ X.

In this case, (X, ‖ · ‖) is called a non-Archimedean normed space.

Definition 1.1. Let {xn} be a sequence in a non-Archimedean normed
space X. Then the sequence {xn} is called Cauchy if for a given ε > 0
there is a positive integer n0 such that

‖xn − xm‖ ≤ ε

for all n,m ≥ n0. The sequence {xn} is called convergent if for a given
ε > 0 there is a positive integer n0 and an x ∈ X such that

‖xn − x‖ ≤ ε

for all n ≥ n0. Then we call x ∈ X a limit of the sequence {xn}, and
denote by limn→∞ xn = x. If every Cauchy sequence in X converges,
then the non-Archimedean normed space X is called a non-Archimedean
Banach space.

A.G. Pinsker [16] have investigated properties of orthogonally addi-
tive functionals on inner product spaces. K. Sundaresan [20] generalized
these results to arbitrary Banach spaces equipped with the Birkhoff-
James orthogonality [1, 8]. The orthogonal Cauchy functional equation

f(x + y) = f(x) + f(y), x ⊥ y,

was first investigated by S. Gudder and D. Strawther [6], where ⊥ is an
abstract orthogonality relation.

In 1985, J. Rätz [18] introduced a new definition of orthogonality by
using more restrictive axioms than those of S. Gudder and D. Strawther.
Moreover, he investigated the structure of orthogonally additive map-
pings. J. Rätz and Gy. Szabó [19] investigated the problem in a rather
more general framework.

We introduce the definition of the orthogonality space in the sense of
J. Rätz; cf. [18].

Suppose X is a real vector space with dimX ≥ 2 and ⊥ is a binary
relation on X with the following properties:
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(O1) totality of ⊥ for zero: x ⊥ 0, 0 ⊥ x for all x ∈ X;
(O2) independence: if x, y ∈ X − 0, x ⊥ y, then x, y are linearly inde-

pendent;
(O3) homogeneity: if x, y ∈ X−0, x ⊥ y, then αx ⊥ βy for all α, β ∈ R;
(O4) the Thalesian property: if P is a 2-dimensional subspace of X,

x ∈ P and λ ∈ R+, which is the set of nonnegative real numbers,
then there exists y0 ∈ P such that x ⊥ y0 and x + y0 ⊥ λx− y0.

In this case, the pair (X,⊥) is called an orthogonality space and we
denote an orthogonality normed space by an orthogonality space with a
norm. There are some well-known interesting examples as follows:

(i) The trivial orthogonality on a vector space X defined by (O1), and
for non-zero elements x, y ∈ X, x ⊥ y if and only if x, y are linearly
independent.

(ii) The ordinary orthogonality on an inner product space (X, 〈, 〉)
given by x ⊥ y if and only if < x, y >= 0.

(iii) The Birkhoff-James orthogonality on a normed space (X, ||.||) de-
fined by x ⊥ y if and only if ||x + λy|| ≥ ||x|| for all λ ∈ R.

R. Ger and J. Sikorska [5] have proved the orthogonal stability of the
Cauchy functional equation f(x+y) = f(x)+f(y), namely, they proved
that if f is a mapping from an orthogonality space X into a real Banach
space Y and ||f(x+y)−f(x)−f(y)|| ≤ ε for all x, y ∈ X with x ⊥ y and
some ε > 0, then there exists exactly one orthogonally additive mapping
g : X → Y such that ‖f(x)− g(x)‖ ≤ 16

3 ε for all x ∈ X.
Now, the following orthogonally quadratic equation

f(x + y) + f(x− y) = 2f(x) + 2f(y), x ⊥ y

was first investigated by F. Vajzović [22] when X is a Hilbert space,
Y is the scalar field, f is continuous and ⊥ means the Hilbert space
orthogonality. After that H. Drljević [3], M. Fochi [4], M.S. Moslehian
[12, 13], M.S. Moslehian and Th.M. Rassias [14], L. Paganoni and J.
Rätz [17] and Gy. Szabó [21] generalized this result.

