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ON SUBTRACTIVE EXTENSION OF
SUBSEMIMODULES OF SEMIMODULES

JAYPRAKASH NINU CHAUDHARI * AND DIPAK RAVINDRA BONDE **

ABSTRACT. Let R be a commutative semiring with 1z # Or. Char-
acterization of subsemimodules, prime subsemimodules and pri-

mary subsemimodules which are subtractive extensions of QQ-subsemimodules
in R-semimodules are investigated.

1. Introduction

Let R be a commutative semiring with 1z # Or. A commutative
monoid (M, +) with a scalar multiplication R x M — M, defined by
(r,x) — rz is called left R-semimodule if it satisfies the following con-
ditions for all 7,7 € R and z, yeM:

1) (r)z =r(r'z);

2) r(z+y) =rx+ry;

3) (r+r )z =rz+ra;

4) 1px = x;

5) TOM = OM = ORx.

Clearly every ring is a semiring and hence every left module over a
ring R is a left semimodule over a semiring R. Throughout by an R-
semimodule we mean a left R-semimodule. Denote the sets of all non-
negative, and positive integers respectively by Zar , and N. The set Z(T
is a semiring under usual addition and multiplication of non-negative
integers but it is not a ring. If (M, +) is an idempotent commutative
monoid, then M is (Za' 4+ , -)-semimodule with scalar multiplication
defined by rm =0 if r =0 and rm = m if r > 0 for all 7 € ZJ and m €
M [6, P.151]. A non-empty subset N of an R-semimodule M is called
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subsemimodule of M if N is closed under addition and closed under
scalar multiplication. A subsemimodule N of an R-semimodule M is
called subtractive subsemimodule (= k-subsemimodule) if z, z4+y € N,
y € M, then y € N. A proper subsemimodule N of an R-semimodule
M is said to be prime (primary) if rm € N, r € R,m € M, then either
rM C Normé& N (r"M C N for some n € Nor m € N). A proper
subsemimodule N of an R-semimodule M is said to be weakly prime
(weakly primary) if 0 # rm € N, r € R,m € M, then either rM C N or
m € N (r"M C N for some n € Nor m € N). Consider M = (Z,+)
an R-semimodule where R = (ZS‘ ,+,+). For m € M, we denote the
subsemimodule {am € M : a € R} of M by mZ .

EXAMPLE 1.1. Consider a semiring R = (Z7,+,-). Then

1) 9Z¢ is a primary subsemimodule of an R-semimodule (Zg, +) but
it is not a prime subsemimodule.

2) 474 is a weakly primary subsemimodule of an R-semimodule (Zg, +)
but it is not a weakly prime subsemimodule.

3) 6Z6r is neither a prime, primary, weakly prime nor a weakly pri-
mary subsemimodule of an R-semimodule (Zg, +).

4) {0} is a weakly prime (weakly primary) subsemimodule of an R-
semimodule (Zg, +¢) but it is not a prime (primary)subsemimodule.

A subsemimodule N of an R-semimodule M is called a ()-subsemimod-
ule (= partitioning subsemimodule) if there exists a subset @ of M such
that

1) M =U{g+ N :q € Q}.

2) if ¢1,q2 € Q, then (g1 + N)N(qg2+ N) #0 < q1 = qo.

Let N be a -subsemimodule of an R-semimodule M. Then M/N gy =
{g+ N : g € Q} forms an R-semimodule under the following addition
“@”and scalar multiplication “©”, (g1 + N) @ (g2 + N) = g3 + N
where g3 € () is unique such that ¢ + go + N C g3 + N, and r ©®
(1 + N) = g4 + N where ¢4 € @ is unique such that r¢q; + N C ¢
+ N. This R-semimodule M/N(q) is called the quotient semimodule
of M by N and denoted by (M/N(g) , ® , ®) or just M/N(g). If N
is @-subsemimodule of an R-semimodule M, then there exists a unique
go € @ such that g + N = N [3, Lemma 2.3]. This gy + N is the zero
element of M/N q).

Chaudhari and Bonde [3], have introduced @-subsemimodule and ob-
tained a relation between subtractive subsemimodules and @-subsemi-
modules. Some works on (-subsemimodules, quotient semimodules,
prime subsemimodules and maximal k-subsemimodules may be found in
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[2, 8 and 9]. Theory of @-subsemimodules, prime subsemimodules, pri-
mary subsemimodules, direct sum of subsemimodules is recently studied
by Chaudhari and Bonde [4 and 5].

In this paper, we introduce the notion of subtractive extension of a
subsemimodule of an R-semimodule M and prove its existence. Some
characterizations of subtractive extension of (-subsemimodule in R-
semimodules are also obtained.

