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BIPRODUCT BIALGEBRAS WITH A
PROJECTION ONTO A HOPF ALGEBRA

JUNSEOK PARK*

ABSTRACT. Let (D,B) be an admissible pair. Then recall that B x&
D 2%3 D are bialgebra maps satisfying mp oip = I. We have solved a
converse in case D is a Hopf algebra. Let D be a Hopf algebra with antipode
sp and be a left H-comodule algebra and a left H-module coalgebra over a
field k. Let A be a bialgebra over k. Suppose A =] D are bialgebra maps
satisfying moi = Ip. Set Il = Ip x (iosp omw),B=1I(A) and j : B — A
be the inclusion. Suppose that IT is an algebra map. We show that (D, B)
is an admissible pair and B ‘:>§[ A 2T D is an admissible mapping system

and that the generalized biproduct bialgebra B ><1LLI D is isomorphic to A as
bialgebras.

Given algebras A and B, we put an algebra structure on the tensor
product A ® B by
(@@D) (@ DY) = @' @b -+ (0)
where a, a’ € A and b, b’ € B. We call A® B the tensor product of the
algebras A and B. Its unit is 1 ® 1. Defining i4(a) = a®1 and ig(b) = 1®D,
we get algebra morphisms i4 : A — A® B and ig : B — A ® B. The
following relation holds in view of (0) :
ia(a)ip(b) =ip(b)ia(a) =a®b
foralla € A and b € B.
Molnar constructed a smash coproduct CH of an H-comodule coalgebra
C and a Hopf algebra H in [4] and usual smash product A#H of an H-
module algebra A and a Hopf algebra H has been defined in [8] or [9].
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DEFINITION 1 [1]. Let H be a bialgebra over a field k and A be a left
H-module algebra. Let D be a left H-comodule algebra. The generalized
smash product A#% D is defined to be A ®; D as a vector space, with

multiplication given by
(a#1;d) (b#5re) = Sa(d—1 - b)#fdoe

and unit 14 ® 1p for all a,b € A and d,e € D.

It is straightforward to show that is : A — A#LD, a — a#&1p
and ip : D — A#ED, d —— 14#%d are algebra maps since A is a left

H-module algebra and D is a left H-comodule algebra.

DEFINITION 2 [2]. Let H be a bialgebra over a field k and C be a left H-
comodule coalgebra. Let E be a left H-module coalgebra. The generalized
smash coproduct C4%E is defined to be C @, E as a vector space with

comultiplication given by
Alctfre) = B(aitfea,—1 - e1) ® (ez0fe2)

and counit

e(ctie) = ec(c)ep(e)

forallce C ,e€ E .

It is straightforward to show that 7o : C4E — C, cfe — ceg(e) and
g CHE — E, cfe — ec(c)e are coalgebra surjections since C is a left

H-comodule coalgebra and FE is a left H-module coalgebra.

DEFINITION 3 [5]. Let H be a bialgebra over a field k. Let B be a left H-
module algebra and a left H-comodule coalgebra. Let D be a left H-comodule
algebra and a left H-module coalgebra. The generalized biproduct B x% D
of B and D is defined to be B#L D as an algebra and B#% D as a coalgebra.
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EXAMPLE 4. A bialgebra H is a left H-comodule algebra via Ay because
Ay is an algebra map. H is a left H-module coalgebra via my because my
is a coalgebra map. The generalized biproduct B x & H is a biproduct Bx H
in [3]. We consider the case when H = kG, for G an abelian group. Then
B xE H = B x H is a bialgebra. As an algebra B x4 H = B#H = B x G,

the skew group ring.

DEFINITION 5. Let H be a bialgebra. Suppose that B is a left H-module
algebra and a left H-comodule coalgebra and D is a left H-comodule algebra
and a left H-module coalgebra. In case (Bx% D, MpBHL D NB#L D> AB%{D,

€yt p) is a bialgebra, we say the pair (D, B) is admassible.

Throughout we let H be a bialgebra over k. Suppose B is a left H-
module algebra and a left H-comodule coalgebra and D is a left H-comodule

algebra and a left H-module coalgebra.

