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THE ONE-SIDED QUADRANGULAR FUZZY SETS

YoNG SIK YUN* AND BONGJU LEE**

ABSTRACT. We define one-sided quadrangular fuzzy sets, a left
quadrangular fuzzy set and a right quadrangular fuzzy set. And
then we generalize the results of addition, subtraction, multiplica-
tion, and division based on the Zadeh’s extension principle for two
one-sided quadrangular fuzzy sets. In addtion, we find the con-
dition that the result of addition or subtraction for two one-sided
quadrangular fuzzy sets becomes a triangular fuzzy number.

1. Introduction

We can already find so many generalized results of four operations
based on Zadeh’s extension principle for two triangular fuzzy numbers,
two generalized triangular fuzzy sets, and two generalized trapezoidal
fuzzy sets([1], [2]). Nevertheless, there are not the results of quadrangu-
lar fuzzy sets.

In this paper, we consider the results of operations for two quadran-
gular fuzzy sets, in particular for two one-sided quadrangular fuzzy sets.
Thus we define one-sided quadrangular fuzzy sets and generalize the re-
sutls of four operations for them. The four operations for two one-sided
quadrangular fuzzy sets are based on the Zadeh’s extension principle
just like our other papers([1], [2]). The definition of the operations for
two fuzzy sets, (A, ua) and (B, up), is given in definition 2.4 once again.

Meanwhile, we define a pentagonal fuzzy number in definition 2.3 to
generalize the results of four operations for two one-sided quadrangular
fuzzy sets. In addtion, we look for the conditions that the result of ad-
dition or subtraction for two one-sided quadrangular fuzzy sets becomes
a triangular fuzzy number, and provide some examples for them.
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2. Preliminaries

We use the following definition 2.1. which is already defined([2]) to
generalize the results of four operations for two fuzzy sets.

DEFINITION 2.1. The set A, = {z € X|ua(z) > a} is said to be the
a-cut of a fuzzy set A.

The following definition of a triangular fuzzy number is already used
in a few of papers([1], [2]).

DEFINITION 2.2. A triangular fuzzy numberis a fuzzy set A = (a1, ag,
a3) having membership function

0, r<aj,a3 <
pa() = e, a1 <x<a

a3—x

as—ag> @2 <z < as.

We define a pentagonal fuzzy number to generalize the results of this
paper as follows.

DEFINITION 2.3. A pentagonal fuzzy number is a fuzzy set A having
membership function

0, r<ai,as <
2(2;1(111), a1 <z <as
pA(T) = Fageayy T 1 a2 <z <as
2(24723) +1, a3<xz<ay
a5—T ay <z < as

2(as—aq)’

where a; € R,i = 1,2,3,4,5 , a1 + ag # 2a9, and az + a5 # 2a4. This
pentagonal fuzzy number is denoted by A = (a1, ag, as, a4, as).

The following definition of four operations for two fuzzy sets is based
on the Zadeh’s extention principle([3], [4], [5]).

DEFINITION 2.4. The addition, subtraction, multiplication, and divi-
sion of two fuzzy sets, A and B, are defined as
1. A(+)B: HA(+)B B(z) = SUPz=g+y min{MA(:U)MuB(y)}? reAyeB
(=)B : pa-)p(2) = sup,—, , min{pa(z), up(y)}, © € A,y € B
3. A()B : ) <z> — sup.._, min{pa (@), s ()}, @ € Ay € B
4. A(/)B CHA(/ B(z) = SUP.—=gz/y mln{:u’A( )7MB(y)}7 reAyeB.
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We define a one-sided quadrangular fuzzy set and generalize about
four operations for two left(right) quadrangular fuzzy sets in the follow-
ing section 3. In particular, we investigate, given a left quadrangular
fuzzy set A, there is a left quadrangular fuzzy set B such that A(+)B
becomes a triangular fuzzy number. Similarly, we show, given a right
quadrangular fuzzy set A, there is a left quadrangular fuzzy set B such
that A(—)B becomes a triangular fuzzy number.

3. The one-sided quadrangular fuzzy sets

DEFINITION 3.1. A left quadrangular fuzzy set is a fuzzy set A having
membership function

0, r<a, a4 <x
- Ty mEe<

Haz—az) +1, as <z <as

(;14__53, az3 < x < ay

where a; € R,7 = 1,2,3,4 and a1 + a3 # 2as. This left quadrangular
fuzzy set is denoted by A = (a1, ab, a3, aq).

REMARK 3.2. In particular, in order for a left quadrangular A to be
a triangular fuzzy number, it is necessary that 2as = a1 + a3 should be
met.

