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OPTIMAL CONSUMPTION AND INVESTMENT
PROBLEM WITH REGIME-SWITCHING AND CARA
UTILITY

YonNc HYUN SHIN*

ABSTRACT. We use the dynamic programming method to investi-
gate the optimal consumption and investment problem with regime-
switching. We derive the optimal solutions in closed-form with con-
stant absolute risk aversion (CARA) utility.

1. Introduction

After the pioneer work of Merton [3, 4], portfolio optimization prob-
lem has been one of the most important and active area in mathematical
finance. Recently, portfolio selection problems combined with regime-
switching are widely considered. ([1, 6, 5])

In this paper we investigate the optimal consumption and investment
problem with regime-switching under the dynamic programming frame-
work of Karatzas et al. [2]. We use the constant absolute risk aversion
(CARA) utility function to obtain the optimal solutions in closed-form.

2. The financial market

Let us define a standard Brownian motion B; and a continuous-time
two-state Markov chain ¢; on a probability space (2, F,P). We assume
that B, and €; are independent and the filtration {F;}+>0 is generated
by both the Brownian motion B; and the Markov chain ¢;.

We assume that two assets are traded in the financial market: One
is a riskless asset with constant interest rate » and the other is a risky
asset. We assume that there are two regimes 1, 2 in the market and
regime ¢ switches into regime j at the first jump time of an independent
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Poisson process with intensity A;, for i,5 € {1,2}. Here two states
of regimes 1, 2 are economically considered as bull market and bear
market. So, in regime ¢ € {1,2}, the risky asset price process follows
dS;/S; = pidt + 0;dB;. The market price of risk is defined by 6; =
(wi—m)/oi, i =1, 2. Let m; be the Fi-progressively measurable portfolio
process, the dollar-amount of the agent’s wealth invested in the risky
asset at time ¢ and c¢; be the nonnegative Fi-progressively measurable
consumption process at time . We assume that they hold the following
technical conditions:

t t
/ csds < oo and / m2ds < oo, for all t > 0, almost surely (a.s.).
0 0

The agent’s wealth process X; at time ¢ follows

dXt = [T‘Xt + 7Tt(/,bi - T‘) — Ct] dt + O'iﬂ'tdBt, XO =T > 0, 1= 1, 2.

3. The optimization problem

The agent’s optimization problem with CARA utility u(c) := —e~7¢/~,
is to maximize her expected utility

Ti ,—pt—"yct
(3.1) Vi(z) :( s)ua( )E {—/0 efdt—i— e PTVi(X7) |,
c,m)EA(T

where 7; is the first jump time since the beginning of regime ¢, p > 0 is
a subjective discount rate, v > 0 is absolute risk aversion and A(z) is
an admissible set of pairs (¢, 7) at z, where i,j € {1,2} and i # j.

ASSUMPTION 3.1.

62
p—r+5’>0, ie{1,2}.

Next theorem gives our main results.

THEOREM 3.2. The value function is given by
M,
(3.2) Vi(z) = ——e 7"
~yr

where M; and M are the solutions of the system of algebraic equations

62
(33) (,0 +XN—r+ 2l> M; + rM;log M; — )\iMj =0,
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where i,j € {1,2} and i # j, and the optimal policies (c},n) are given
by
0;

1
(3.4) ¢ =re——logM; and =} = ,i=1, 2.
v o

Proof. From the optimization problem (3.1), we have the following
coupled Bellman equations

1
(3.5) (Ig_l%rx) {re+ mi(ps —r) — e} Vi (z) + 50?7@»2‘/{’(95)
e ¢
—(p+A)Vi(z) + NiVj(z) —

=0,

where 4,7 € {1,2} and i # j. The first-order conditions (FOCs) imply

* 1 * esz/(l') .
(3.6) ¢ = —glog(‘/;'(x)) and 7; = —W, i=1, 2.
We assume that the optimal consumption ¢ = Cj(z), i = 1, 2, is a
function of wealth. And let X;(-), i = 1, 2, be the inverse function of
Ci(-), i =1, 2. That is, X;(-) = C; *(-), i = 1, 2. Then the FOCs (3.6)
imply

3.7 V/(2)=e %W and V(z) = ——1—e 0@ i1, 2,

Plugging the FOCs (3.6) with (3.7) into the Bellman equation (3.5),
then we obtain

62
rXi(c)e 7+ LXZ((CZ.)ef’YCi — e
2y
(3.8) .
— (p+ M)Vi(Xi(e:) + MV (Xi(ei)) — = 0,

where 4,7 € {1,2} and i # j. Taking derivative of the equation (3.8)
with respect to ¢;, then we obtain