The following lemma will be used to prove our results.

LEMMA 1.2. [3, Lemmal.3] Let N be subsemimodule of an R-semi-
module M and x,y € M such that t+ N Cy+ N. Thenx+ z+ N C
y+z+Nandre+ N Cry+ N forall ze€ M,r € R.

2. Subtractive extension of a subsemimodule

In this section, we introduce the notion of subtractive extension of a
subsemimodule of an R-semimodule M and prove its existence.

DEFINITION 2.1. Let N be a subsemimodule of an R-semimodule M.
A subsemimodule A of M with N C A is said to be subtractive extension
of Nifz e Nyx+ye€ A,y € M, then y € A.

Every subtractive subsemimodule of an R-semimodule M containing
a subsemimodule N is a subtractive extension of N. But the converse
is not true.

EXAMPLE 2.2. Let R = (ZJ,+,-) be a semiring.

1) Consider M = (Z$ U {o0}, maz) an R-semimodule. Let N =
{0,1,2,3,4,5} be a subsemimodule of M. Now A = {0,1,2,3,4,5,
6,7,8,00} is a subsemimodule of M with N C A. Clearly, if
x€N,x+y € Aandy € M, then y € A. Hence A is a subtractive
extension of N. But A is not a subtractive subsemimodule of M
because co € A,0c0+9€ Aand 9 ¢ A.

2) Consider M = (Z§,+) an R-semimodule. For m € M, we have
mZSr is a @-subsemimodule of M where Q = {0, 1,2,3, ..., (m—1)}.
By [2, Theorem 3.2], mZg is a subtractive subsemimodule of M.
Hence mZ(T is a subtractive extension of every subsemimodule N
of M where N C mZS‘.

THEOREM 2.3. Let N be a ()-subsemimodule of an R-semimodule M
and A be a subsemimodule of M with N C A. Denote A = {z € M :
there exists q+ N € M/N(Q) such that x€q+ N and (q+
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N)N A # 0}. Then A is the smallest subtractive extension of N con-
taining A.

Proof. We have qo + N = N is the zero element of M/Ng) and
NCA=q € (q0+N)ﬂA:>q06g:>ﬁ7é@. Letx,yeﬁ,rER.
Then there exist unique ¢, g2 € @ such that x € g1 + N,y € g2+ N and
(@1 +N)NA# D, (g2+N)NA# 0. Now 24y € (1 +N)®(q2+N) = ¢+ N
where ¢ is a unique element of () such that ¢ + g2+ N C ¢+ N. Since
(+N)NA#£Qand (e+N)NA#£D, (g+N)NA#D. Soz+y € A
Similarly rx € A Ifac A, then there exists a unique ¢ € @ such
that @ € ¢+ N. So (g+N)NA # 0. Nowa € A. Thus A is a
subsemimodule of M containing A. Let x € N,z +y € g,y € M. So
r+y € q + N where ¢ + N € M/Ng) and (¢’ + N) N A # . Since
N is a Q-subsemimodule of M, there exists a unique ¢” € @Q such that
yeqd"+ N. Ase e N=z+ye¢d"+N. So(¢ +N)n(¢"+N) #
l=q¢d=q"=¢d"+ N=¢d+N=(("+N)NA=(d+N)nNA#A0.
Hence y € A. Thus A is a subtractive extension of N. Now let B be any
subtractive extension of N containing A. Now a € A = a € ¢ + N and
G@"+N)NA#D=(¢"+N)NB#0. Letb=q¢"+ne(¢"+N)NB
for some n € N. Since B is a subtractive extension of N, ¢’ € B. So
a € ¢"+ N C B. Thus A is the smallest subtractive extension of N
containing A. O

THEOREM 2.4. Let N be a @Q-subsemimodule of an R-semimodule
M. If A, B are subsemimodules of M containing N, then

1) A is a subtractive extension of N < A= A

2) A=4

3) ACB=ACB

4) A=B=A=B

Proof. Trivial. O

In the above theorem, reverse implications are not true.

EXAMPLE 2.5. Consider M = (Z§,+) a semimodule over R = (Z,
+, )
1) Let N = 8Z§ be a Q-subsemimodule of M, A = 4Z{ B =
{0,6,8,10,...}. Then A, B are subsemimodules of M with N C
A,Band A= ZLZ(J)r C 2Z8’ = B but A is not a subset of B.



On subtractive extension of subsemimodules 41

2) Let N = 6Zj be a @Q-subsemimodule of M, A = 2Z},B =
{0,6,8,10,...}. Then é, B are subsemimodules of M with A # B
and N C A, B. Here A =2Z; = B.