Proof. In order for A to be a triangular fuzzy number, the slope of
pa(x) in [al, ag] should be same to the slope in [GQ, ag]. It means that
1

Sas—ar) — 2(as—aa)" Therefore, it is 2as = a1 + as. O

DEFINITION 3.3. A right quadrangular fuzzy set is a fuzzy set A
having membership function

0, r<a,a4<x
ja(z) = %gﬁ . Zli:ﬁ<a2

2(as—az) s 9 < x<as

2(22:23)7 a3 < x < ayq

where a; € R,i = 1,2,3,4 and a2 4+ a4 # 2a3. This right quadrangular
fuzzy set is denoted by A = (a1, az, a3, as).

REMARK 3.4. In particular, in order for a right quadrangular A to
be a triangular fuzzy number, it is necessary that 2a3 = a2 + a4 should
be met.
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Firstly, we generalize the results of addition, subtraction, multiplica-
tion, and division for two left quadrangular fuzzy sets in the following
thm 3.5.

THEOREM 3.5. For two left quadrangular fuzzy sets, A = (a1, a3, as,
as) and B = (b1, b3, b3, bs), the results of four operations are as follows;

1. A(+)B is a left quadrangular fuzzy set or a triangular fuzzy num-
ber.

2. A(—)B is a pentagonal fuzzy number.

3. A(-)B is a fuzzy set on (a1by,asby), but doesn’t need to be a left
quadrangular fuzzy set or a pentagonal fuzzy number.

4. A(/)B is a fuzzy set on (Z—i, Z—f), but doesn’t need to be a left
quadrangular fuzzy set or a pentagonal fuzzy number.

Proof. Note that

0, r<al,ay <
- |y <o

Haz—az) +1, as <z <as

&4__53, a3 <z < ay

and

0, < bl,b4 <z
pp(r) = Z(EQ:_Z” nEae

(bs—b) +1, by <z <bsg

g, by <7 < by

Four operations are calculated by using a-cuts. Let A, = [aga), aéa)]

and B, = [bga), béa)] are the a-cuts of A and B. We have to consider
()

a-cuts for two cases, 0 < a < % and % < a < 1. First, a = i B
2(ag — ay)
g — ol
anda:72for0<a§%. Thus,
2(&4 — a3)
A, = [204((12 —a1) + ar,alas —aq) + a4]
and
B, = [204(1)2 — bl) + b1, a(bg — b4) + b4] .
ag — G a4 — ol
Secondly, o = L 4t land o= —-2— for % < a < 1. Thus,
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Aq = [2(a — 1) (a3 — a2) + a3, a(as — a4) + a4)
and

B, = [2(04 —1)(bs — b2) + b3, a(bs — bs) + 54].

1. Addition : For 0 < a < %,

Aa(+)Ba = [a:([a) + b:(la),a;a) _‘_bga)]
= [2a(as — a1) + a1 + 2a(by — by) + by,
2(a—1)(az —az) + az + 2(a — 1)(bs — ba) + 53]

andfor%<oz§1,

Aa(—l-)Ba = [2(0[ — 1)(&3 — GQ) + a3 + 2(a — 1)(b3 — bg) + b3,
afaz — ag) + ag + abs — by) + by

If x € [al + by, a9 + bg}, then z = 20&(0,2 — al) + a1 + 20&(()2 — bl) + b1.

_ z—a1—b1 C . _ r—a3—b3
Thus a = s Ths—a1 1) Similarly, we obtain o = e Ths—as—b3) T 1

f[(?flxe [a2+bg,a3+b3] anda:% for xz € [a3+bg,a4+b4].
us

0, r<ay+b,a4+bs <z

__z—a1=b
2(az+b2—a1—b1)’ a1 +b <x<ay+by

MA(+)B(9U) = —as—b
m‘f‘l, az + by <z <ag+bs

(Mi‘gﬁ%, ag +bs < x < ay + by.
It generally satisfies a1 +b1+as+bs # 2(az+b2) because of a1 +as # 2as
and by +bs # 2ba, but it can satisfy a; + b1 +az+bs = 2(az+b2). If a1 +
bi1+as+bs 7é 2(a2+b2) then A(+)B = (a1 +b1, (a2+b2)*, asz+bs, a4—|—b4)
and if a1 +b1+as+bs = 2((12-1—1)2) then A(+)B = (a1+bl, as—+bs, a4+b4).
Therefore, A(+)B is a left quadrangular fuzzy set or a triangular fuzzy
number.