0? 62
rXi(ci)e % — yrXi(c)e 7 4 Q*ZX{/(Ci)e_W - EZXZ{(Ci)e_W
i
+ycie % — (p+ X)X (ei)e 7% + N X (c;)e 79 =0,

where i,5 € {1,2} and i # j, since v = Xi(c1) = Xa(c2) implies

Vi(Xi(ci)) = Vi(z) = e779, where i,j € {1,2} and i # j. Thus we
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obtain the coupled second order differential equations with respect to ¢;
and ¢y

e—izX”(c-)— ( —I—/\'—r—i—eg) X(ci)
(3.9) 2y W TP 2 )0
— rXi(ei) 4+ yei + he G X (¢) = 0,

where 7,5 € {1,2} and 7 # j. If we conjecture the solution X;(¢;) of the
form

1 1
(3.10) Xi(c)=+ —logM; and ¢ =rz— ~logM, i=1, 2,
T g

for some constant M; > 0, then X/(¢;) = 1/r and X/'(¢;) =0, 1 =1, 2.
The equation (3.10) implies

1 | M;
e — — log —t
1 ’}/ g M]?
where ¢,j € {1,2} and i # j. So the equation (3.9) can be reduced into
the system of algebraic equations (3.3).

Now we want to show that there exists a unique pair solution (M, Ms)
to (3.3). Without loss of generality, we may assume that 6; < 6;. Let

Cj—

1 62
M; = f(M;) = <P+)\i—""+2l) Mi+§M¢logMi>O,

for M; > 0, and let

A =~ (p+ SO T og > 0
) _ Zi oo M
14V X\, P i — T 9 X g Vi >
then f{(M;) = r/(\;M;) > 0. Now we consider the constants Z and z
with Z > x as follows:

2

2
_1<_ “Li) _1< - 2)

_ ot (pdirt
T=e " °) <1 and z:=e " ?

<1,

where the inequalities are obtained from Assumption 3.1. Then fi(Z) =
1, fi(z) = 0. Since f1(M;) >0, M; > z.

Now let
62
g(M;) = <P + A -+ 5) M; f1(M;)+r M; f1(M;) log M; f1(M;)—X; M;,
and let

2

g1(M;) = <P+ Aj -t 2]> J1(Mz) + 7 f1(M;) log M f1(M;) — A;.
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Note that ¢1(Z) = (0]2 —6%)/2 > 0. Since, by 'Hospital’s rule,

i o8 Mifi(Mi) L fi(M) (H(M) + Mifi(M:)
M;—z+ l/fl(Ml) M;—x+ _sz{<Mz) ’
limpg, g+ 91(M;) = —X; < 0. Thus, by intermediate value theorem,

there exists M > 0 such that ¢;(M) = 0 and z < M < z. Taking
derivative of g1(M;), then

g91(M;)

62 .

(3.11) = (P + A+ 2j> F1(M;) + 7 f1(M;) log M; f1(M;) + Tflj(\fz)
T

where
2 2
i 65 9
h(Ml) = 2p—’r—|—)\i—|—>\j+ 5 —I—TIOgMi fl(Mz)

Taking derivative of h(M;), then

/ _ 2 f{ (Mz) >
K (M;)=r <M1 + ROV > 0.
Thus h(M;) is increasing, limpy, 4 h(M;) = —oo and h(Z) =r + \; +
Aj+ (6?]2 —6?)/2 > 0. Again, by intermediate value theorem, there exists a
unique z* > 0 such that h(z*) = 0 and z < 2* < z. That is, h(M;) <0
for (z,2*) and h(M;) > 0 for (z*,00). This implies ¢} (M;) < 0 for
(z,2*) and ¢} (M;) > 0 for (z*,00). Thus ¢1(M;) is decreasing and
negative for (z,z*) and g1 (M) is increasing for (z*,00). Therefore M
with z* < M < Z is the unique solution to g;(M;) = 0, and consequently
we obtain the unique pair solution (M, Ms) to (3.3).
Plugging ¢; in (3.10) into (3.7), then we derive

(3.12) V/(z) = Mie™ """ and V/(z) = —yrM;e """,

7

Also plugging (3.12) into the FOCs (3.6), then we obtain the optimal
policies (¢}, 7)) in (3.4). Therefore, from the Bellman equations (3.5),

we obtain the value function V;(z) in (3.2). O
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