DEFINITION 6. Let (D, B) be an admissible pair and suppose that A be

a bialgebra over k. Then
BSIA=TD

is an admissible mapping system if the following conditions hold :

(a) Moj=1p, moi=Ip,

(b) i and 7 are algebra maps and coalgebra maps, j is an algebra map,
and II is a coalgebra map,

(c) I is a D-bimodule map (A is given the D-bimodule structure via
pullback along i and B is given the trivial right D-module structure),

(d) j(B) is a sub-D-bicomodule of A and II|;(p) is a D-bicomodule map
(A is given the D-bicomodule structure via pushout along 7, B is given the
trivial right D-comodule structure), and

() (joIl) x (iom) = 14.

PROPOSITION 7 [5]. Let (D, B) be an admissible pair. Then
Bs's Bxk D=7P D
is an admissible mapping system where ip : D — B x4 D,d — 15 xL
d, jp:B— BxLD b bxklp, Tip: BxED — B,bxkd— ep(d)b
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and p : B xk D — D, b xL dw— ep(b)d.
Next result gives two mapping description of B ‘:?BB BxED =70 D.

PROPOSITION 8 [5]. Let (D, B) be an admissible pair and let A be a

bialgebra over k. Suppose that B :? A 27 D is an admissible mapping

system.

(1) There exists a unique algebra map f : B x% D — A such that the

diagram

commutes and f is a bialgebra isomorphism.

(2) There exists a unique coalgebra map g : A — B x% D such that the

diagram
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BxE D

2T,
ENP=4

A

commutes. Furthermore the diagram

B xE D

T
S

A

commutes and ¢ is a bialgebra isomorphism.

95

Let (D, B) be an admissible pair. Then recall that B xf D =72 D are

converse in case D is a Hopf algebra.

bialgebra maps satisfying mp oip = Ip by Proposition 7. We will solve a

THEOREM 9. Let D be a Hopf algebra with antipode sp and be a left

H-comodule algebra and a left H-module coalgebra over a field k. Let A be a
bialgebra over k. Suppose A =T D are bialgebra maps satisfying moi = Ip.
Set 1 =14 *(iospom) and let B=T1I(A). Let j : B — A be the inclusion.
Then

(i) B is a subalgebra of A and B has a coalgebra structure such that 11

is a coalgebra map.

(ii) B is a left D-comodule coalgebra, a left D-module algebra, a left

D-comodule algebra and B is a left D-module coalgebra.

Suppose that 11 is an algebra map. Then

(iii) B is a left H-module algebra and B is a left H-comodule coalgebra,



96 Junseo k Park

(iv) (D, B) is an admissible pair and B <1 A =7 D is an admissible
mapping system,

(v) The map f : B x4 D — A, b x d +~ bi(d) is an isomorphism of
bialgebras.

Proof. In the convolution algebra Endy(A), for all a € A,
(i0sp o)+ (iom)(a) = S(iosp o m)(ar)(i o m)(az)

= Yi(sp(m(a1)))i(m(az)) = Xi(sp(m(a1))m(az))

= Yi(sp(m(a)1)m(a)2) = i(ep(m(a))lp) = ep(m(a))la
(a)1a = uaca(a).

Therefore we have iospom = (iom)~

=ca(a
Hence
(joll)x (iom)=[jo(lax*(iospom))]*(iom)
=[joax(iom) )] *(iom)=1I4.
Then we have (§OIT) s (107) = L g -« veerererereneeaneeaeeaea., (1)
For all a,a’ € A,
II(aa") = (Ia * (iospom))(aa)
= (g *(iospom))(Xaia] @ azab)
= XI4(a1a})(io sp om)(azab)
= Yaraj(iosp)(m(az)m(ay))
= Yajaj(iospom)(al)(iospom)(az)
= a111(a’)(i o sp o m)(ag).
Hence we have [1(aa’) = a1 11(a’) (108 pom)(@g) -« -+« wvnrreremereenens 2)
and
A(M(a)) = A(la * (iospom))(a)
= A(Xai(iospom)(az))
=Yaj1[(iospom)(az)]1 ®aiz[(iospom)(az)la
= Yanli((sp o m)(az))h @ awli((sp o m)(az))l2
= Yan[i(((sp o m)(az))1)] ® ar2[i(((sp o 7)(az))2)]
= Yanli(sp(m(az)
= Yanli(sp(m(az)

= ECLHZ(SD( ((122)

)] ® arzi(sp(m(az))2)]
] ® arz[i(sp(m(az)1)]