2. Subtraction : For 0 < a < %,
Ag(=)Ba = [l — () al®) — p{)]

= [20[((12 — al) + a1 — Oé(bg — b4) — by,
a(a3 — a4) +aq4 — 204([)2 — bl) — bl]
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andfor%<a§1,

Aa(—)Ba = [2(0& — 1)(0,3 — ag) + a3z — a(bg — b4) — by,
a(ag — a4) —+ a4 — 2(04 — 1)(b3 — bz) — bg] .

Ifz e |ag —b4,a2—%}, then x = 2a(ags —a1)+ a1 —a(bs —by) — by and

T —aj+ by .. x — a3+ b3
= . Similarly, we h = 1
Q Sy — 2a1 1 b1 — b imilarly, we have a 2@3—2a2+b4—b3+
by+b _ a3 — b3 —x
for z € [az — 324,a3—b3],a—a4_a3+2b3_2b2+1fora:e[ag—
a4—b1—:1:

b’a3+a4_b , da= fe c a3+a4_b, —by].
3, 55 9], and « P —T or x € [%3 2, a4 — 1]

Thus
0, r<ay—bg,as—b1 <z
T—ai1+by _ _ batby
202 —2a1 b1 b a1 124 % T < ag — 23
o — a9 + . . +
MA(—)B(m)— m+1, ag — 2572 <x <az—bs

az—bz—zx _ astaq __
aiastobs—ab; T 1 a3 — b3 <z < H5 b

as—b1—x aztaq _
\ a4—a3z+2b2—2by’ 2 by <z <as—bi.

Also, it satisfies that 2(as — %) # a1 — by + a3 — b and 2(%3f% —
ba) # asz — by + a4 — by because of 2ay # a1 + az and 2by # by + bs.
Therefore, A(—)B is a pentagonal fuzzy number and it is denoted by
A(—)B = (a1 — b4,a2 — #,ag — bg, % — bQ,a4 — bl).

3. Multiplication : For 0 < a < %,

Ao = W
= [{2a(a2 —aq) + a1 }{2a(by — by) + b1},
{a(as — as) + as}{a(bs — bs) + bs}]
andfor%<a§1,
Aa(")Ba = [{2(a — 1)(as — a2) + ag}{2(a — 1)(bg — bg) + bs},
{a(az — as) + as}{a(bs — by) + ba}].
If z € [albl,azbg], then z = {2a(as — a1) + a1 }{2a(bs — b1) + b1}.

Thus o = ﬁ( —bip—a1qg+ +/(b1p + a19)? — 4pg(a1by — x)) where p =

as — a1 and ¢ = by — by. Similarly, we obtain a = ﬁ(élrs — b3r —
ass + \/(4rs — byr — azs)? — 4rs(4rs — 2bsr — 2ags + agbs — 33)) where
r=a3z—ag and s = by — by for x € [agbg,agbg] and o = ﬁ( — byt —
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asu — \/(b4t + aqu)? — 4tu(aghy — x)) where t = a3 — a4 and s = b3 — by
for z € [agbg,a4b4]. Therefore, the membership function p4yp(z) of
A()B is

(

0, T < ayby, agby <=z
pq (= b1p — a1q) + /(bip + a19)? — dpg(arby — x)), a1by <z < azby
ﬁ(\/(élrs — bar — ags)? — 4rs(4rs — 2bsr — 2a3s + azbs — x)

+4rs — bgr — ags), asbs < x < agbs

ﬁ( — byt — agu — \/(b4t + a4u)2 — 4tu(a4b4 — .%')), agbs < x < asby

where p=a9s — a1, q=by— b1, r =a3—as, s = by — by, t = a3z — a4, and
s = bz —by. Hence A(-)B is a fuzzy set on (a1b1, agbs), but doesn’t need
to be a left quadrangular fuzzy set or a pentagonal fuzzy number.

4. Division : For 0 < a < 3,

Aa(/)Ba = [a4 /65, a5 /b1

B [2&(@2 —a1)+ a1 alaz —aq) + 64}
a(bg — b4) + by ’ 204([)2 — bl) + by

andfor%<oz§1,

~ [2(a—1)(a3 —az2) + a3 alas —aq) + a4
Aa(/)Ba o |: Oz(bg — b4) =+ b4 ’ 2(a — 1)(b3 — b2) =+ b3:| ’

2a(ag — a1) + aq

It bs, as/ %3], then 2 = . Th
€ |a1/ba, az/>57*], then z albs —be) s us
o= bix + a1
(bs — by)z — 2(az —ay)’
We also have
byx + 2a2 — ag bs + by
- b
) (b3 — bs)x — 2(az — as) for =€ ay/ 2 ,a3/bs],
(3b3 - b2)$ + a4 as + ay
— b )
2(b3 — bg)x + a4 — ag fO?" T < [a?’/ 35 2 / 2]7
and
b
a= 12T h for ze[B% 0 /b,

