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MINIMAL QUASI-F COVERS OF vX

CuancIL Kiv*

ABSTRACT. We show that if X is a space such that SQF(X) =
QF(3X) and each stable Z(X)#*-ultrafilter has the countable inter-
section property, then there is a homeomorphism hx : vVQF(X) —
QF(vX) with rx = ®yx o hx. Moreover, if BQF(X) = QF(8X)
and vE(X) = E(vX) or vA(X) = A(vX), then vQF(X) = QF (vX).

1. Introduction

All spaces in this paper are Tychonoff spaces and X (vX, resp.)
denotes the Stone-Cech compactification(Hewitt realcompactification,
resp.) of a space X .

Gleason([3]) and Iliadis([6]) characterized minimal extremally discon-
nected covers of spaces and the projective objects in the category of
compact spaces and continuous maps and proved that each compact
space has the projective cover which is the extremally diconnected cover
of the space. Over the next decade numorous authors extended this
characterization to other categories of topological spaces([9]).

A space is called a quasi-F' space if its dense cozero-set is C*-embedded.
A quasi-F space, introduced by Henriksen and Gillman, is a gener-
alization of F-spaces([2]), in which every cozero-set is C*-embedded.
Each space has the minimal quasi-F' cover (QF(X),®x)([1], [4], [5]).
In [5] and [8], authors investigated when SQF(X) = QF(6X) and
QF(X) = ®5'(X), where (QF(8X),®p) is the minimal quasi-F cover
of BX.

It is well-known that each space has the minimal extremally discon-
nected cover (E(X),kx) and that SE(X) = E(8X)([9]). Moreover,
internal characterizations of a space X that is equivalent to E(vX) =
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vE(X) is known([9]). Similar results for the minimal basically discon-
nected cover (AX, Ax) are given by [8].

In this paper, for any space X such that SQF(X) = QF(5X) and
each stable Z(X)#-ultrafilter has the countable intersection property,
we first show that there is a map rx : vQF(X) — wvX such that
(VQF(X),rx) is a quasi-F' cover of vX and show that vQF(X) =
QF(vX), that is, there is a homeomorphism hx : vVQF(X) — QF(vX)
with rx = ®,x o hx. Moreover, if SQF(X) = QF(8X) and vE(X) =
E(vX) or vA(X) = A(vX), then vQF(X) = QF (vX).

For the terminology, we refer to [2, 9].

2. Quasi-F covers

Let X be a space. It is well-known that the collection R(X) of all
regular closed sets in X, when partially ordered by inclusion, becomes a
complete Boolean algebra, in which the join, meet, and complementation
operations are defined as follows :

For any A € R(X) and any F C R(X),

VF =cx(U{F|F eF}),

ANF =clx(intx(N{F | F € F})), and

A =clx(X — A).

A sublattice of R(X) is a subset of R(X) that contains @, X and is
closed under finite joins and finite meets([9]).

Amap f: Y — X is called a covering map if it is an onto continuous,
perfect, and irreducible map([9]).

LEMMA 2.1. ([8])

(1) Let X be a dense subspace of Y. Then the map ¢ : R(Y) —
R(X), defined by ¢(A) = AN X, is a Boolean isomorphism.

(2) Let f:Y — X be a covering map. Then the map ¢ : R(Y) —
R(X), defined by 1(A) = f(A), is a Boolean isomorphism.

In the above lemma, the inverse map ¢! : R(X) — R(Y) of
¢ is given by ¢~ 1(B) = cly(B) (B € R(X)) and the inverse map
Y71 R(X) — R(Y) of ¢ is given by v~ 1(B) = cly (inty (f~1(B))) =
cly (f~!(intx(B))) (B € R(X)).

LEMMA 2.2. Let f: Y — X be a covering map and (A,,) a decreas-
ing sequence in R(Y). Then f(N{A, |n€ N}) =n{f(4,) | n € N}.