N
2)
)) ® a12i(sp(m(az1)))
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=Yaj(iospom)(ay) ®az(iospom)(as)
= Yaj(iospom)(asz) ®(az)
Therefore we have A(Il(a)) = Xaq(iospom)(asz) @I(ag). -+ -+ (3)
For all d € D,
1(i(d)) = (Ia * (i o sp o m))(i(d)) = Xi(d)1(i 0 sp o 7)(i(d)2)
= Xi(dy)(i 0 sp o m)(i(d)2) = Xi(d)i(sp((m 0 i)(d2)))
= Yi(disp((mo)(dz)) = Xi(disp(dz)))
=i(Xdysp(ds)) =i(e(d)1p) = e(d)1 4.
Therefore we have TI(i(d)) = £(d)La. -« rrrmmeeennss (4)
For all a € A,
(moIl)(a) =mo(lax(iospom))(a) =m(Xay(iospom)(az))
=Y7(a1)((moi)((sp om)(az))) = X7m(ar)(sp o m)(az)
= Ym(a)isp(m(az)) = Em(a)isp(m(a)2)
=ep(m(a))lp =eala)lp.
Therefore we have (10I1)(@) = 4 (@) L. -« v rvrrrrermmenaennns. (5)
By (2) and (4),
II(ai(d)) = Xa111(i(d))(i o sp o m)(az) = Baie(d)(i o sp o m)(asz)
= (Xa1(iospom)(az))e(d) = e(d)I(a).
Therefore we have IT(ai(d)) = £(d)IL(@). -+~ rrrrrrmeennenenn (6)
For all b € B =T1I(A),
A(b) = A(II(a)) = Xay(iosp om)(as) ® (az).
Therefore
Y @ 7(by) = Xag(iospom)(az) ® m(Il(az))
=Yaj(iospom)(as) ®ea(az)lp =X(iospom)(ealaz)as) @ 1p
=XYai1(tospom)(az)®1p =1(a) @ 1p =b® 1.
Therefore we have by @ (b)) = H@ L.+ vvveeermmeeeeniieeaanin.. (7)
Let A D — A, a®d+— a-d= ai(d) be a right D-module structure
map of Aand B® D — B, I(a) ®d — II(a) - d = e(d)II(a) be a right
D-module structure map of A. Let pg : A — A® D, a+— 3a; @ w(az) be
a right D-comodule structure map of A and pgp: B— B® D, b—bx1p
be a right D-comudule structure map of B. By (6) and (7)
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II(a - h) =1(ai(h)) = I(a)e(h) = I(a) - h,

S(II(b))o ® (I1(b) )1 = (b)) ® 1 = XII(bg) @ by.

Therefore we have II is a right D-module map and B is a right D-
subcomodule and II|p is a right D-comodule map. -« c-vveeeenenn. (8)

By (1) and (7), we have

b= Ia(b) = (j o TI) + (o m)(b) = £(j o IT) (by) (i 0 7)(b2)
= Xj(I1(b1))i(m(b2)) = EIL(b1)i(m(b2)) = TI(b).
Therefore we have TI(D) = b. b € Beveenvvveeeeiiiiaaiiaa. (9)

Hence

By (3) and (7),
pa(bl) = SOy © w(B)2) = Sbabl © mw(babh) = Shybh © (b} (b))
= (Xb1 @ w(ba)) (X @7(b)) = (b@1)(V ®@1) =bb @ 1.

Therefore we have B is a subalgebra with A(B) C AQB -+ (11)
and

the inclusion map j : B — A is an algebramap--------------- (12)
Let d-a = ad;(d ® a) = ¥i(dy)ai(sp(dz)) be the adjoint action of D on

A. By (2),

II(i(d)a’)

Yi(d)11(a')(i o sp o m)(i(d)2)

i(d1)I(a")(i o sp)(m(i(da)) = Xi(dy)II(a’)(i 0 sp)(da)
i(d1)I(a")i(sp(d2)) = d - TI(a’).

So d-II(a") =1(i(d)a’) € B.

Therefore we have B is a left D-module under ad; and II is a left D-

Il
M M

module map‘ ....................................................... (13)
Define the comultipication on B as Ag : B — B ® B by

AB(H(CL)) =X H(al) ® H(ag).