Chaudhari and Bonde [3, Lemma 3.4|, proved that if A, N are sub-
semimodules of an R-semimodule M with N a @-subsemimodule and
N C A, then N is a @ N A-subsemimodule of A. However, we prove the
following lemma which gives a characterization of a subtractive exten-
sion of a @-subsemimodule NV of an R-semimodule M and will be used
in the subsequent theorem.

LEMMA 2.6. Let N be a QQ-subsemimodule of an R-semimodule M
and A be a subsemimodule of M with N C A. Then A is a subtractive
extension of N if and only if N is a (Q N A-subsemimodule of A.

Proof. Let go + N be the zero element of M/Ng). Let A be a sub-
tractive extension of N and a € A. Then there exists unique ¢ € @ such
that a € ¢+ N. So a = ¢+ n for some n € N. Since A is a subtractive
extension of N, ¢ € A. Hence ¢ € QN A. If (g1 + N) N (g2 + N) # 0 for
some q1,q2 € Q N A, then g1 = g2 because N is a @-subsemimodule of
M. Thus N is a QN A-subsemimodule of A. Conversely suppose that N
is a @ N A-subsemimodule of A. Let x € N,z +y € A for some y € M.
Since N is a Q N A-subsemimodule of A and N a @-subsemimodule of
M there exist unique q1 € QN A, g2 € @ such that x +y € ¢ + N and
Yy € ¢+ N. But then 2 +y € (g0 + N) ® (@2 + N) = ¢2 + N, since
ze€N=qgy+N.So(q1+N)N(g+ N)+#0. Hence g2 = ¢1 € A. Now
yeEqp+NCA O

THEOREM 2.7. Let N be a Q-subsemimodule of an R-semimodule
M and A a subsemimodule of M. Then the following statements are
equivalent:

1) A is a subtractive extension of N

2) A/N(gna) Is a subsemimodule of an R-semimodule M /N

3) A/Ngna) € M/Ng)

Proof. (1) = (2) Let A be a subtractive extension of N. By Lemma
2.6, N is a Q N A-subsemimodule of A. Let g1 + N,q2 + N € A/Ngna)-
Therefore q1,q2 € QN A C Q. Hence there exists a unique g3 € @ such
that (g1 + N) ® (g2 + N) = g3 + N where ¢ + g2 + N C g3 + N. Now
g1+ q2 = q3+n for somen € N. But g3+n = q;1 + ¢ € A. Since
A is a subtractive extension of N, g3 € A. Now g3 + N € A/Ngna)-
Similarly, if r € R,q + N € A/N(gna), then 7 © (¢ + N) € A/N(gna)-
Hence A/N(gna) is a subsemimodule of M/N ).



42 Jayprakash Ninu Chaudhari and Dipak Ravindra Bonde

(2) = (3) Trivial.

(3)= (1) Let x € Nyx+y € Awherey € M. Thenx € N =¢qo+ N
where gy + N is the zero element of M/N ) and hence zero element of
A/N(gna)- Now there exist unique q1 € QN A, g2 € Q such that z+y €
g1+ Nandy € g+ N. Butthenz+y € (go+N)® (g2+ N) =q2+ N.
So q1,q2 € Q are such that (g1 + N)N (g2 + N) # (). Hence 1 = ¢2 € A.
Soyeqg+ N C A O

If N is a Q-subsemimodule of an R-semimodule M, then following the-
orem gives a relationship between subsemimodules of the quotient semi-
module M/N(q) and subsemimodules of M which are subtractive exten-
sions of N.

THEOREM 2.8. Let N be a QQ-subsemimodule of an R-semimodule
M. Then a subset L of M/Nqy is a subsemimodule of M/N gy if and
only if there exists a subsemimodule A of M such that A is a subtractive
extension of N and A/N(gna) = L.

Proof. Let L be a subsemimodule of an R-semimodule M/N(q). De-
note A = {x € M : there exists a unique q€ Q such that x+
N Cq+ N € L}, clearly N C A. Let x,y € A,r € R. Then there exist
unique q1,q2 € Q such that t+ NCqu+ N € L,y+ N Cga+ N € L.
Again there exist unique ¢3,q4 € @ such that (¢g1 + N) @ (g2 + N) =
g3+ N € Landr®(q1+1) =q+N € L where ¢ +¢2+N C g3+ N and
rq1+N C qu+N. By Lemma 1.2, z4+y € x+y+N C ¢1+q@+N C g3+N
andre €re+ N Crgu+N Cqgs+ N. Sox+y,rz € A. Hence A is a
subsemimodule of M with N C A. Nowlet zx € N,z+y € A,y € M. So
there exists a unique ¢ € @) such that t4+y € ¢+ N € L. Since N is a -
subsemimodule of M, there exists a unique ¢’ € @ such that y € ¢’ + N.
Sincez € Nyx+y € ¢ +N. So(qg+N)N(¢+N)#0=q=¢.
Nowy e ¢ +N =q+ N € L. Thus y € A. Hence A is a subtractive
extension of N. Clearly A/Ngna) € L. Now if ¢+ N € L, then q € A.
So L € A/N(gnay- ThusA/Ngnay = L. Conversely, suppose that A is
a subtractive extension of N and A/N(gnay = L. Then by Theorem 2.7,
L is a subsemimodule of M/N(q). O