Proof. Let (A,) be a decreasing sequence in R(Y'). Then clearly,
f({An [n e N}) C{f(An) [n € N}.
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Let x € N{f(An) | »n € N} and n € N. Then z € f(A,) and
Ap N f7Hx) # 0 for all n € N. Since (A,) is a decreasing sequence
in R(Y), (A,) has the finite intersection property and {4, N f~!(x) |
n € N} is a family of closed sets in f~1(z) with the finite intersection
property. Since f is a compact map, f~!(z) is a compact subset of Y.
Hence N{A, N f~1(x) |n € N} # 0. Picky € n{A, N f(z) | n € N}.
Then y € N{A4, | n € N} and f(y) = = and N{f(A,) | n € N} C
f(n{A4,, |n € N}). O

DEFINITION 2.3. A space X is called a quasi-F' space if for any zero-
sets A, Bin X, clx(intx(ANDB)) = clx (intx(A))Nclx (intx (B)), equiv-
alently, every dense cozero-set in X is C*-embedded in X.

It is well-known that a space X is a quasi-F' space if and only if X (or
vX) is a quasi-F space.
DEFINITION 2.4. Let X be a space. Then a pair (Y, f) is called
(1) a cover of X if f: X — Y is a covering map,
(2) a quasi-F cover of X if (Y, f) is a cover of X and Y is a quasi-F
space, and
(3) a minimal quasi-F cover of X if (Y, f) is a quasi-F cover of X

and for any quasi-F' cover (Z,g) of X, there is a covering map
h:Z — Y such that foh=g.

Let X be a space, Z(X) = {Z | Z is a zero-set in X} and Z(X)# =
{clx(intx(A)) | A€ Z(X)}. Then Z(X)¥ is a sublattice of R(X).

Suppose that X is a compact space. Let QF(X) = {a | a is a
Z(X)#-ultrafilter} and for any A € Z(X)#, let ¥4 = {a € QF(X) |
A € a}. Then the space QF(X), equipped with the topology for which
{QF(X) — X4 | A € Z(X)¥} is a base, is a quasi-F space. Define
the map ®x : QF(X) — X by ®x(a) = N{A | A € a}. Then
(QF(X), @) is the minimal quasi-F' cover of X and for any A € Z(X)¥,
Ox(Xa) = A([4)).

We recall that a space X is called a weakly Lindeldf space if for any
open cover U of X, there is a countable subfamily V of U such that
U{V | V € V} is a dense subset of X and that X is called a locally weakly
Lindeldf space if every element of X has a weakly Lindelof neighborhood.

For any weakly Lindeldf space, SQF(X) = QF(8X), that is, there
is a homeomorphism h : SQF(X) — QF(BX) such that 8x o ®x =
PsxohoBorx)([5]). And for any locally weakly Lindeldf space, QF/(X)
is the subspace of {a € QF(8X) |N{A| A € a} € X} of Q(6X)([8]).

Since Z(X)# and Z(3X)* are isomorphic, QF(3X) is homeomorphic
to the space {a | a is a Z(X)#-ultrafilter} which is equipped with the
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topology for which {¥', | A € Z(X)#} is a base for closed sets, where
¥ ={a|aisa Z(X)#-ultrafilter and A € a}.

Let X be a space and (QF(6X),®5)((QF(vX),®,), resp.) denote
the minimal quasi-F cover of 3X (vX, resp.).

DEFINITION 2.5. Let X be a space. Then a Z(X)#-filter « is called
fized it N{A| A€ a} #0.

Suppose that QF(X) = @EI(X), where Cbgl(X) is the subspace of
QF(BX). Then QF(X) = {a | a is a fixed Z(X)#-ultrafilter} and
{oa| A€ Z(X)#}is abase for closed sets of QF(X), where 04 = {a | «
is a fixed Z(X)#-filter and A € a}.

LEMMA 2.6. ([8]) Let X be a space. Then @gl(X) is a quasi-F space

if and only if QF (X) = ®5'(X) and ®x = ®p,, that is, Dx(a) = N{A |

A € o}, where @3, : q)gl(X) — X is the restriction and corestriction

of &3 with respect to égl(X) and X, respectively.