The authors in the paper [11] have proved the stability results for the
following orthogonally additive and orthogonally quadratic functional
equation

0 = Df(x, y, z)

:= f(
x

2
+ y) + f(

x

2
− y) + f(

x

2
+ z) + f(

x

2
− z)

−3
2
f(x) +

1
2
f(−x)− f(y)− f(−y)− f(z)− f(−z)
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for all x, y, z ∈ X with x ⊥ y. If a mapping f with Df(x, y, z) = 0 is
odd, then

f(
x

2
+ y) + f(

x

2
− y) + f(

x

2
+ z) + f(

x

2
− z) = 2f(x),

and if f is an even mapping satisfying Df(x, y, z) = 0, then

f(
x

2
+ y) + f(

x

2
− y) + f(

x

2
+ z) + f(

x

2
− z) = f(x) + 2f(y) + 2f(z),

for all x, y, z ∈ X with x ⊥ y. Therefore the authors [11] have introduced
the following definitions.

Definition 1.2. [11] A mapping f : X → Y is called an orthogonally
additive mapping if

f(
x

2
+ y) + f(

x

2
− y) + f(

x

2
+ z) + f(

x

2
− z) = 2f(x)

for all x, y, z ∈ X with x ⊥ y.

Definition 1.3. [11] A mapping f : X → Y is called an orthogonally
quadratic mapping if

f(
x

2
+ y) + f(

x

2
− y) + f(

x

2
+ z) + f(

x

2
− z) = f(x) + 2f(y) + 2f(z)

for all x, y, z ∈ X with x ⊥ y.

In this paper, we are going to introduce some additional stability re-
sults of the orthogonally additive and orthogonally quadratic functional
equation Df(x, y, z) = 0.

2. Approximate orthogonally additive and orthogonally qua-
dratic mappings

Throughout this section, assume that (X,⊥) is an orthogonality space
and that (Y, ‖ · ‖Y ) is a Banach space.

We observe that if a mapping f satisfies

f(
x

2
+ y) + f(

x

2
− y) + f(

x

2
+ z) + f(

x

2
− z) = 2f(x)

for all x, y, z ∈ X with x ⊥ y, then we easily see that (i) f(0) = 0; (ii)
f(−y) = −f(y); (iii) f(x

2 ) = 1
2f(x); (iv) f(x

2 + z) + f(x
2 − z) = f(x)

for all x, y, z ∈ X, and so f is additive. The converse is trivially true.
Similarly, if a mapping f : X → Y satisfies

f(
x

2
+ y) + f(

x

2
− y) + f(

x

2
+ z) + f(

x

2
− z) = f(x) + 2f(y) + 2f(z)
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for all x, y, z ∈ X with x ⊥ y, then we obtain that (i) f(0) = 0; (ii)
f(−y) = f(y); (iii) f(x

2 ) = 1
4f(x); (iv) f(x

2+z)+f(x
2−z) = x

2f(x)+2f(z)
for all x, y, z ∈ X, and so f is quadratic. The converse is trivially true.

At first, we state some stability results of the functional equation
Df(x, y, z) = 0 in the reference [11].

Theorem 2.1. [11] Let ϕ : X3 → [0,∞) be a function such that
there exists an 0 < α1 < 1 (0 < α2 < 1, resp.) with

ϕ(x, y, z) ≤ 2α1ϕ(
x

2
,
y

2
,
z

2
),

(
ϕ(x, y, z) ≤ α2

2
ϕ(2x, 2y, 2z), resp.

)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be an odd mapping
satisfying

‖Df(x, y, z)‖Y ≤ ϕ(x, y, z)(2.1)

for all x, y, z ∈ X with x ⊥ y. Then there exists a unique orthogonally
additive mapping L1 : X → Y (L2 : X → Y, resp.) such that

‖f(x)− L1(x)‖Y ≤ α1

2− 2α1
ϕ(x, 0, 0),

(‖f(x)− L2(x)‖Y ≤ 1
2− 2α2

ϕ(x, 0, 0), resp.
)

for all x ∈ X.

Theorem 2.2. [11] Let ϕ : X3 → [0,∞) be a function such that
there exists an 0 < α3 < 1 (0 < α4 < 1, resp.) with

ϕ(x, y, z) ≤ 4α3ϕ(
x

2
,
y

2
,
z

2
),

(
ϕ(x, y, z) ≤ α4

4
ϕ(2x, 2y, 2z), resp.

