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THE THIRD CLASS IN X,
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ABSTRACT. The main goal in the present paper is to obtain a so-
lution of Einstein’s unified field equations for the third class in X4.

1. Introduction

Einstein([1]) proposed a new unified field theory that would include
both gravitation and electromagnetism. Hlavaty([5]) gave the mathe-
matical foundation of the Einstein’s unified field theory in a 4-dimensional
generalized Riemannian space X4 (i.e., space-time) for the first time.
Since then this theory had been generalized in a generalized Riemannian
manifold X,,, the so-called Einstein’s n-dimensional unified field theory,
and many consequences of this theory has been obtained by a number
of mathematicians. However, it has been unable yet to represent a gen-
eral n-dimensional Einstein’s connection in a surveyable tensorial form,
probably due to the complexity of the higher dimensions. The purpose
of the present paper is to obtain a necessary and sufficient condition for
a connection with a new torsion tensor be an Einstein’s connection in
X,,. In the next, we obtain a solution of Einstein’s field equations for the
third class in X4. The obtained results and discussions in the present
paper will be useful for the 4-dimensional considerations of the unified
field theory.

2. Preliminary

Let X, be an n-dimensional generalized Riemannian manifold covered
by a system of real coordinate neighborhoods {U; "}, where, here and
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in the sequel, Greek indices run over the range {1,2,--- ,n} and follow
the summation convention. The algebraic structure on X,, is imposed
by a basic real non-symmetric tensor g,,, which may be split into its
symmetric part hy, and skew-symmetric part ky,:

(2.1) G = Py + kg,

where we assume that

(2.2) (a) G = det((gan)) # 0, (b) H = det((han)) # 0.

Since det((hy,)) # 0, we may define a unique tensor M (= h*M) by
(2.3) hauh™ = 8.

We use the tensors b and hy, as tensors for raising and/or lowering
indices for all tensors defined on X, in the usual manner. Then we may
define new tensors by

(24) (0) K% = kaph™, (8) B = Kb, () ko7 = oy BN,

The manifold X, is assumed to be connected by a general real connection
IS which may also be split into its symmetric part AKu and skew-
symmetric part Sy,”, called the torsion tensor of Ff\u :

1
(a) Ku = F’(j)\y) = 7( K,u + PZA)?
(2.5) 2

(6) S =T = 5(Tx = Li)-
The Einstein’s n-dimensional unified field theory in X, is governed
by the following set of equations :

0

= oz

(2'6) 8wg)\u - ga#F?\éw - g)\aFgu =0 (al/ )7

and
(2.7) (a) Sy =5%=0, (b) RP\H] = a[)\Pﬂ}, (C) R()\H) =0,

where P, is an arbitrary vector, called the Finstein’s vector, and R),, is

the contracted curvature tensor Ri‘# ., of the curvature tensor R;‘\’W :

(28) ngp,u = aMFLS\)V - aVPL)(\}/L + Fgu g,u - Fiurgy'

The equation (2.6) is called the Finstein’s equation, and the solution I'{

of the Einstein’s equation is called an FEinstein’s connection. And the
vector S}, defined by (2.7)(a), is called the torsion vector.
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3. An Einstein’s connection in X,

The following theorem was proved by Hlavaty([5]).

THEOREM 3.1. In X,,, if the Einstein’s equation (2.6) admits a solu-
tion I‘Ku, then this solution must be of the form
(31) Fl)/\,u = {/\V,u} + 2hua5’a()\ﬁku),8 + S)\uyy
where {,",} are the Christoffel symbols defined by hy,,.

REMARK 3.2. In virtue of Theorem 3.1, the equation (3.1) reduces
the investigation of I'§ ,, to the study of its torsion tensor S),"”. Hence in
order to know an Einstein’s connection I'§ .0 it is necessary and sufficient

to know its torsion tensor Sy,”. For this, we introduce a new torsion
tensor Sy,” given by

(3.2) S)\MV = 25fj)\ku]aya + k,\uyy,
for some nonzero vector Yy.

THEOREM 3.3. In X,,, if the connection (3.1) is a connection such
that its torsion tensor is of the form (3.2) for some nonzero vector Yy,
then the connection is given by

(33) FK# = {)\V“} + 25fj)\ku]aYa + k)\'uYV.

Proof. Since the torsion tensor of the connection (3.1) is of the form
(3.2), we obtain
(3.4) 20783 ks =0

by a straightforward computation. Substituting (3.2) and (3.4) into
(3.1), we obtain (3.3). O

THEOREM 3.4. In X,,, the connection (3.3) is an Einstein’s connection
if and only if the vector Yy defining (3.3) satisfies the following condition

(3.5) Vo kauw = 2hy ko Y = 2k, 0 Yy,
where V, is the symbolic vector of the covariant derivative with respect
to {)\Vu}.