Let DT = D Nker(ep). By (6), Ai (D%) C ker(Il) since I(ai(d)) =
ep(d)lI(a) = 0. If U(a) = 0, then

a=1I1(a) =YX 1(ar)(iom)(az) = X I(a1)(iom)(az) — (a) = X I(a1)(io
m)(a2) ~TH(Sane a(a2)) = 3 T{ar) [i(m(a2)) — e4(a2)1a] = 2 T(ar)fi(r(az) -
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e(az)14)] € Ai(DT) since ep(m(az) —e(az)la) = ca(az)la—eca(az)la = 0.
Therefore ker(IT) = A i(D™). So ker(I) is a coideal of A and Ap is well-
defined. Since eg oIl = g4,
B is a coalgebra and I1 : A — B is a coalgebra map.-----+--- (14)
Since II is a coalgebra map,
7(b) = w(Il(a)) = ea(a)lp = ep(ll(a))lp = ep(b)1lp
by (5). So
Em(by) @by = Xm(by)sp(l) ® e(bz)be = Xm(b1)sp(e(bs)lp) ® by
= Xm(b1)sp(m(b3)) @ by = X7(b1)(sp o m)(b3) @ bo.
Therefore we have X7 (b1) @by = X7(b1)(spom)(b3) @bg.««vvvveveees (15)
If we define the left D-comodule structure map of B as p’5(b) = X7(b1) ®
by then p’; is well-defined since AB C A ® B. Then

Bis aleft D-comodule under ply -« -« veveeieeieie (16)
By (8),
(g o M[p)(b) = ply(II(b)) = Em(b1) @ by = Xm(by) @ I(b2) = (Ip @
1| 5) ' (b).
Therefore we have II| g is a left D-comodule map.- -« cvvovvs (17)

Since A is a left D-module algebra under ad; and B is a submodule of A,
Bis aleft D-module algebra: -« verreereeaaaaans (18)
Foralld € D and a € A,
Ap(d-T(a)) = Ap(II(i(d)a)) = X1(i(d1)ar) ® II(i(d2)az) = Xdy -
II(a1) ® dg - II(az)
and
e(d - a) = e(Xi(dr)ai(sp(dz))) = Xe(i(dr))e(a)e(i(sp(d2)))
= Ye(a)e(i(dy)i(d2))) = Xe(a)e(i(disp(dz)) = e(a)e(i(e(d)1)) = e(a)e(d)1.

Therefore

B iS a left D_module Coalgebra ............................ (19)
Since p/g(b) = Em(b1) ® by it follows that
B iS a left D_Comodule algebra ............................ (20)

(I@I)opy(a) =1 RI)(Em(a1) ®az) = Xr(ar) @ (az) = Xm(ay)sp o
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m(as) ®1(az) = ¥m(ar)(moiospon)(as)@1(az) = En(ai(iospom)(as))®
(ag) = (m@)(Xar(iospom)(as)) @1l(az)) = (r@1)A(Ml(a)) = pp(Il(a)).
Thus IT : A — B is a surjective coalgebra map such that (I ® IT) o p/y =
p's o Il where py = p/4|p. Since A is a left D-comodule under p/s,
B is aleft D-comodule coalgebra under plg -« -« vvveeeitn (21)
(i) : From (11) and (14).
(ii) : From (18),(19),(20) and (21).
(iii) : We have defined the multiplication and the unit of B as
mp:B® B — B, I(a) @ II(d’) — II(a)I(a’) = II(ad’)
and
ug:k— B, 1lp—ug(ly) =1 =14.
We have defined the comultipication and the counit of B as
Ap:B — B® B, Il(a) — Ap(Il(a)) = XII(a;) ® II(a2)
and
eg: B —k, T(a)— eg(Il(a)) =cala).
Then (B, mp,up) is a algebra and (B, Ap,cp) is a coalgebra. We define
H®B— B, h@lIl(a) — h-Il(a) =cg(h)eala)lp = cu(h)ep(b)lp
and
p:B— H®B, I(a) —cala)(lyg® (Ioi)(1p)) =cala)(ly @ 1p).
Then B =1I(A) is a left H-module and B is a left H-comodule. For all
II(a) € B, we compute
mp(h- (II(a) ® II(a")) = h - mp(I(a) @ II(a’)
and
up(h-1g) = h-u(1ly),
since II is an algebra map.
Therefore we have B is a left H-module algebra.
For all II(a) € B, we compute
(pBes © Ap)(T(a)) = (I ® Ag)pls(TI(a))
and
(I ®¢e)opp)Il(a) = (px 0 €5)(Il(a)).
Therefore we have B is a left H-comodule coalgebra.
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(iv) : We will show that (D, B) is a admissible pair. Let
(bx d)(b xd)=3%b(d_1-V) x dod = Xbeg(d_1)ea(a’) x dod’
= Yea(a')b x dd,

where v/ = TI(a’).