)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be an even mapping satis-
fying (2.1). Then there exists a unique orthogonally quadratic mapping
Q1 : X → Y (Q2 : X → Y, resp.) such that

‖f(x)−Q1(x)‖Y ≤ α3

1− α3
ϕ(x, 0, 0),

(‖f(x)−Q2(x)‖Y ≤ 1
1− α4

ϕ(x, 0, 0), resp.
)

for all x ∈ X.
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Theorem 2.3. Let ϕ : X3 → [0,∞) be a function such that there
exists an 0 < α < 1 with

ϕ(x, y, z) ≤ 2αϕ(
x

2
,
y

2
,
z

2
)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be a mapping satisfying

‖Df(x, y, z)‖Y ≤ ϕ(x, y, z)(2.2)

for all x, y, z ∈ X with x ⊥ y. Then there exist an orthogonally additive
mapping L1 : X → Y and an orthogonally quadratic mapping Q1 : X →
Y such that

‖f(x)− L1(x)−Q1(x)‖Y(2.3)

≤
( α

4(1− α)
+

α

2(2− α)

)
[ϕ(x, 0, 0) + ϕ(−x, 0, 0)]

for all x ∈ X. The functions L1 and Q1 are given by

L1(x) = lim
k→∞

1
2k

f(2kx), Q1(x) = lim
k→∞

1
22k

f(2kx),

for all x ∈ X.

Proof. Let fo(x) = f(x)−f(−x)
2 and fe(x) = f(x)+f(−x)

2 . Then fo is an
odd mapping and fe is an even mapping such that f = fo + fe. From
(2.2), we get that

‖Dfo(x, y, z)‖Y ≤ 1
2
[ϕ(x, y, z) + ϕ(−x,−y,−z)],(2.4)

‖Dfe(x, y, z)‖Y ≤ 1
2
[ϕ(x, y, z) + ϕ(−x,−y,−z)]

for all x, y, z ∈ X with x ⊥ y.
Then by Theorem 2.1 (α1 := α) and by Theorem 2.2 (α3 := α

2 ), there
exist a unique orthogonally additive mapping L1 : X → Y , defined by
L1(x) = limk→∞ 1

2k f(2kx), and a unique orthogonally quadratic map-
ping Q1 : X → Y , defined by Q1(x) = limk→∞ 1

22k f(2kx), such that

‖fo(x)− L1(x)‖Y ≤ α

(1− α)4
[ϕ(x, 0, 0) + ϕ(−x, 0, 0)],

‖fe(x)−Q1(x)‖Y ≤ α

(2− α)2
[ϕ(x, 0, 0) + ϕ(−x, 0, 0)]

for all x ∈ X, respectively. Therefore, we obtain the desired inequality
(2.3), which completes the proof.
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Corollary 2.4. [11] Assume that (X,⊥) is an orthogonality normed
space. Let θ be a positive real number and p a real number with 0 <
p < 1. Let f : X → Y be a mapping satisfying

‖Df(x, y, z)‖Y ≤ θ(‖x‖p + ‖y‖p + ‖z‖p)(2.5)

for all x, y, z ∈ X with x ⊥ y. Then there exist orthogonally additive
mapping L1 : X → Y and orthogonally quadratic mapping Q1 : X → Y
such that

‖f(x)− L1(x)−Q1(x)‖Y ≤
( 2p−1

2− 2p
+

2p

4− 2p

)
θ‖x‖p

for all x ∈ X.

Proof. The proof follows from Theorem 2.3 by taking ϕ(x, y, z) =
θ(‖x‖p + ‖y‖p + ‖z‖p) for all x, y, z ∈ X with x ⊥ y, and α = 2p−1.

Theorem 2.5. Let ϕ : X3 → [0,∞) be a function such that there
exist an 0 < α < 1 with

ϕ(x, y, z) ≤ α

4
ϕ(2x, 2y, 2z)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be a mapping satisfying
(2.2). Then there exist an orthogonally additive mapping L2 : X → Y
and an orthogonally quadratic mapping Q2 : X → Y such that

‖f(x)− L2(x)−Q2(x)‖Y(2.6)

≤
( 1

2(2− α)
+

1
2(1− α)

)
[ϕ(x, 0, 0) + ϕ(−x, 0, 0)]

for all x ∈ X. The functions L2 and Q2 are given by

L2(x) = lim
k→∞

2kf(
x

2k
), Q2(x) = lim

k→∞
22kf(

x

2k
),

for all x ∈ X.

Proof. It follows from Theorem 2.1 (α2 := α
2 ) and from Theorem 2.2

(α4 := α) that there exist a unique orthogonally additive mapping L2 :
X → Y , defined by L2(x) = limk→∞ 2kf( x

2k ), and a unique orthogonally
quadratic mapping Q2 : X → Y , defined by Q2(x) = limk→∞ 22kf( x

2k ),
such that

‖fo(x)− L2(x)‖Y ≤ 1
(2− α)2

[ϕ(x, 0, 0) + ϕ(−x, 0, 0)],

‖fe(x)−Q2(x)‖Y ≤ 1
(1− α)2

[ϕ(x, 0, 0) + ϕ(−x, 0, 0)]
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for all x ∈ X, respectively. Therefore, we obtain the inequality (2.6),
which completes the proof.