2(b2 — bl)x + a4 — asg 2
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Therefore
O’ $<a1/b47a4/b1 <z
(b37b4b)4.%zxj2%127al)a al/b4 <z< QQ/W
paB(E) = Tty G2/ E S e <ayfby
M%’ az/bs < @ < 4T /by
S by <o < a by,

Hence A(/)B is a fuzzy set on (‘;—i, Z—‘l‘), but doesn’t need to be a left

quadrangular fuzzy set or a pentagonal fuzzy number. O

REMARK 3.6. Given a left quadrangular fuzzy set A, there is a left
quadrangular fuzzy set B such that A(+)B becomes a triangular fuzzy
number.

Proof. Let A = (a1,a3,a3,a4). We seek a function based on the left
quadrangular fuzzy set B = (b1, b3, b3, bs). Since by and by are arbitrary
we can randomly take them. Then by and b should satisfy the following
relation

1 1
2(CL2 + by —a; — bl) N 2(@3 + b3 —ag — bg)
Therefore, we have bg = 2as + 2by — a1 — ag — by. O
ExXAMPLE 3.7. For A = (1,2*,4,5), we have B = (3,6%,8,9) that
A(+)B becomes a triangular fuzzy number. Since by = —ay — by + 2a2 +
2by — a3, A(+)B = (4,12,14) and
0, r<4,14<zx
pap(@) =<4, A<z <12
Moz 19 <z < 14.

2 9

Subsequently, we generalize the results of four operations for two

right quadrangular fuzzy sets in the following theorem 3.8. For that, let

A = (a1,a2,a3,a4) and B = (by, by, b3, by), where a;,b; € R,i =1,2,3,4,
as + a4 # 2a3, and bs + by # 2b3.

THEOREM 3.8. For two right quadrangular fuzzy sets, A = (a1, az, a3,
as) and B = (by, by, b3, bs), the results of four operations are as follows;

1. A(+)B is a right quadrangular fuzzy set or a triangular fuzzy
number.

2. A(—)B is a pentagonal fuzzy number.

3. A(")B is a fuzzy set on (a1b1,asbs), but doesn’t need to be a right
quadrangular fuzzy set or a pentagonal fuzzy number.
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4. A(/)B is a fuzzy set on (Z—i, ‘;—f), but doesn’t need to be a right

quadrangular fuzzy set or a pentagonal fuzzy number.
Proof. The proof is similar with Theorem 3.5. 0

REMARK 3.9. Given a right quadrangular fuzzy set A, there is a right
quadrangular fuzzy set B such that A(+)B becomes a triangular fuzzy
number.

Proof. The proof is similar with Remark 3.6. 0

We generalize about addition and subtraction for a left quadrangu-
lar fuzzy set and a right quadrangular fuzzy set. For that, let A =
(al,aij,ag,a4) and B = (bl,bg,bg,b@, where a;,b; € R,i = 1,2,3,4,
a1 + az # 2az, and by + by # 2b3. Meanwhile it’s better to consider
B(—)A because A(—)B # B(—)A.

THEOREM 3.10. For a left quadrangular fuzzy set A and a right quad-
rangular fuzzy set B, the results of A(+)B, B(+)A, A(—)B, and B(—)A
are as follows;

1. A(+)B and B(+)A are the pentagonal fuzzy numbers.

2. A(—)B is a left quadrangular fuzzy set or a triangular fuzzy num-

ber.

3. B(—)A is a right quadrangular fuzzy set or a triangular fuzzy

number.

Proof. We calculate addition and subtration using a-cuts as in the

preceding. Let A, = [aga),aéa)] and B, = [bga),béa)] are the a-cuts

of A and B. We use A, and B, in Theorem 3.5 for two cases. First,

B\ — b by — by b0

=————and a= —=— fi <1 dl =1

— and « 201 — by) or 0 < a < 5. Secondly, a —
by — by

anda:m+lfor%<a§1. Thus,f0r0<a§%,

Ay = [204(@2 —a1) + a1, alas —aq) + a4],

By = [a(by — by) + b1, 2a(bs — bs) + ba]
andfor%<oz§17

Ao = [2(a — 1)(as — a2) + a3, a(as — as) + a4,

B, = [Oé(bg — bl) + by, 2(0& — 1)(b3 — b2) + bg] .
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1. A(+)B and B(+)A: For 0 < a < 1,

Aa(+)Ba = [2a(az — a1) + a1 + a(by — by) + by,
a(ag — CL4) + a4 — 20&(()4 — bg) + 64]
andfor%<a§1,

Aa(+)Ba = [2(e = 1) (a3 — a2) + a3 + by — b) + by,
a(ag — CL4) —+ a4 — 2(a — 1)(b3 — bg) + bg] .