Let X be a space. Then there is a continuous map &% : BQF(X) —
BX such that Bx o @y = PP o Bor(x). Since SQF(X) and SX are
compact spaces and Bx : X — BX and Bop(x) : QF(X) — BQF(X)
are dense embeddings, ®° is a covering map. Hence (BQF(X), ®%) is
a quasi-F cover of X and there is a covering map ¢x : SQF(X) —
QF(BX) such that ®° = Pgoqx.

For any space X and x € X, let §(z) = {A € Z(X)# |z € intx(A)}.

PROPOSITION 2.7. Let X be a space such that @El(X) is a quasi-F
space and « a fixed Z(X)#-ultrafilter. Then we have the following :
(1) ®x(a) =z if and only if §(z) C a,
(2) for any A € Z(X)#, ®x(0a) = A, and
(3) for any decreasing sequence (A,) in Z(X)#, ®x(N{oa, | n €
N}) =n{4,|neN}.

Proof. (1) (=) Let ®x () = . Suppose that thereisan A € §(z)—a.
Since A ¢ o and «a is a Z(X)#-ultrafilter, A’ € o and ®x(a) = z €
intx(A) = X — A’. This is a contradiction. Hence §(z) C .

(<) Suppose that d(z) C a. Note that §(x) is a local base at x in
X. Let A € a. Then for any B € 6(z), B € « and AN B # (). Hence
rzecy(A)=Aandsoz e N{A| A€ a}=2x(a).

(2) Let A € Z(X)# and o € 4. Then A € o and ®x(a) = N{B |
B e a} € A. Hence ®x(04) C A.
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Suppose that y € A. Then 6(y) U {A} has the finite meet property
such that 6(y) U {A} C Z(X)#. By Zorn’s lemma, there is a Z(X)#-
ultrafilter v such that d(y) U {A} C v. By (1), ®x(y) = y and since
A€, vy€oy Hencey e ®x(og) and A C Px(0o4).

(3) By Lemma 2.2, it is trivial. O

3. Minimal quasi-F covers of v.X

Iliadis([6])(Vermeer([8]), resp.) showed that every space X has the
minimal extremally disconnected cover (E(X),kx)(the minimal basi-
cally disconnected cover (A(X), Ax), resp.) of X.

We recall that an A-ultrafilter « is called stable if N{clgx(A) | A €
a} CvX, where A is a sublattice of R(X).

In [9] and [7], we can find internal characterizations of a space X
which F(vX) = vE(X) and A(vX) = vA(X). In fact, for any space
X (for any space X with SA(X) = A(BX), resp.), the following are
equivalent :

(1) E(vX)=vE(X)(A(vX) = vA(X), resp.),

(2) for any decreasing sequence (A,) in R(X)(cZ(X)#, resp.) with
NA, |ne N} =0, {cyx(An) | ne N} =0,

(3) for any decreasing sequence (A,) in R(X)(cZ(X)?, resp.), clyx(
N{A, |ne N})=n{clyx(A,) | n € N}, and

(4) every stable R(X)-ultrafilter(cZ(X)#-ultrafilter, resp.) has the
countable intersection property

where 0Z(X)# is the smallest complete Boolean subalgebra of R(X)
such that it is closed under countable meets and Z(X)# C o Z(X)*.

DEFINITION 3.1. (1) A covering map f : Y — X is called 2%-
irreducible if f(Z(Y)?) = Z(X)*.
(2) A subspace X of a space Y is called 2% -embedded in Y if for any
A€ Z(X)¥, thereis a B € Z(Y)# such that A = BN X.

It is well-known that for any compact space X, ®x : QF(X) — X is
z#-irreducible([4]) and that every C*-embedded subspace W of a space
Z is z"-embedded in Z([2]).

Let f : Y — X be a covering map. Since Z(X)# C f(Z(Y)#),
f:Y — X is z#-irreducible if and only if f(Z(Y)#) C Z(X)#. Using
this, we have the following :
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ProrosiTiON 3.2. Let f : Y — X and g : X — W be covering
maps. Then g o f is z#-irreducible if and only if f : Y — X and
g: X — W are z%-irreducible.