Corollary 2.6. [11] Assume that (X,⊥) is an orthogonality normed
space. Let θ be a positive real number and p a real number with p >
2. Let f : X → Y be a mapping satisfying (2.5). Then there exist
an orthogonally additive mapping L2 : X → Y and an orthogonally
quadratic mapping Q2 : X → Y such that

‖f(x)− L2(x)−Q2(x)‖Y ≤
( 2p−1

2p − 2
+

2p

2p − 4

)
θ‖x‖p

for all x ∈ X.

Proof. The proof follows from Theorem 2.5 by taking ϕ(x, y, z) =
θ(‖x‖p + ‖y‖p + ‖z‖p) for all x, y, z ∈ X with x ⊥ y, and α = 22−p.

Theorem 2.7. Let ϕ : X3 → [0,∞) be a function such that there
exist 0 < α1, α2 < 1 with

ϕ(x, y, z) ≤ 4α1ϕ(
x

2
,
y

2
,
z

2
) and ϕ(x, y, z) ≤ α2

2
ϕ(2x, 2y, 2z)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be a mapping satisfying
(2.2). Then there exist an orthogonally additive mapping L2 : X → Y
and an orthogonally quadratic mapping Q1 : X → Y such that

‖f(x)− L2(x)−Q1(x)‖Y(2.7)

≤
( 1

4(1− α2)
+

α1

2(1− α1)

)
[ϕ(x, 0, 0) + ϕ(−x, 0, 0)]

for all x ∈ X. The functions L2 and Q1 are given by

L2(x) = lim
k→∞

2kf(
x

2k
), Q1(x) = lim

k→∞
1

22k
f(2kx),

for all x ∈ X.

Proof. It follows from Theorem 2.1 and from Theorem 2.2 that there
exist a unique orthogonally additive mapping L2 : X → Y defined by
L2(x) = limk→∞ 2kf( x

2k ) and a unique orthogonally quadratic mapping
Q1 : X → Y defined by Q1(x) = limk→∞ 1

22k f(2kx) such that

‖fo(x)− L2(x)‖Y ≤ 1
(1− α2)4

[ϕ(x, 0, 0) + ϕ(−x, 0, 0)],

‖fe(x)−Q1(x)‖Y ≤ α1

(1− α1)2
[ϕ(x, 0, 0) + ϕ(−x, 0, 0)]

for all x ∈ X, respectively. Therefore, we obtain the inequality (2.7),
which completes the proof.
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Corollary 2.8. Assume that (X,⊥) is an orthogonality normed
space. Let θ be a positive real number and p a positive real number with
1 < p < 2. Let f : X → Y be a mapping satisfying (2.5). Then there
exist an orthogonally additive mapping L2 : X → Y and an orthogonally
quadratic mapping Q1 : X → Y such that

‖f(x)− L2(x)−Q1(x)‖Y ≤
( 2p−1

2p − 2
+

2p

4− 2p

)
θ‖x‖p

for all x ∈ X.

Proof. The proof follows from Theorem 2.7 by taking ϕ(x, y, z) =
θ(‖x‖p+‖y‖p+‖z‖p) for all x, y, z ∈ X with x ⊥ y, and α1 = 2p−2, α2 =
21−p.

3. Approximate orthogonally additive and orthogonally qua-
dratic mappings in non-Archimedean spaces

Throughout this section, assume that (X,⊥) is a non-Archimedean
orthogonality space and that (Y, ‖ · ‖Y ) is a non-Archimedean Banach
space. In this section, we introduce the stability results for the equa-
tion Df(x, y, z) = 0 in non-Archimedean spaces with valuation |2| < 1.
Above all, we state the main stability theorems given in the reference
[11].