Then B#E D is an associative algebra with identity 15#1p by [6, Propo-
sition 1]. Let

Abxd)=%X(by X by _1-d1)® (bao X da), e(bxd) =ep(bep(d).

Then Btk D is a coassociative coalgebra by [6, Proposition 2].

Define p/j :— H®A, avw> ec4(a)(1g®14). Then A is a left H-comodule
and I is a left H-comodule map. Since II is a coalgebra map and II is a left
H-comodule map,

Ab x d)A(Y x d)

= [E(by X bz,—1 - d1) @ (ba,0 X do)][(V) x b _y - ) @ (by o X dy)]

= N(by % by - dy) (B X By g - d}) @ (bao X do) (b X )
= Xlea(al)by x (b2,—1 - dl)(b' 5,1 d1)] ® [ea(ay)bzo X dads)]
= Ylea(ay)(ar) x (az,—1 - di)(ay _y - d1)] @ [ea(ag o)II(az,0) X dady]
= Ylea(an)(a1) x (ea(az)1n -di)(ea(as)ln -dy)]®[ea(1a)II(14) x dady]
— Sea(a)(TI(a) x did)) ® (15 x dadl)
= Yea(a')[M(ar) x ealaz)ly - (didy)] @ (I[(1a) x dady)
= Yea(a)(Il(a1) x az,—1 - (d1d})) @ (I(azo X dady)
— S (@) (Sby X b1 - (dd')1) ® (bao x (dd')2)
— Sea(@)Ab x dd')
= A(EeA(a’)b x dd')

A((dx d)(b' x d))

where b =II(a) and ' = II(a"). We have

A(lp x1p)=3[(1p)1 X (1p)2,-1- (1p)1] ® [(1p)2,0 X (1p)2]

=X[II(1a) x II(14)—1 - 1p] ® [II(14)o X 1p]

=X[1p x (1p)-1-1p]®[(1B)o x 1p]
=(lpx1lyg-1p)® (1 x 1p)
=(lpx1p)® (1 x1p)

by (22).
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Therefore we have A(bxd)A(Y xd') = A((bxd)(b'xd')) and A(1px1p) =
(Ipx1g)®(1px1p). So A is an algebra map. Since A and D are bialgebras,
we compute

e((bxd)(t) xd))=elbxded xd), e(1p x 1p) = 1k.

So ¢ is an algebra map. Therefore we have B leLI D is a bialgebra so
(D, B) is an admissible pair. By (1),(12),(13),(16) and (17), B S? A=T D
is an admissible mapping system.

(v) : From (iv) and Proposition 8. O

REMARK 10. If we assume that h-1p = ey (h)lp then the H-module
structure of B in the proof of Theorem 1 is reduced from the H-module

structure of D :
h-T(a) =(IToi
€

COROLLARY 11. Let B be as in the Theorem above. Then the following
are equivalent:

(1) 11 is an algebra map.

(2)d-b=¢e(d)b, de D andb € B.

Proof. (1) = (2) : By (4), foralld € D and b € B,
d-b=adi(d®a) = Si(d)bi(sp(da)) = Di(d)TI(B)(i 0 5p)(da)
— Si(d)TIB) (5 0 s5p 0 m)(i(ds)) = Si(drTI(B)(i 0 sp o 7)(i(ds))
— T1(i(d)b) = T1(i(d))TI(8) = £(d)b,
since II is an algebra map, II(b) =b and moi = I.
(2) = (1) : By Theorem 1 (v), a = bi(d). For a’ € A,
[I(aa") = H(bi(d)a") = Xb111(i(d)a")(i o s o w)(b2)
= ¥by11(i(d)a’) (i o 5)(m(b2)) = bII(i(d)a’)(i o s)(ip)
= bII(i(d)a") = b(d - II(a’)) = b(e(d)II(a’)) = e(d)bIl(a’)
— TI(bi(d))TI(a’) = TI(a)TI(a’),
by the right D-module structure of B. Therefore II is an algebra map. [J
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