Ifz € [a1+b1, a2+%], then z = 2a(ag—ay)+a;+a(ba—b1)+b1. Thus

r-am—bh Similarl e have r—ag—by
o = . unilarly, w Ve & =
2a9 — 2a1 + by — by Y 2a3 — 2ao + bo — by

by+b __ atb-u
for z € [a2+%,a3+62],a—a4_a3+263_2b2—|—1f0r3:6 [as +

a4 +by—x
fi € [t 4 pg byl.
P T—T. or x € [T + by, ay + by

+1

bo, 7(13—5(14 + bg], and o =

Thus
(0, r<al+b,a4+bs <z
T Mt <o <apt B3R
paB(@) = 582 4+ 1, ag+ 842 <z <az+ by
ar?gibfb;f%z) +1, az+by <o < BG4 by
%, %2‘“‘+b3§a:<a4+b4.

Also, it satisfies that 2(ag + %) # a1 + by + az + by and 2(% +
b3) # as + by + ag4 + by because of 2ay # ay + a3 and 2b3 # by +
by. Therefore, A(4+)B is a pentagonal fuzzy number and A(+)B =
(a1 + b1, a9 + @, as + ba, a3—5a4 + b3, a4 + b4). Similiarly, B(—l—)A is a
pentagonal fuzzy number and it is denoted by B(+)A = (b1 + a1,bs +
%2(12, bs + as, b3;b4 + a3, by + aq).

2. A(=)B: For 0 < o < &,

Aa(=)Ba = [2a(az — a1) + a1 — 2a(by — bg) — by,
alas —ayg) + ag — a(by — by) — bl]
andfor%<a§1,

Aa(—)Ba = [2(0& — 1)(@3 — CLQ) +az — 2(a — 1)(b3 — bg) — bz,
a(ag — a4) + a4 — a(bg — bl) — bl].
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T —ai+ by
We have o = for x € |a1 — by, as — b3,
2(a2—a1+b4—bg) [1 2 3]
T —az+ by
a= + 1 for = € |as — b3, a3 — ba|, and
2(a3—a2+b3—b2) [2 303 2]
a4 — by —x
a= for x € |as — ba, a4 — b1|. Thus
as —ag + by — by (5 = b2 00 = 1]
0, r<ay—bg,ag—b1 <z
—ai+b
() = 5Tas a1 bs b3 a; —by <z <az—bs
) Wz‘%‘f‘l, ag—b3§$<a3—b2
as—bi—x

Ga—Gatba—b1° a3 — by < x <ag—b;.

It generally satisfies a; —bs+asg—ba # 2(ag —bs) because of a1 +as # 2as
and by + by # 2bs, but it can satisfy a3 — by + a3 — ba = 2(ag — b3).
Hence, if a; — by + ag — by # 2(ag — b3) then A(—)B = (a1 — by, (ag —
b3)*, as —bo,ay — bl) and if a1 — by +az — by = 2(@2 — b3) then A(—)B =
(a1 — by, ag — ba,aqy — by). Therefore, A(—)B is a left quadrangular fuzzy
set or a triangular fuzzy number.

3. B(—)A: The proof is similar with the proof of A(—)B. O

REMARK 3.11. Given a left quadrangular fuzzy set A, there is a right
quadrangular fuzzy set B such that A(—)B becomes a triangular fuzzy
number.

Proof. Let A = (a1,a%,as3,a4). We seek a function based on the set
B = (b1, b, b3, bs). Since by and by are arbitrary we can randomly take
them. Then by and b3 should satisfy the following relation

1 1
2(a2 — a1+ bs —b3) N 2(a3 —ag + by — bz)‘
Therefore, we have by = 2bg — 2a9 — by + a1 + as. O

EXAMPLE 3.12. For A = (1,2*,4,5), we have B = (3,6,7*,9) that
A(—)B becomes a triangular fuzzy number. Since by = 2b3 — 2ag — by +
ai + as, A(—)B = (—8, —2,2).

REMARK 3.13. Given a right quadrangular fuzzy number B, there
is a left quadrangular fuzzy number A such that B(—)A becomes a
triangular fuzzy number.

Proof. The proof is similar with Remark 3.11. O

EXAMPLE 3.14. For B = (2,4,5%,8), we have A = (2,3%,6,8) that
B(—)A = (—6,—2,6) becomes a triangular fuzzy number.
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