Theorem 3.1. [11] Let ϕ : X3 → [0,∞) be a function such that
there exists an 0 < α1 < 1 (0 < α2 < 1, resp.) with

ϕ(x, y, z) ≤ |2|α1ϕ(
x

2
,
y

2
,
z

2
),

(
ϕ(x, y, z) ≤ α2

|2|ϕ(2x, 2y, 2z), resp.
)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be an odd mapping
satisfying

‖Df(x, y, z)‖Y ≤ ϕ(x, y, z)(3.1)

for all x, y, z ∈ X with x ⊥ y. Then there exists a unique orthogonally
additive mapping L1 : X → Y (L2 : X → Y, resp.) such that

‖f(x)− L1(x)‖Y ≤ α1

|2| − |2|α1
ϕ(x, 0, 0),

(‖f(x)− L2(x)‖Y ≤ 1
|2| − |2|α2

ϕ(x, 0, 0), resp.
)

for all x ∈ X.
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Theorem 3.2. [11] Let ϕ : X3 → [0,∞) be a function such that
there exists an 0 < α3 < 1 (0 < α4 < 1, resp.) with

ϕ(x, y, z) ≤ |4|α3ϕ(
x

2
,
y

2
,
z

2
),

(
ϕ(x, y, z) ≤ α4

|4|ϕ(2x, 2y, 2z), resp.
)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be an even mapping satis-
fying (3.1). Then there exists a unique orthogonally quadratic mapping
Q1 : X → Y (Q2 : X → Y, resp.) such that

‖f(x)−Q1(x)‖Y ≤ α3

1− α3
ϕ(x, 0, 0),

(‖f(x)−Q2(x)‖Y ≤ 1
1− α4

ϕ(x, 0, 0), resp.
)

for all x ∈ X.

Now, we introduce some additional stability results of orthogonally
additive and orthogonally quadratic functional equation Df(x, y, z) = 0
in non-Archimedean spaces.

Theorem 3.3. Let ϕ : X3 → [0,∞) be a function such that there
exists an 0 < α < 1 with

ϕ(x, y, z) ≤ |4|αϕ(
x

2
,
y

2
,
z

2
)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be a mapping satisfying
(3.1). Then there exist an orthogonally additive mapping L1 : X → Y
and an orthogonally quadratic mapping Q1 : X → Y such that

‖f(x)− L1(x)−Q1(x)‖Y ≤ α

|2|(1− α)
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

for all x ∈ X.

Proof. We note that

‖Dfo(x, y, z)‖Y ≤ 1
|2| max{ϕ(x, y, z), ϕ(−x,−y,−z)},(3.2)

‖Dfe(x, y, z)‖Y ≤ 1
|2| max{ϕ(x, y, z), ϕ(−x,−y,−z)}

for all x, y, z ∈ X with x ⊥ y. It follows from Theorem 3.1 (α1 := |2|α)
and from Theorem 3.2 (α3 := α) that there exist a unique orthogonally
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additive mapping L1 : X → Y and a unique orthogonally quadratic
mapping Q1 : X → Y such that

‖fo(x)− L1(x)‖Y ≤ α

|2|(1− |2|α)
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)},

‖fe(x)−Q1(x)‖Y ≤ α

|2|(1− α)
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

for all x ∈ X, respectively. Therefore, we obtain that

‖f(x)− L1(x)−Q1(x)‖Y

≤ max
{ α

|2|(1− |2|α)
,

α

|2|(1− α)

}
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

=
α

|2|(1− α)
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

for all x ∈ X, which completes the proof.

Corollary 3.4. [11] Assume that (X,⊥) is a non-Archimedean or-
thogonality normed space. Let θ be a positive real number and p a pos-
itive real number with p > 2. Let f : X → Y be a mapping satisfying
(2.5). Then there exist an orthogonally additive mapping L1 : X → Y
and an orthogonally quadratic mapping Q1 : X → Y such that

‖f(x)− L1(x)−Q1(x)‖Y ≤ |2|p−1θ

|2|2 − |2|p ‖x‖
p

for all x ∈ X.

Proof. Taking ϕ(x, y, z) := θ(‖x‖p + ‖y‖p + ‖z‖p) and α = |2|p−2, we
get the desired result by Theorem 3.3.

Theorem 3.5. Let ϕ : X3 → [0,∞) be a function such that there
exists an 0 < α < 1 with

ϕ(x, y, z) ≤ α

|2|ϕ(2x, 2y, 2z)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be a mapping satisfying
(3.1). Then there exist an orthogonally additive mapping L2 : X → Y
and an orthogonally quadratic mapping Q2 : X → Y such that

‖f(x)− L2(x)−Q2(x)‖Y ≤ 1
|2|2(1− α)

max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

for all x ∈ X.