Proof. The connection (3.3) is an Einstein’s connection if and only if
the connection (3.3) satisfies the Einstein’s equation (2.6). Substituting
(2.1) and (3.3) into (2.6), and making use of V, hy, = 0, we obtain

(3.6) Vo by — 2h,,[>\ku}aya + 2]{”[)\ Y,u} =0
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by a straightforward computation. Hence the connection (3.3) is an
Einstein’s connection if and only if the vector Y, defining (3.3) satisfies
the condition (3.5). O

THEOREM 3.5. In X,,, if the connection (3.3) is an Einstein’s connec-
tion, then its torsion vector satisfies the following relation :

(3.7) Sy = Vaky®
Proof. Contracting for (3.2) for u and v, we obtain
(3.8) Sy = Sl = (2 = n)kra Y.

Next, multiplying A*® on both sides of (3.5), and contracting for v and
a, we obtain

(3.9) Vakr® = (2 — n)kra Y.
The results (3.8) and (3.9) imply the relation (3.7). O

4. A solution of field equations for the third class in X4

In this section we shall display a solution for the third class of (2.6)
and (2.7) in X4. Assume hy, to be of the form

1 0 0 O
010 O
0 0 0 -1

Define two vectors by
(42) (a) A)\ : (0707 17 _1)7 (b) B)\ : (d’ﬂ/%O, 0)7

where ¢ = ¢(x1,x2,x3,24) and ¥ = Y(xy1,x9, x3,24) are nonzero real-
valued functions to be determined. Now, we define a basic tensor g, in
X4 by

(4.3) I = P + kg,
where hy, is defined by (4.1), and k), is defined by
(4.4) kau = 24pB,,
that is,
0 0 —¢ ¢
(15) (CHIE B P
- — 0 0
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which is obviously of the third class :
1
(4.6) (a) Det(ku) =0, (b) K(= Jkaph®’) = 0.

Then all the Christoffel symbols {,”,} vanish. Hence the components of
the first covariant derivatives with respect to {)”,} are ordinary deriva-
tives, and H‘;\’W = 0. Furthermore,

(4.7)  (a) AM=hN"A):(0,0,1,1), (b) BN=h"B,): (4,9,0,0)

(4.8) (a) AgA® = A B* =0, (b) kxaA® =0, (c) 0rA,=0.
The following theorem is immediate consequences of Theorem 3.3 and

Theorem 3.4, in virtue of (2.7)(a), (3.8), and (4.3).

THEOREM 4.1. In Xy, for the basic tensor gy, given by (4.3), the
connection (3.3) is given by

(4.9) K,u = 25{3\]6‘“}@5/0( + k‘)\MYV,

and this connection (4.9) is a solution of (2.6) and (2.7)(a) if and only
if the vector Y defining (4.9) satisfies the following conditions

(4.10) (a) kuaya = 0, (b) 8V k)\u = —le,[)\ YH]‘

If these conditions (4.10) are satisfied, then the connection (4.9) is given
by

(4.11) 5, = kY,

which is an Einstein’s connection with zero torsion vector.

REMARK 4.2. In Xy, since the tensor k), # 0 is skew-symmetric, we
know from elementary algebra that the rank of the matrix ((ky,)) can
be either four or two. In virtue of (4.6)(a), in our case the rank must
be two. Therefore, the homogeneous equations (4.10)(a) have at least
two distinct solutions Y7 : (0,0,1,1) and Y3 : (¢, —¢,0,0). Every linear
combination

(412) YV = pYIV + ”7}/21/ : (7I¢» _n¢a P p)

with scalars p, n is also a solution of (4.10)(a). On the other hand, if
(4.12) is a solution of the condition (4.10)(b), then, in virtue of k12 =0
and Y\ = hy,Y" : (n, —ne, p, —p), we obtain

(4.13) 0= 03kia = —2k3py Yo = —p(—n9) + () = n(¢* + 1*),
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which implies that n = 0. Therefore the solutions of the conditions
(4.10) are of the form :

(4.14) YV = pY) = pAY,

for some nonzero real-valued function p = p(x1,x2,x3,24) to be deter-
mined.

THEOREM 4.3. In X4, the vector YV = pA" given by (4.14) is a
solution of the conditions (4.10) if and only if the vector B) given by
(4.2)(b) satisfies the following condition

(4.15) 8. By = pAu,B,.