Let X be a space. Since vX is a realcompact space, there is a con-
tinuous map ry : vQF(X) — vX such that vx o ®x = rx o vgp(x)-

THEOREM 3.3. Let X be a space such that SQF(X) = QF(5X).
Suppose that every stable Z(X )#—ultraﬁlter has the countable intersec-
tion property. Then we have the following :

(1) for any x € vX, @51(:0) =ry (z), and
(2) rx : vQF(X) — vX is a covering map.

Proof. (1) Since SQF(X) = QF(X), vQF(X) is a C*-embedded
subspace of QF(8X).

Let z € vX. Since ®g is an onto map, @51(55) # (). Suppose that
thereisan o € @El<$)—UQF(X). Then there is a zero-set Z in BQF(X)
such that @ € Z and Z NvQF(X) = (0([2]) and there is a real-valued
continuous map f on X such that f~1(0) = Z. For any n € N, let Z,, =
cporex)(intsgrx)(f (%, 2]))). Then (Z,) is a decreasing sequence
in Z(BQF(X))# such that Z =N{Z, | n € N} and « € intggr(x)(Zn)
for all n € N. Moreover, N{Z, | n € N} N QF(X) = (. Since ®g is
z#-irreducible, (®5(Z,)) is a decreasing sequence in Z(3X). By Lemma
2.1, ax ={ANX | Aca}isa Z(X)"-ultrafilter.

Let n € N. Since ®g is z”-irreducible, there is an A4, € Z(8X)
such that a € 04, = Z,. Hence ®3(a) € A, = Pg(Z,). Since
An € a, ®5(Z,) € a and ®5(Z,) N X € Z(X)¥. Note that = €
N{clpx(A) | A € a} = N{clpx(B) | B € ax}. Since z € vX, ax is
a stable Z(X)#-ultrafilter and by the assumption, ax has the count-
able intersection property. Thus N{®3(Z,) N X | n € N} # 0. Since
BRF(X) = QF(8X), QF(X) = ®;(X) and {Z, N ®,'(x) | n € N}
is a family of closed sets in @El(x) with the finite intersection property.
Since @El(aj) is compact, N{Z,, | n € N} # (. This is a contradiction
and so 7y (z) = @51(@ CuQF(X).

(2) By (1), rx : vAX — vX is an onto, compact map.

Let F be a closed set in vQF(X) and # € vX —rx(F). Then ry* ()N
F = ( and since 7' () is a compact subset of vQF(X) and vQF (X) is a
subspace of QF(8X), thereis an A € Z(3X)# such that 7 (z)NE4 = (
and F C ¥4, because {¥4 | A € Z(3X)#} is a base for closed sets in
BQF(X) = QF(BX). Since ®g(X4a) = A, ®3(F) = rx(F) € A. Then
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x ¢ A and since A is a closed set in X, cl,x(rx(F)) € ANvX. Hence
x ¢ clyx(rx(F)) and clyx(rx(F)) C rx(F). Thus rx is a closed map
and rx is a covering map. O

PROPOSITION 3.4. Let X be a space. Then the following are equiv-
alent :

(1) for any decreasing sequence (A,) in Z(X)# withN{A, |n € N} =
0, {clyx(An) [ ne N} =0,

(2) for any decreasing sequence (Ay) in Z(X)#, clyx(N{A, | n €
N}) = ﬂ{Cle(An) | ne N}7 and,

(3) every stable Z(X)#-ultrafilter has the countable intersection prop-
erty.

Proof. (1) = (2) Clearly, clyx(N{A4, | n € N}) C N{clyx(4,) | n €
N} Let x € N{clyx(Ay) | n € N} —clyx(N{Ayn | n € N}). Then there
isa B € Z(vX)¥ such that x € int,x(B) and BN(N{A4, |n € N}) = 0.
Let C = BNX. Then by Lemma 2.1, C € Z(X)# and {CAA, |n € N}
is a decreasing sequence in Z(X)# with N{C A A, | n € N} = 0. By
(1), {clpx(CNA,) |neN}=0.