COROLLARY 2.9. Let N be a @Q-subsemimodule of an R-semimodule
M and let T, L be subtractive extensions of N. Then T/Ng = L/Ngq if
and only if T = L.

Proof. Let T/Ng = L/Ng and a € T. Then a € ¢; + N for some
unique q¢; € Q. So a = ¢ + ¢ for some unique ¢ € N. Since T is a
subtractive extension of N, ¢ € T. Thus ¢ + N € T/Ng = L/Ng.
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It follows that ¢ € L. Now a = q1 +c¢ € L. Hence T' C L. Similarly
L CT. Converse is trivial. O

The following theorem gives a relationship between prime subsemimod-
ules of M which are subtractive extensions of a @Q-subsemimodule N of
M and prime subsemimodules of the quotient semimodule M /N(Q).

THEOREM 2.10. Let N be a Q-subsemimodule of an R-semimodule
M and P be a subtractive extension of N. Then P is a prime sub-
semimodule of M if and only if P/N(gnp) is a prime subsemimodule of
M/N ).

Proof. Let P be a prime subsemimodule of M. Suppose that r €
R,q1 + N € M/N ) are such that r © (1 + N) = g2 + N € P/Ngnp)
where ¢o € @ N P is unique such that rqg; + N C g2 + N. Therefore
rqg1 = q2+n € P for somen € N C P. As P is a prime subsemimodule,
either rM C P or gt € P. If ¢ € P, then q1 € @ N P and hence
q@1 + N € P/Ngnp). Suppose that rM C P. For ¢+ N € M/Ng,
let r ® (¢ + N) = g3 + N where ¢3 is a unique element of @) such that
rqg+ N C g3 + N. Therefore rq = q3 +n' € P for some n’ € N,
since P is a subtractive extension of N,q3 € P. So ¢q3 € @ N P. Now
r®(@g+N)=qgs+ N € P/N(QOP) and hence r ® M/N(Q) - P/N(QHP)-
So P/N(gnp) is a prime subsemimodule of M/N(q). Conversely suppose
that P/N(gnp) is a prime subsemimodule of M /N(q). Let rm € P where
r € R,m € M. Now there exists a unique ¢; € () such that m € ¢ + N
and rm € r® (q1 + N) = g2 + N where ¢ is a unique element of @ such
that rg1+N C o+ N. Now rm € P,rm € g2+ N implies g2 € P, as P is
a subtractive extension of N. Hence r® (¢1+N) = g2+ N € P/N(gnp).
As P/N(gnp) is a prime subsemimodule, either 7© M /Nq) € P/N(gnp)
or g1 + N € P/Nonp). If 1 + N € P/Ngnpy, then q1 € P. Hence m €
g1+ N C P. So assume that r@M/N(Q) - P/N(QQP). For x € M, there
exists a unique g3 € @ such that x € g3+ N and rx € r©(gs+N) = g4+ N
where ¢4 is a unique element of @) such that rg3s + N C g4 + N. Now
G4+ N=ro(qs+N)€P/Ngnp) = @ € P. Now rz € ¢4 + N C P.
So rM C P. Hence P is a prime subsemimodule of M. O

Adopting the proof of Theorem 2.10, we have the following theorems.

THEOREM 2.11. Let N be a Q-subsemimodule of an R-semimodule M
and P a subtractive extension of N. Then P is a primary subsemimodule
of M if and only if P/Ngnp) is a primary subsemimodule of M /N(q).

THEOREM 2.12. Let N be a Q-subsemimodule of an R-semimodule
M and P be a subtractive extension of N. Then
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If P is a weakly prime (weakly primary) subsemimodule of M, then
P/Ngnp) is a weakly prime (weakly primary) subsemimodule of
M/Nq)-

If N and P/Ngnp) are weakly prime (weakly primary) subsemi-
modules of M and M /N q) respectively, then P is a weakly prime
(weakly primary) subsemimodule of M.
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