Proof. Suppose that (4.15) is satisfied. Differentiating both sides of
(4.4), and making use of (4.8)(c) and (4.15), we obtain

(4.16) 0.k = Ax(pAwBy) — Au(pAuBr) = —kua(pAp) + kup(pAy).-

Hence, in virtue of Remark 4.2 and the relation (4.16) , the vector Y =
pAY is a solution of (4.10). Conversely, suppose that the vector Y =
pAY is a solution of (4.10). Since B,, = k3, we obtain

awBu = aw k3u = _kaY,u + kwu}/S
= —(AuBs — A3B,)(pAy) + (AuB, — AuB,)(pAs) = pAuB,,

in virtue of (4.4), (4.10)(b), and (4.2). Hence the condition (4.15) is
satisfied. O

(4.17)

THEOREM 4.4. In X4, the condition (4.15) is satisfied if and only if
the functions p, ¢, and v, given in (4.15), satisfy the following conditions,
respectively,

(418)  06/02' =0, 09/02% =0, 96/0x" = pp, 06/0x" = —po,

(4.19)  9¢/0x' =0, 0p/9z> =0, O/0x® = pyp, O/dx* = —py

(4.20) dp/0z' =0, 9p/dx® =0, dp/dx> + dp/dz* = 0.
Proof. In virtue of (4.15), we obtain
(4.21) 0¢p/0x* = 0,B1 = pAy,B1 = ppAy,

which imply (4.18), in virtue of (4.2)(a). Similarly, we obtain (4.19).
Next, differentiating both sides of (4.21), we obtain

¢ Op

(4.22) Oxvoxw  Oxv

PA, + p2 PA Ay,
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in virtue of (4.8)(c) and (4.21), and we also obtain
Py dp
Ox®dzv  Oav

(4.23) A, + PP OALA,.

Hence we obtain

0%¢ 0%¢ op op
T O0xvOz®  0xwdxV (8a:V Ao = aWA”)‘ﬁ’
which implies that, since ¢ # 0,

ap ap
ox¥ Av = oxv
From the above condition (4.25), we obtain that if » = 1 and w = 3,
then dp/0z' = 0, if v = 2 and w = 3, then Jp/0x? = 0, and if v = 3 and
w = 4, then 0p/0x3 4+ dp/dz* = 0. Hence we obtain (4.20). Obviously,
the converse is true. O

(4.24) 0

(4.25)

A, =0.

THEOREM 4.5. In Xy, for the basic tensor g, given by (4.3), the
connection (4.11) which is a solution of (2.6) and (2.7)(a) is given by
(4.26) IS, = 2pApByAY,
where p satisfies the condition (4.20). And the curvature tensor R

Ao
with respect to this connection (4.26) is given by

(427) (S\)MV = 2{(8[MP)BV]A)\ - (8[up)Au}B)\}Aw + 2p2A[uBl/]A)\Aw7
and its contracted curvature tensor Ry, satisfies
(4.28) Ry, = 0.

Proof. Substituting (4.4) and (4.14) into (4.11), we obtain (4.26),
in virtue of Remark 4.2, Theorem 4.3, and Theorem 4.4. Substituting
(4.26) into (2.8), we obtain (4.27) by a straightforward computation. In
the next, Contracting for (4.27) for w and v, we obtain

(4.29) Ry, = —2(0ap) AApB

pl
On the other hand, in virtue of (4.7)(a) and (4.20), we obtain
(4.30) (Dap)A™ = Dp/02> + Op/dx* =0
Hence we obtain (4.28). O

REMARK 4.6. The set of the functions ¢ satisfying (4.18) is not empty.
For example, when p= constant, the function

(4.31) O(a1, 39,33, 34) = )
satisfies (4.18). Similarly, we can define the function 1 satisfying (4.19).
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Conclusion. In virtue of Theorem 4.5, if X, is endowed with a non-
symmetric tensor g, = hy, + kx, such that (4.1) and (4.5), where ¢
and 1 satisfy the conditions (4.18) and (4.19), respectively. Then a so-
lution I'§ | of (2.6) and (2.7)(a) is given by (4.26), where p satisfies the
condition (4.20). In the next, since the contracted curvature tensor Ry,
with respect to the connection (4.26) satisfies Ry, = 0, the field equa-
tion (2.7)(c) is satisfied automatically, and the field equation (2.7)(b) is
equivalent to J)y P, = 0. Since the field equation (2.7)(b) is satisfied by
a vector P, = 0, P, the vector P, = 0, P is an Einstein’s vector.
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