Let U be a neighborhood of z in vX and n € N. Then UNint,x(B)N
A, # 0. Note that

int,x(B) N A,

= (inty,x(B)NX)N A,
Cintx(BNX)NA,
=intx(C)N A,
Cclx(intx(C) Nintx(Ay))
=CAA,.

Since U Nint,x(B) N A, # 0, UN(CAA,) # 0 and z € C A A,.
Hence x € N{clyx(C N A,) | n € N}. This is a contradiction. Thus
MNelpx(Ap) | ne N} Ccelyx(N{A, | n e N}).

(2) = (3) Let a be a stable Z(X)#-ultrafilter and (A,,) a sequence
ina Foranyn e N, B, = AM{A4; | i =1,2,---,n}. Then (B,) is a
decreasing sequence in Z(X)#. Since « is stable, there is an 2 € vX
such that z € N{clgx(A4,) | n € N} and so x € N{clyx(4,) | n € N}.
By (2), x € clyx(N{A, | n € N}) and N{A,, | n € N} # ). Hence « has
the countable intersection property.

(3) = (1) Let (A,) be a decreasing sequence in Z(X)# such that
N{A, | n € N} = 0. Suppse that N{cl,x(4,) | n € N} # (. Pick
r € NMclyx(An) | n € N} Let ag = {BNX | B € Z(wX)#,x €
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intux(B)} U {A, | n € N}. Then clearly, ag is a subset of Z(X)#
with the finite meet property and by Zorn’s lemma, there is a Z(X)#-
ultrafilter o such that ag C a. Since {B € Z(vX)# | z € int,x(B)}
is a local base at x in v.X, x € N{cl,x(A) | A € a} and « is a stable
Z(X)#-ultrafilter. By (3), o has the countable intersection property
and since {4, | n € N} Ca, N{A, |n € N} # 0. It is a contradiction
and thus N{cl,x(A,) | n€ N} =0. O

Let X be a space with QF (8X) = SQF(X). Then &x : QF (X) —
X is z#-irreducible([5]).

THEOREM 3.5. Let X be a space with QF(fX) = BQF(X). Sup-
pose that every stable Z(X)#-ultrafilter has the countable intersection
property. Then QF (vX) = vQF(X), that is, there is a homeomorphism
hx : vQF(X) — QF(vX) such that rx = ®, 0 hx.

Proof. By Theorem 3.3, rx : vAX — vX is a covering map. Since
(VQF(X),rx) is a quasi-F cover of vX, there is a covering map hx :
vQF(X) — QF(vX) such that ry = ®, o hx. Since QF(5X) =
BQF(X), ®x is z7”-irreducible. Note that rx o vr(x) = vx © ®x and
VQF(x), Vx are C*-embedded in vQF(X) and v.X, respectively. Hence
rx is z#-irreducible and by Proposition 3.2, hy is z#-irreducible.

Let p # ¢ in vQF(X). Then there are A, B in Z(vQF(X))# such
that p € A, ¢ € Band ANB = (. Hence AA B = () and by Lemma
2.1, 0 = hx(A A B) = hx(A) A hx(B). Since hx is z7-irreducible,
hx(A) € Z(QF(vX))* and hx(B) € Z(QF(vX))#. Since QF(vX) is
a quasi-F space, hx (A )/\hX( ) =hx(A)Nhx(B) =0. Since hx(p) €
hx(A) and hx(q) € hx(B), hx(p) # hx(q) and hy is one-to-one. Hence
vQF(X) = QF (vX). O

For any space X, Z(X)# C ¢Z(X)# C R(X). By Theorem 3.3,
Proposition 3.4, and Theorem 3.5, we have the following :

COROLLARY 3.6. Let X be a space such that QF(8X) = fQF(X).
If E(vX)=vE(X) or A(vX) =vA(X), then QF (vX) = vQF(X).
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