Proof. It follows from Theorem 3.1 (α2 := α) and from Theorem 3.2
(α4 := |2|α) that there exist a unique orthogonally additive mapping
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L2 : X → Y and a unique orthogonally quadratic mapping Q2 : X → Y
such that

‖fo(x)− L2(x)‖Y ≤ 1
|2|2(1− α)

max{ϕ(x, 0, 0), ϕ(−x, 0, 0)},

‖fe(x)−Q2(x)‖Y ≤ 1
|2|(1− |2|α)

max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

for all x ∈ X, respectively. Therefore, we obtain that

‖f(x)− L2(x)−Q2(x)‖Y

≤ max
{ 1
|2|2(1− α)

,
1

|2|(1− |2|α)

}
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

=
1

|2|2(1− α)
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

for all x ∈ X, which completes the proof.

Corollary 3.6. [11] Assume that (X,⊥) is a non-Archimedean or-
thogonality normed space. Let θ be a positive real number and p a pos-
itive real number with p < 1. Let f : X → Y be a mapping satisfying
(2.5). Then there exist an orthogonally additive mapping L2 : X → Y
and an orthogonally quadratic mapping Q2 : X → Y such that

‖f(x)− L2(x)−Q2(x)‖Y ≤ |2|p−2θ

|2|p − |2|‖x‖
p

for all x ∈ X.

Proof. The proof follows from Theorem 3.5 by taking ϕ(x, y, z) :=
θ(‖x‖p + ‖y‖p + ‖z‖p) for all x, y, z ∈ X with x ⊥ y, and α = |2|1−p.

Theorem 3.7. Let ϕ : X3 → [0,∞) be a function such that there
exist 0 < α1, α2 < 1 with

ϕ(x, y, z) ≤ |2|α1ϕ(
x

2
,
y

2
,
z

2
) and ϕ(x, y, z) ≤ α2

|4|ϕ(2x, 2y, 2z)

for all x, y, z ∈ X with x ⊥ y. Let f : X → Y be a mapping satisfying
(3.1). Then there exist an orthogonally additive mapping L1 : X → Y
and an orthogonally quadratic mapping Q2 : X → Y such that

‖f(x)− L1(x)−Q2(x)‖Y

≤ max
{ α1

|2|2(1− α1)
,

1
|2|(1− α2)

}
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

for all x ∈ X.
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Proof. It follows from Theorem 3.1 and from Theorem 3.2 that there
exist a unique orthogonally additive mapping L1 : X → Y and a unique
orthogonally quadratic mapping Q2 : X → Y such that

‖fo(x)− L1(x)‖Y ≤ α1

|2|2(1− α1)
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)},

‖fe(x)−Q2(x)‖Y ≤ 1
|2|(1− α2)

max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

for all x ∈ X, respectively. Therefore, we obtain that

‖f(x)− L1(x)−Q2(x)‖Y

≤ max
{ α1

|2|2(1− α1)
,

1
|2|(1− α2)

}
max{ϕ(x, 0, 0), ϕ(−x, 0, 0)}

for all x ∈ X, which completes the proof.

Corollary 3.8. Assume that (X,⊥) is a non-Archimedean orthog-
onality normed space. Let θ be a positive real number and p a positive
real number with 1 < p < 2. Let f : X → Y be a mapping satisfying
(2.5). Then there exist an orthogonally additive mapping L1 : X → Y
and an orthogonally quadratic mapping Q2 : X → Y such that

‖f(x)− L1(x)−Q2(x)‖Y ≤ max
{ |2|p−2

|2| − |2|p ,
|2|p−1

|2|p − |2|2
}

θ‖x‖p

for all x ∈ X.

Proof. The proof follows from Theorem 3.7 by taking ϕ(x, y, z) =
θ(‖x‖p+‖y‖p+‖z‖p) for all x, y, z ∈ X with x ⊥ y, and α1 = |2|p−1, α2 =
|2|2−p.
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[22] F. Vajzović, Uber das Funcktional H mit der Eigenschaft: (x, y) = 0 ⇒ H(x +
y) + H(x− y) = 2H(x) + 2H(y), Glasnik Mat. Ser. III 2 22 (1967), 73–81.



Remarks on orthogonal stability results 391

*
Department of Mathematics
Chungnam University
Daejeon 305-764, Republic of Korea
E-mail : hmkim@cnu.ac.kr

**
Department of Mathematics
Chungnam University
Daejeon 305-764, Republic of Korea
E-mail : kwjun@cnu.ac.kr

***
Department of Mathematics
Chungnam University
Daejeon 305-764, Republic of Korea
E-mail : aykim111@hotmail.com




